
PRE-CALCULUS    EXP FUNCTIONS: FINANCIAL MODELS   (5.7) 
 
GRAPHS OF LOG. FUNCTIONS:  REFLECTION of EXP. FUNCTIONS about LINE Y = X 
EXPONENTIAL   INVERSE OF  LOGARITHIM FUNCTION  
 Y = Ax   X = Ay   Y = LOG a X 

 
 
INVESTMENTS:  CAN HAVE “EXPONENTIAL GROWTH” OR “EXPONENTIAL LOSS” 

 
A1 = $1000 ( 1.10) = $1100  A2 = $1000 (1.10) (1.10) = $1100 (1.10) = $1210 
 
Future Amt. = Present Amt. (1 + r)t A = P (1 + r)t   annual compounding 
Future Amt. = Present Amt. (1 + r/n)t A = P (1 + r/n)nt  n = compounding times per year 
 
___________________________________________________________________________________ 
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SUMMARY
Properties of Logarithms
In the list that follows, a > 0, a "* 1, and b > 0, b "* 1; also, M > 0 and N > O.
Definition y = log, x means x = aY
Properties of logarithms log, 1 = 0; log, a = 1

a1og"M= M; logaar = r
10ga(MN) = 10gaM + logaN

10ga( ~) = 10gaM - logaN

10ga(~) = -logaN

log, M' = r log, M
10gbM

Change-of-Base Formula log,M = -1--
ogba.....==~ ~ ~ ~ -=====--==-:::. ~ -=~--

FEATURE

Logarithms were invented about 1590 by
John Napier (1550-1617) and Joost Bi.irgi
(1552-1632), working independently.
Napier, whose work had the greater in-
fluence, was a Scottish lord, a secretive
man whose neighbors were inclined to be-
lieve him to be in league with the devil.

His approach to logarithms was very different from ours;
it was based on the relationship between arithmetic and
geometric sequences (see Chapter 12 on induction and
sequences) and not on the inverse function relationship
of logarithms to exponential functions (described in Sec-
tion 5.3). Napier's tables, published in 1614, listed what
would now be called natural logarithms of sines and were

John Napier
(1550-1617)

rather difficult to use. A London professor, Henry
Briggs, became interested in the tables and visited Napi-
er. In their conversations, they developed the idea of
common logarithms, which were published in 1617.Their
importance for calculation was immediately recognized,
and by 1650 they were being printed as far away as
China. They remained an important calculation tool
until the advent of the inexpensive handheld calculator
about 1972,which has decreased their calculational, but
not their theoretical, importance.

A side effect of the invention of logarithms was the
popularization of the decimal system of notation for real
numbers.

5.4 E X ERe I 5 E 5

In Problems 1-12, suppose that In 2 = a and In 3 = b. Use properties of logarithms to write each logarithm in terms of a and b.
1. In 6 2. In~ 3. In 1.5 4. In0.5

6. In(~)

10.ln~

5. 1n(2e)

9.ln~

7. In 12 8. In24

11. IOg23 12. IOg32

In Problems 13-28, write each expression as a sum and/or difference of logarithms. Express powers as factors.

13. IO&(U2V3) 14. IOg2(;2) 15. log ~3 16. log(10u2)

17. IOg5~ 18. IOg6( ;;) 19. In(x2~) 20. In(x~)

21. IOg2(~) 22. IOg5(~) 23. IOg[X(X + 2~] 24.IOg[X
3Vx+}]

X - 3 x-I (x + 3) (x - 2)
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The pattern of the calculations performed in Example 1 leads to a gen-
eral formula for compound interest. To fix our ideas, let P represent the prin-
cipal to be invested at a per annum interest rate, that is compounded n times
per year. (For computing purposes,' is expressed as a decimal.) The interest
earned after each compounding period is the principal times, In.The amount
A after one compounding period is

After two compounding periods, the amount A, based on the new principal
P(1 + 'In), is

A = P(1 + h) + P(1 +h)(h) = P~ + h)(1 + h) = P(1 + hf
'-----y-----' ~
New Interest on
principal. new principal.

