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or logistic (Y = C -b)' As before, we draw a scatter diagram of the1 + ae x

data to help to determine the appropriate model to use.
Figure 45 shows scatter diagrams that will typically be observed for the

three models. Below each scatter diagram are any restrictions on the values
of the parameters.

I Figure 45
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Most graphing utilities have REGression options that fit data to a specific
type of curve. Once the data have been entered and a scatter diagram obtained,
the type of curve that you want to fit to the data is selected. Then the RE-
Gression option is used to obtain the curve of "best fit" of the type selected.

The correlation coefficient r will appear only if the model can be writ-
ten as a linear expression. Thus, r will appear for the linear, power, expo-
nential, and logarithmic models, since these models can be written as a linear
expression (see Problems 39 and 40 in Section 5.4). Remember, the closer Irl
is to 1, the better the fit.

Let's look at some examples.

EXPONENTIAL CURVE FITTING
We saw in Section 5.6 that the future value of money behaves exponentially,
and we saw in Section 5.7 that growth and decay models also behave expo-
nentially.The next example shows how data can lead to an exponential model.

_ Fitting a Curve to an Exponential Model

Beth is interested in finding a function that explains the closing price (ad-
justed for stock splits) of Dell Computer stock at the end of each year. She
obtains the following data:

Dtr---------------,
.-t -i/ Year Closing Price Year Closing Price

1989 0.0573 1995 1.082

1990 0.1927 1996 3.3203

1991 0.2669 1997 10.5

1992 0.75 1998 36.5938

1993 0.3535 1999 51

1994 0.6406

Source: NASDAQ
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CHOOSING THE BESTMODEL
4 We have discussed seven different models thus far that can be used to explain

the relation between two variables, x and y (see Table 8).

TABLE 8

Model Functional Form Section

1. Linear y = ax + b 1.7

I 2. Quadratic y = ax2 + bx + e 3.1

3. Power y = axb 3.2
j

y = ax' + bx: + ex + d4. Cubic 3.3

I 5. Exponential y = ab' 5.8,

6. Logarithmic y=a+blnx 5.8

i e
7. Logistic y= 5.8

1 + ae!"

How can we be certain the model we used is the "best" model to explain this
relation? For example, why did we use an exponential model in Example 1
of this section?

I Unfortunately, there is no such thing as the correct model. Modeling is
not only a science but also an art form. Selecting an appropriate model re-
quires experience and skill in the field in which you are modeling. For ex-
ample, knowledge of economics is imperative when trying to determine a
model to predict unemployment. The main reason for this is that there are
theories in the field that can help the modeler to select appropriate relations
and variables.

Examining the methodologies used to determine the most appropriate
model are beyond the scope of this text. However, we can use scatter dia-
grams and the correlation coefficient r to decide the "best" model among
linear, power, exponential, and logarithmic models. For our purposes, we will
say that the "best" model is the one that yields the value of r for which Irl is
closest to 1.

When there is no theoretical basis for choosing a particular model, the
best approach to follow is to first draw a scatter diagram and obtain a gen-
eral idea of the shape of the data. Then fit several models to the data whose
graph exhibits the same behavior as the scatter diagram and determine which
seems to explain the relation between the two variables best. Again, we will
define "best" among linear, power, exponential, and logarithmic models as the
one that yields the value of Irl closest to 1.

_ Selecting the Best Model

Suppose that an astronomer claims to have discovered a tenth planet that is
4.2 billion miles from the sun. How long would it take for this planet to com-
pletely orbit the sun?

50 Iuti 0 n To solve this problem, we need to develop a model that relates the distance
a planet is from the sun and the time it takes to make a complete orbit, called



 
 
1.  Set Up Lists  <STAT> 1: Edit   L1 (Year)  L2 (Closing Prices) 
 
2.  Plot Data   <STAT PLOTS>1: Plot1  X List: L1  Y List: L2 
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3. Regression Analysis  <STAT><CAlC> 0: EXPREG   
 
4.  Enter Exponential Equation Y = A (BX)    with A and B values provided by calculator 
 
5.  Graph the Exponential Equation 
 
6.  Compare the Graph of the Exponential Equation and the Graphed Data…. 
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or logistic (Y = C -b)' As before, we draw a scatter diagram of the1 + ae x

data to help to determine the appropriate model to use.
Figure 45 shows scatter diagrams that will typically be observed for the

three models. Below each scatter diagram are any restrictions on the values
of the parameters.

