
 
PRE-CALCULUS    APPLICATION OF TRIG FUNCTIONS    (8.1)  
 
TRIGONOMETRIC FUNCTIONS:   
Used to represent relations of data with repeating patterns.  i.e. (Periodic Graphs) 

 
(SOHCAHTOA; SOH – CAH - TOA) 
GOAL: Find measurement of missing ANGLE or SIDE LENGTH of a RIGHT TRIANGLE.		

	 SIN (𝜽)=  Opp. Side/ Hyp.   CSC(𝜽)= Hyp./Opp. Side   
 COS (𝜽)= Adj. Side /Hyp.   SEC(𝜽)= Hyp./Adj Side   
 TAN (𝜽)= Opp. Side / Adj. Side   COT(𝜽)=Adj. Side / Opp. Side  

________________________________________________________________________ 
SPECIAL RIGHT TRIANGLES 
Angles:  45 – 45 -90   30 – 60 – 90   60 – 30 - 90 
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SOLVING A RIGHT TRIANGLE 

       
 

PRACTICE    
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

r

r

r

i

r
Figure 7

r
a

•

I

•

SECTION 8.1 Right Triangle Trigonometry 511

Check: Verify the results obtained in Example 3 by evaluating each
expression. _

NOW WORK PROBLEM 11.

3
SOLVING RIGHT TRIANGLES; ApPLICATIONS
In the discussion that follows, we will always label a right triangle so that side
a is opposite angle a, side b is opposite angle {3,and side c is the hypotenuse,
as shown in Figure 7. To solve a right triangle means to find the missing .
lengths of its sides and the measurements of its angles. We shall follow the
practice of expressing the lengths of the sides rounded to two decimal places
and of expressing angles in degrees rounded to one decimal place.

To solve a right triangle, we need to know either an angle (besides the
90° one) and a side or else two sides. Then we make use of the Pythagorean
Theorem and the fact that the sum of the angles of a triangle is 180°. The sum
of the unknown angles in a right triangle is therefore 90°.

For the right triangle shown in Figure 7, we have

_ Solving a Right Triangle

Figure 8 Use Figure 8. If b = 2 and a = 40°, find a, C, and {3.

Sol uti 0 n Since a = 40° and a + {3 = 90°, we find that (3 = 50°. To find the sides a
and c, we use the facts that )
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a
f

-Figure 9
~:::lSolution

I 3

I

a
tan 40° = - and

2

2
cos40° = -

c

Now solve for a and c.

2
a = 2 tan 40° ~ 1.68 and c = cas 400 ~ 2.61 -

NOW WORK PROBLEM 29.

Solving a Right Triangle

Use Figure 9. If a = 3 and b = 2, find c, a, and {3.

Since a = 3 and b = 2, then, by the Pythagorean Theorem, we have

c2 = a2 + b2 = 32 + 22 = 9 + 4 = 13

C = \Il3 ~ 3.61
To find angle a, we use the fact that

3
tana = 2: so

3
a = tan-I-

2

Set the mode on your calculator to degrees. Then, rounded to one decimal
place, we find that a = 56.3°. Since a + {3 = 90°,wefindthat{3 = 33.7°. -
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In Problems 29-38, use the right triangle shown. Then, using the given information, solve the triangle.

~b

a

./

.29. b = 5, f3 = 20°; find a, c, and a

31. a = 6, f3 = 40°; find b, c, and a
I

33. b = 4, a = 10°; find a, c, and f3

35. a = 5, b = 3; find c, a, and f3

37. a = 2, c = 5; find b, a, and f3,

I

39. A right triangle has a hypotenuse of length 8 inches. If'
one angle is 35°, find the length of each leg.

40. A right triangle has a hypotenuse of length 10 centimeters.
If one angle is 40°, find the length of each leg.

41. A right triangle contains a 25° angle. If one leg is of length
5 inches, what is the length of the hypotenuse?
[Hint: Two answers are possible.]

42. A right triangle contains an angle of tr /8 radian. If one leg
is of length 3 meters, what is the length of the hypotenuse?
[Hint: Two answers are possible.]

43. The hypotenuse of a right triangle is 5 inches. If one leg
is 2 inches, find the degree measure of each angle.

44. The hypotenuse of a right triangle is 3 feet. If one leg is 1
foot, find the degree measure of each angle .

.45. Finding the Width of a Gorge Find the distance from A
to C across the gorge illustrated in the figure.

•
I

.

.--350 --

I~OOft

I 46. Finding the Distance across a Pond Find the distance
from A to C across the pond illustrated in the figure.

•
•

30. b = 4, f3 = 10°; find a, c, and a

32. a = 7, f3 = 50°; find b, c, and a

34. b = 6, a = 20°; find a, c, and f3

36. a = 2, b = 8; find c, a, and f3

38. b = 4, c = 6; find a, a, and f3

47. The Eiffel Tower The tallest tower built before the era
of television masts, the Eiffel Tower was completed op
March 31,1889. Find the height of the Eiffel Tower (~e-
fore a television mast was added to the t p) using the in-
formation given in the illustration.

48. Finding the Distance of a Ship from Shore A ship, off-
shore from a vertical cliff known to be 100 feet in height,
takes a sighting of the top of the cliff. If the angle of ele-
vation is found to be 25°, how far offshore is the ship?

49. Finding the Distance to a Plateau Suppose that you are
headed toward a plateau 50meters high. If the angle of el-
evation to the top of the plateau is 20°, how far are you
from the base of the plateau?