After three compounding periods,

Continuing this way, after n compounding periods (1 year),

Because t years will contain n . t compounding periods, after t years we have

(
r )nt

A=P 1+~

Theorem Compound Interest Formula

The amount A after t years due to a principal P invested at an annual
interest rate, compounded n times per year is

(
r )nt

A=P 1+-. '- n (2)

-
The amount A is typically referred to as the future value of the account,

while P is called the present value.

EXPLORATION To see the effects of compounding interest monthly on an ini-
tial deposit of $1, graph }j = (1 + -6:)12X with r = 0.06 and r = 0.12 for
o ~ x ~ 30. What is the future value of $1 in 30 years when the interest rate per
annum is, = 0.06 (6%)? What is the future value of $1 in 30 years when the in-
terest rate per annum is, = 0.12 (12%)? Does doubling the interest rate double
the future value? _

NOW WORK PROBLEM 1.



 
A1 = $1000 ( 1.10) = $1100  A2 = $1000 (1.10) (1.10) = $1100 (1.10) = $1210 
 
Future Amt. = Present Amt. (1 + r)t A = P (1 + r)t   annual compounding 
Future Amt. = Present Amt. (1 + r/n)t A = P (1 + r/n)nt  n = compounding times per year 
_______________________________________________________________________________________ 
 
FUTURE VALUE OF INVESTMENTS WITH DIFFERENT COMPOUNDING PERIODS 
 
Investing $1000 at an annual rate of 10% compounded annually, quarterly and monthly over 1 year. 
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The pattern of the calculations performed in Example 1 leads to a gen-
eral formula for compound interest. To fix our ideas, let P represent the prin-
cipal to be invested at a per annum interest rate, that is compounded n times
per year. (For computing purposes,' is expressed as a decimal.) The interest
earned after each compounding period is the principal times, In.The amount
A after one compounding period is

After two compounding periods, the amount A, based on the new principal
P(1 + 'In), is

A = P(1 + h) + P(1 +h)(h) = P~ + h)(1 + h) = P(1 + hf
'-----y-----' ~
New Interest on
principal. new principal.

After three compounding periods,

Continuing this way, after n compounding periods (1 year),

Because t years will contain n . t compounding periods, after t years we have

(
r )nt

A=P 1+~

Theorem Compound Interest Formula

The amount A after t years due to a principal P invested at an annual
interest rate, compounded n times per year is

(
r )nt

A=P 1+-. '- n (2)

-
The amount A is typically referred to as the future value of the account,

while P is called the present value.

EXPLORATION To see the effects of compounding interest monthly on an ini-
tial deposit of $1, graph }j = (1 + -6:)12X with r = 0.06 and r = 0.12 for
o ~ x ~ 30. What is the future value of $1 in 30 years when the interest rate per
annum is, = 0.06 (6%)? What is the future value of $1 in 30 years when the in-
terest rate per annum is, = 0.12 (12%)? Does doubling the interest rate double
the future value? _

NOW WORK PROBLEM 1.

I SECTION 5.6 Compound Interest 331

_ Comparing Investments Using Different
Compounding Periods

Investing $1000 at an annual rate of 10% compounded annually, quarterly,
monthly, and daily will yield the following amounts after 1 year:

Annual compounding: A = P(1 + r)
= ($1000)(1 + 0.10) = $1100.00

r
Quarterly compounding: A = p( 1 +~r

I
= ($1000)(1 + 0.025)4 = $1103.81

•
( r r2Monthly compounding: A = P 1 + 12

= ($1000)(1 + 0.00833)12 = $1104.71

Daily compounding: ( r y65
A = P 1 + 365

= ($1000)(1 + 0.000274)365= $1105.16 -
From Example 2 we can see that the effect of compounding more fre-

quently is that the amount after 1 year is higher: $1000 compounded 4 times
a year at 10% results in $1103.81; $1000 compounded 12 times a year at 10%
results in $1104.71; and $1000 compounded 365 times a year at 10% results
in $1105.16.This leads to the following question: What would happen to the
amount after 1 year if the number of times that the interest is compounded
were increased without bound?