I Figure 45
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Most graphing utilities have REGression options that fit data to a specific
type of curve. Once the data have been entered and a scatter diagram obtained,
the type of curve that you want to fit to the data is selected. Then the RE-
Gression option is used to obtain the curve of "best fit" of the type selected.

The correlation coefficient r will appear only if the model can be writ-
ten as a linear expression. Thus, r will appear for the linear, power, expo-
nential, and logarithmic models, since these models can be written as a linear
expression (see Problems 39 and 40 in Section 5.4). Remember, the closer Irl
is to 1, the better the fit.

Let's look at some examples.

EXPONENTIAL CURVE FITTING
We saw in Section 5.6 that the future value of money behaves exponentially,
and we saw in Section 5.7 that growth and decay models also behave expo-
nentially.The next example shows how data can lead to an exponential model.

_ Fitting a Curve to an Exponential Model

Beth is interested in finding a function that explains the closing price (ad-
justed for stock splits) of Dell Computer stock at the end of each year. She
obtains the following data:

Dtr---------------,
.-t -i/ Year Closing Price Year Closing Price

1989 0.0573 1995 1.082

1990 0.1927 1996 3.3203

1991 0.2669 1997 10.5

1992 0.75 1998 36.5938

1993 0.3535 1999 51

1994 0.6406

Source: NASDAQ
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1.  Set Up Lists  <STAT> 1: Edit  L1 (Pressure) L2 (Height) 
 
2.  Plot Data   <STAT PLOTS>1:Plot1  X List: L1  Y List: L2 
    <WINDOW>   Domain (525-775) Range (-.2 – 2.4) 
    <GRAPH> 
 
3. Regression Analysis  <STAT><CAlC> 9: LNREG   
 
4.  Enter Logarithmic Equation  A = ______  B = _________ Y = A + B (Ln X) 
 
5.  Graph the Logarithmic Equation 
 
6.  Compare the Graph of the Logarithmic Equation and the Graphed Data…. 
 
7.  Use equation to predict the height of the weather ballon is the atmospheric pressure is 560 millimeters of mercury. 

 
Y = A + B(LN X)  A = 45.78632064  B = -6.902524299 R = .9999946336 
 
 
 
 
 
 
 
 
 
 
 
 

Solution (a) After entering the data into the graphing utility, we obtain the scatter
diagram shown in Figure 49.

(b) A graphing utility fits the data to a logarithmic model of the form
y = a + b In x by using the Logarithm REGression option. See
Figure 50.The logarithmic function of best fit to the data is

h(p) = 45.7863 - 6.9025 In p

I

Atmospheric
Pressure. p Height. h

760 0

740 0.184

725 0.328

700 0.565

650 1.079

630 1.291

600 1.634

580 1.862

550 2.235

I

j

I

i
Figure 49
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Fitting a Curve to a Logarithmic Model

Jodi, a meteorologist, is interested in finding a function that explains the re-
lation between the height of a weather balloon (in kilometers) and the at-
mospheric pressure (measured in millimeters of mercury) on the balloon.
She collects the data shown in the table.

(a) Using a graphing utility, draw a scatter diagram of the data with atmos-
pheric pressure as the independent variable.

(b) Using a graphing utility, fit a logarithmic model to the data.
(c) Draw the logarithmic function found in part (b) on the scatter diagram.
(d) Use the function found in part (b) to predict the height of the weather

balloon if the atmospheric pressure is 560 millimeters of mercury.

where h is the height of the weather balloon and p is the atmospheric
pressure. Notice that Irl is close to 1, indicating a good fit.

(c) Figure 51 shows the graph of h(p) = 45.7863 - 6.90251np on the scat-
ter diagram.

2.4
Figure 50 •...nRe9

'::.I=a+blnx
a=45.78632064
b=-6.902524299
r=-.9999946336

Figure 51

525 Jo---o~--~~~~1:'1775

-0.2

(d) Using the function found in part (b), Jodi predicts the height of the
weather balloon when the atmospheric pressure is 560 to be

h(560) = 45.7863 - 6.90251n560

~ 2.108 kilometers -
NOW WORK PROBLEM 9.

LOGISTIC CURVE FITTING
3 Logistic growth models can be used to model situations where the value of the

dependent variable is limited. Many real-world situations conform to this sce-
nario. For example, the population of the human race is limited by the avail-
ability of natural resources, such as food and shelter. When the value of the
dependent variable is limited, a logistic growth model is often appropriate.

------~------~~--~~---------~
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1.  Set Up Lists  <STAT> 1: Edit  L1 (______) L2 (_________) 
 
2.  Plot Data   <STAT PLOTS>1:Plot1  X List: L1  Y List: L2 
    <WINDOW>   Domain (________) Range (________) 
    <GRAPH> 
 
3. Regression Analysis <STAT> <CAlC> 0:EXPREG   
 
4.  Enter Exponential Equation  A = ______  B= _________ Y = A (BX)    
  
5.  Graph the Exponential Equation 
 
6.  Compare the Graph of the Exponential Equation and the Graphed Data…. 
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Day

o
1

2

3

4

5

6

7

Weight
(in Grams)

1000.0

897.1

802.5

719.8

651.1

583.4

521.7

468.3

(a) Using a graphing utility, draw a scatter diagram with
day as the independent variable.
(b) Using a graphing utility, fit an exponential curve to
the data.
(c) Express the curve in the form A(t) = Aoekt•
(d) Graph the exponential function found in part (b)
or (c) on the scatter diagram.
(e) From the result found in part (b), find the half-life of
the radioactive material.
(f) How much radioactive material will be left after 20
days?

5. Finance The following data represent the amount of
money an investor has in an investment account each year
for 10 years. She wishes to determine the effective rate of
return on her investment.

Value
Year of Account

1990 $10,000

1991 $10,573

1992 $11,260

1993 $11,733

1994 $12,424

1995 $13,269

1996 $13,968

1997 $14,823

1998 $15,297

1999 $16,539

(a) Using a graphing utility, draw a scatter diagram with
time as the independent variable and the value of the ac-
count as the dependent variable.
(b) Using a graphing utility, fit an exponential curve to
the data.

(c) Based on the answer in part (b), what was the effec-
tive rate of return from this account over the past 10
years?
(d) If the investor plans on retiring in 2020, what will be
the predicted value of this account?

6. Finance The following data show the amount of money
an investor has in an investment account each year for 7
years. He wishes to determine the effective rate of return
on his investment.

Value
Year of Account

1993 $20,000

1994 $21,516

1995 $23,355

1996 $24,885

1997 $27,434

1998 $30,053

1999 $32,622

(a) Using a graphing utility, draw a scatter diagram with
time as the independent variable and the value of the ac-
count as the dependent variable.
(b) Using a graphing utility, fit an exponential curve to
the data.
(c) Based on the answer to part (b), what was the effec-
tive rate of return from this account over the past 7 years?
(d) If the investor plans on retiring in 2020, what will be
the predicted value of this account?
Microsoft Stock The following data represent the clos-
ing price (adjusted for stock splits) of Microsoft Corpo-
ration stock at the end of each year.

Closing Price Year Closing Price

1.2083 1995 10.9688

1990 2.0903 1996 20.6562

1991 4.354 1997 32.3125

1992 5.3359 1998 69.3438

1993 5.0391 1999 119.125

1994 7.6406

Source: NASDAQ

(a) Using a graphing utility, draw a scatter diagram.
(b) Using a graphing utility, fit an exponential model to
the data.
(c) Express the function in the form A(t) = Aoekt.
(d) Graph the exponential function found in part (b)
or (c) on the scatter diagram.
(e) Using the solution to part (b) or (c), predict the clos-
ing price of Microsoft stock at the end of 2000 (t = 12).
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1.  Set Up Lists  <STAT> 1: Edit  L1 (_______) L2 (_________) 
 
2.  Plot Data   <STAT PLOTS>1:Plot1  X List: L1  Y List: L2 
    <WINDOW>   Domain (_______)  Range (_________ 
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3. Regression Analysis  <STAT><CAlC> 9: LNREG   
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5.  Graph the Logarithmic Equation 
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8. Intel The following data represent the closing price (ad-
justed for stock splits) of Intel Corporation stock at the
end of each year.

Closing Price Year Closing Price

2.1516 1995 14.1567

1990 2.401 1996 32.6633

1991 3.0559 1997 35.0487

1992 5.4257 1998 59.1787

1993 7.7332 1999 85.0625

1994 7.967

Source: NASDAQ

(a) Using a graphing utility, draw a scatter diagram.
(b) Using a graphing utility, fit an exponential model to
the data.
(c) Express the function in the form A(t) = Aoekt.
(d) Graph the exponential function found in part (b)
or (c) on the scatter diagram.
(e) Using the solution to part (b) or (c), predict the clos-
ing price of Intel stock at the end of 2000.