Let's find the answer. Suppose that P is the principal, r is the per annum
interest rate, and n is the number of times that the interest is compounded
each year. The amount after 1 year is

Now suppose that the number n of times that the interest is compounded
per year gets larger and larger; that is, suppose that n --* 00. Then

(
r )n [ l]n ( [ 1 ]nl,), [( 1)hJ'

A = P 1 + -;; = P 1 + nlr = P 1 + nlr f P \1 + h (3)

h='2
r

In (3), as n --* 00, then h = nf r --* 00, and the expression in brackets equals e.
[Refer to (2) on p. 297]. Thus, A --* Pe', Table 7 compares (1 + rlnt, for
large values of n, to e' for r = 0.05, r = 0.10, r = 0.15, and r = 1.The larg-
er that n gets, the closer (1 + rInt gets to e', Thus, no matter how frequent
the compounding, the amount after 1 year has the definite ceiling Pe'.

When interest is compounded so that the amount after 1 year is Pe', we
say the interest is compounded continuously.



 
PRACTICE 
 
What is the difference over 20 YRS, between annual, quarterly and monthly compounding is the  
investment amount is 10,000 and the interest rate is 5% per annum?  Show all work. 
 
 
Annual Compounding   Quarterly Compounding   Monthly Compounding 
 
1. Future Value = ________ 2. Future Value =  __________   3. Future Value = _______ 

 
 
 
 
 
 
 

 
_____________________________________________________________________________________ 
FUTURE VALUE OF INVESTMENTS WITH “CONTINOUS” COMPOUNDING: FV = PeRT  

FV = Future Value   P = Investment Amount  R = Interest Rate per annum  T = time in years  
  
 

 

As !n→∞ ,   !!h= n/r→∞ ,  and 
!!
1+ 1

h
⎛
⎝⎜

⎞
⎠⎟

h

→ e .  Therefore 

!!
A= P 1+ 1

h
⎛
⎝⎜

⎞
⎠⎟

h⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

rt

→ A= Pert  

 
PRACTICE: 
 
What is the future value of an $1000 investment at a 10% annual rate in a year based on continous compounding? 
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The pattern of the calculations performed in Example 1 leads to a gen-
eral formula for compound interest. To fix our ideas, let P represent the prin-
cipal to be invested at a per annum interest rate, that is compounded n times
per year. (For computing purposes,' is expressed as a decimal.) The interest
earned after each compounding period is the principal times, In.The amount
A after one compounding period is

After two compounding periods, the amount A, based on the new principal
P(1 + 'In), is

A = P(1 + h) + P(1 +h)(h) = P~ + h)(1 + h) = P(1 + hf
'-----y-----' ~
New Interest on
principal. new principal.

After three compounding periods,

Continuing this way, after n compounding periods (1 year),

Because t years will contain n . t compounding periods, after t years we have

(
r )nt

A=P 1+~

Theorem Compound Interest Formula

The amount A after t years due to a principal P invested at an annual
interest rate, compounded n times per year is

(
r )nt

A=P 1+-. '- n (2)

-
The amount A is typically referred to as the future value of the account,

while P is called the present value.

EXPLORATION To see the effects of compounding interest monthly on an ini-
tial deposit of $1, graph }j = (1 + -6:)12X with r = 0.06 and r = 0.12 for
o ~ x ~ 30. What is the future value of $1 in 30 years when the interest rate per
annum is, = 0.06 (6%)? What is the future value of $1 in 30 years when the in-
terest rate per annum is, = 0.12 (12%)? Does doubling the interest rate double
the future value? _

NOW WORK PROBLEM 1.

I SECTION 5.6 Compound Interest 331

_ Comparing Investments Using Different
Compounding Periods

Investing $1000 at an annual rate of 10% compounded annually, quarterly,
monthly, and daily will yield the following amounts after 1 year:

Annual compounding: A = P(1 + r)
= ($1000)(1 + 0.10) = $1100.00

r
Quarterly compounding: A = p( 1 +~r

I
= ($1000)(1 + 0.025)4 = $1103.81

•
( r r2Monthly compounding: A = P 1 + 12

= ($1000)(1 + 0.00833)12 = $1104.71

Daily compounding: ( r y65
A = P 1 + 365

= ($1000)(1 + 0.000274)365= $1105.16 -
From Example 2 we can see that the effect of compounding more fre-

quently is that the amount after 1 year is higher: $1000 compounded 4 times
a year at 10% results in $1103.81; $1000 compounded 12 times a year at 10%
results in $1104.71; and $1000 compounded 365 times a year at 10% results
in $1105.16.This leads to the following question: What would happen to the
amount after 1 year if the number of times that the interest is compounded
were increased without bound?

Let's find the answer. Suppose that P is the principal, r is the per annum
interest rate, and n is the number of times that the interest is compounded
each year. The amount after 1 year is

Now suppose that the number n of times that the interest is compounded
per year gets larger and larger; that is, suppose that n --* 00. Then

(
r )n [ l]n ( [ 1 ]nl,), [( 1)hJ'

A = P 1 + -;; = P 1 + nlr = P 1 + nlr f P \1 + h (3)

h='2
r

In (3), as n --* 00, then h = nf r --* 00, and the expression in brackets equals e.
[Refer to (2) on p. 297]. Thus, A --* Pe', Table 7 compares (1 + rlnt, for
large values of n, to e' for r = 0.05, r = 0.10, r = 0.15, and r = 1.The larg-
er that n gets, the closer (1 + rInt gets to e', Thus, no matter how frequent
the compounding, the amount after 1 year has the definite ceiling Pe'.

When interest is compounded so that the amount after 1 year is Pe', we
say the interest is compounded continuously.



FUTURE VALUE OF INVESTMENTS WITH “CONTINOUS” COMPOUNDING: FV = PeRT  

FV = Future Value   P = Investment Amount  R = Interest Rate per annum  T = time in years 
 
PRACTICE:  FINDING THE FUTURE VALUE OF INVESTMENTS COMPOUNDED CONTINOUSLY…. 

 
 
 
 
 
 
 
 
_______________________________________________________________________________________ 
EFFECTIVE RATE OF INTEREST RATE:    
Equivalent annual rate of interest that would yield the same amount as compounding after 1 year. 
 
What is the effective rate of $1000 invested at a 10% annual rate continously compounded? 
 
A = $1000 (e.10) = $1000 (1.10517) = $1105.7 
 
EFFECTIVE RATE = ($1105.07 - $1000) / $1000 = $105.17 / $1000 = 10.517% 
_______________________________________________________________________________________ 
PRACTICE:  What is the effective rate for monthly compouding after 1 year?  
 

What is the effective rate for continously compounding after 1 year? 
 
Which one is greater?  
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_ Computing the Value of an IRA

Solution

Time is money

Theorem

On January 2,2000, $2000 is placed in an Individual Retirement Account
(IRA) that will pay interest of 10% per annum compounded continuously.
What will the IRA be worth on January 1, 2020?

The amount A after 20 years is

A = Perl = $2000e(O.lO)(20) = $14,778.11

EXPLORATION How long will it be until A = $4000? $6000?
[Hint: Graph Y\ = 2000eO\x and Yz = 4000. Use INTERSECT to find x.]

--3 When people engaged in finance speak of the "time value of money," they are
usually referring to the present value of money. The present value of A dol-
lars to be received at a future date is the principal that you would need to in-
vest now so that it would grow to A dollars in the specified time period. The
present value of money to be received at a future date is always less than
the amount to be received, since the amount to be received will equal the pre-
sent value (money invested now) plus the interest accrued over the time
period.

We use the compound interest formula (2) to get a formula for present
value. If P is the present value of A dollars to be received after t years at a
per annum interest rate r compounded n times per year, then, by formula (2),

(
r )/1

A=P 1+~

To solve for P, we divide both sides by (1 + rln)llI, and the result is

( )
-nl

or P = A 1 + ~
A

-----= P
(1 + rln)nl

Present Value Formulas

The present value P of A dollars to be received after t years, assuming
a per annum interest rate r compounded n times per year, is

( )
-nl

P=A 1+~

If the interest is compounded continuously, then

P = Ae-rl

-
To prove (6), solve formula (4) for P.

_ Computing the Value of a Zero-Coupon Bond

A zero-coupon (noninterest-bearing) bond can be redeemed in 10 years for
$1000. How much should you be willing to pay for it now if you want a re-
turn of:

(a) 8% compounded monthly? (b) 7% compounded continuously?