9. Wind Chill Factor The following data represent the
wind speed (mph) and wind chill factor at an air temper-
ature of 15°E

Wind Speed
(mph) Wind Chill Factor

5 12

10 -3

15 -11

20 -17

25 -22

30 -25

35 -27

Source: Information Please Almanac

(a) Using a graphing utility, draw a scatter diagram with
wind speed as the independent variable.
(b) Using a graphing utility, fit a logarithmic model to the
data.
(c) Using a graphing utility, draw the logarithmic function
found in part (b) on the scatter diagram.
(d) Use the function found in part (b) to predict the wind
chill factor if the air temperature is 15°F and the wind
speed is 23 mph.

10. Wind Chill Factor The following data represent the
wind speed (mph) and wind chill factor at an air temper-
ature of 5°E

Wind Speed
(mph) Wind Chill Factor

5 0

10 -15

15 -25

20 -31

25 -36

30 -41

35 -43

Source: Information Please Almanac

(a) Using a graphing utility, draw a scatter diagram with
wind speed as the independent variable.
(b) Using a graphing utility, fit a logarithmic model to the
data.
(c) Using a graphing utility, draw the logarithmic function
found in part (b) on the scatter diagram.
(d) Use the function found in part (b) to predict the wind
chill factor if the air temperature is 5°F and the wind
speed is 23 mph.

11. Population Model The following data obtained from
the U.S. Census Bureau represent the population of the
United States. An ecologist is interested in finding a func-
tion that describes the population of the United States.

Year Population

1900 76,212,168

1910 92,228,496

1920 106,021,537

1930 123,202,624

1940 132,164,569

1950 151,325.198

1960 179,323,175

1970 203,302,031

1980 226,542,203

1990 248.109,873

(a) Using a graphing utility, draw a scatter diagram of the
data using the year as the independent variable and pop-
ulation as the dependent variable.
(b) Using a graphing utility, fit a logistic model to the
data.
(c) Using a graphing utility, draw the function found in
part (b) on the scatter diagram.
(d) Based on the function found in part (b), what is the
carrying capacity of the United States?
(e) Use the function found in part (b) to predict the pop-
ulation of the United States in 2000.
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(a) Using a graphing utility, draw a scatter diagram with
day as the independent variable.
(b) Using a graphing utility, fit an exponential curve to
the data.
(c) Express the curve in the form A(t) = Aoekt•
(d) Graph the exponential function found in part (b)
or (c) on the scatter diagram.
(e) From the result found in part (b), find the half-life of
the radioactive material.
(f) How much radioactive material will be left after 20
days?

5. Finance The following data represent the amount of
money an investor has in an investment account each year
for 10 years. She wishes to determine the effective rate of
return on her investment.

Value
Year of Account

1990 $10,000

1991 $10,573

1992 $11,260

1993 $11,733

1994 $12,424

1995 $13,269

1996 $13,968

1997 $14,823

1998 $15,297

1999 $16,539

(a) Using a graphing utility, draw a scatter diagram with
time as the independent variable and the value of the ac-
count as the dependent variable.
(b) Using a graphing utility, fit an exponential curve to
the data.

(c) Based on the answer in part (b), what was the effec-
tive rate of return from this account over the past 10
years?
(d) If the investor plans on retiring in 2020, what will be
the predicted value of this account?

6. Finance The following data show the amount of money
an investor has in an investment account each year for 7
years. He wishes to determine the effective rate of return
on his investment.

Value
Year of Account

1993 $20,000

1994 $21,516

1995 $23,355

1996 $24,885

1997 $27,434

1998 $30,053

1999 $32,622

(a) Using a graphing utility, draw a scatter diagram with
time as the independent variable and the value of the ac-
count as the dependent variable.
(b) Using a graphing utility, fit an exponential curve to
the data.
(c) Based on the answer to part (b), what was the effec-
tive rate of return from this account over the past 7 years?
(d) If the investor plans on retiring in 2020, what will be
the predicted value of this account?
Microsoft Stock The following data represent the clos-
ing price (adjusted for stock splits) of Microsoft Corpo-
ration stock at the end of each year.

Closing Price Year Closing Price

1.2083 1995 10.9688

1990 2.0903 1996 20.6562

1991 4.354 1997 32.3125

1992 5.3359 1998 69.3438

1993 5.0391 1999 119.125

1994 7.6406

Source: NASDAQ

(a) Using a graphing utility, draw a scatter diagram.
(b) Using a graphing utility, fit an exponential model to
the data.
(c) Express the function in the form A(t) = Aoekt.
(d) Graph the exponential function found in part (b)
or (c) on the scatter diagram.
(e) Using the solution to part (b) or (c), predict the clos-
ing price of Microsoft stock at the end of 2000 (t = 12).