50. Statue of Liberty A ship is just offshore of New York
City. A sighting is taken of the Statue of Liberty, which is
about 305 feet tall. If the angle of elevation to the top of
the statue is 20°, how far is the ship from the base of the
statue?

51. Finding the Reach of a Ladder A 22-foot extension lad-
der leaning against a building makes a 70° angle with the
ground. How far up the building does the ladder touch?

52. Finding the Height of a Building To measure the height
of a building, two sightings are taken a distance of 50 feet
apart. If the first angle of elevation is 40° and the second
is 32°, what is the height of the building?
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FINDING HEIGHTS USING ANGLE OF ELEVATION VS. ANGLE OF DEPRESSION 
 

 
 
 
PRACTICE:   FIND ITS HEIGHT 
 

 
 
USING RIGHT TRIANGLES TO FIND DISTANCES 
 
A surveyor can measure the width of a river by setting up a transit at point C on one side of the river and taking a 
sighting of a point A on the other side.  After turning through an angle of 90° at C, the surveyor walks a distance of 200 
meters to point B. Angle B is measured to be 20°.  What is the width of the river (i.e. distance AC) ? 
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Figure 11
Hotel

So Iuti 0 n As Figure 11 illustrates, the angle {3obeys the equation

. 3100
sm{3 = 14,100

Using a calculator,
fEfE
fEEB
~EB

Elevation ......:!~=::::::::=--E.~__ U

8000 ft

. 3100{3= sm-1 -- ~ 12.7°
14,100

The inclination (grade) of the trail is approximately 12.7°. -
Vertical heights can sometimes be measured using either the angle of

elevation or the angle of depression. If a person is looking up at an object,
the acute angle measured from the horizontal to a line-of-sight observation
of the object is called the angle of elevation. See Figure 12(a).

If a person is standing on a cliff looking down at an object, the acute
angle made by the line-of-sight observation of the object and the horizontal
is called the angle of depression. See Figure 12(b).

Figure 12 '!'-TI- - - - - - - - - -:- - - Horizontal'v, Angle of depression,,,,,
',v,?
',"6>0/
, .p..
"~-?I',,,

"" Object

Object

Angle of elevation

Horizontal

(a) (b)

_ Finding Heights Using the Angle of Elevation

To determine the height of a radio transmission tower, a surveyor walks off
a distance of 300 meters from the base of the tower. The angle of elevation
is then measured and found to be 40°. If the transit is 2 meters off the ground
when the sighting is taken, how high is the radio tower? See Figure 13(a).

Figure 13
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A	

C	 B	
			20°	

200m	



 
 
USING RIGHT TRIANGLES TO FIND ANGLES OF INCLINATION 
 
A straight trail leads from the Alpine Hotel, elevation of 8000 feet, to a scenic overlook, elevation of 11,100 feet.  The 
length of the trail is 14,100 feet.  What is the inclination (grade) of the trail?  
 
 Angle of Elevations   vs.    Angle of Depression 
 
 
 

 
 
 
 
 
 
 

 
 
 

USING ANGLE OF ELEVATION TO FIND HEIGHTS 
 
To determine the height of a radio transmission tower, a surveyor walks off a distance of 300 meters form the base 
of the tower.  The angle of elevation is then measured and found to be 40°.  If the transit is two meters off the 
ground, how high is the ratio tower? 
 

 
 
 
 

 
 
 

 
 
 

FINDING THE HEIGHT OF A STATUE 
 
There is a statue on top of a building. From an observation point 400ft from the center of a building, the angle of 
elevation to the base of the statue is 45° and the angle of elevation to the top of the statue is 47.2°.  What is the 
height of the statue? 
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400ft	



 
 

DISTANCE / DIRECTION PROBLEMS INVOLVING BEARING 
 
BEARING:  Acute angle between Ray of Direction and the North-South Line 
 
 
      a.  Bearing from O to P1 

 

          b. Bearing from O to P2 
 
         c.  Bearing from O to P3 
 
         d.  Bearing from O to P4 

         

 

 
 
 
 
 
 
 
 
 

 
 

 
PRACTICE: 
 

1. An airplane travels on a bearing of N20°	𝑬.  After 1 miles it turns 90° to go N. W. 
After 2 miles what its bearing? 
 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 

HW8.1A; 9, 19, 21, 23, 27, 29, 49, 51, 57  HW8.1B; 39, 41, 43, 45, 47, 53, 55, 63 
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Figure 15 50 Iuti 0 n Figure 15 illustrates the situation. The central angle ()obeys the equation

Figure 16

N

--------~~---------E

s

3960
cos () = 362 ::::::0.999982687 1 mile = 5280 feet

3960 +--
5280

so

() ::::::0.00588 radian ::::::0.33715° ::::::20.23'

The brochure does not indicate whether the distance is measured in nauti-
cal miles or statute miles. The distance s in nautical miles is 20.23, the mea-
surement of ()in minutes. (Refer to Problem 92, Section 6.1). The distance s
in statute miles is

s = r(} = 3960(0.00588) = 23.3 miles

In either case, it would seem that the brochure overstated the distance
somewhat. _

In navigation and surveying, the direction or bearing from a point 0 to
a point P equals the acute angle ()between the ray OP and the vertical line
through 0, the north-south line.

Figure 16 illustrates some bearings. Notice that the bearing from 0 to PI
is denoted by the symbolism N300E, indicating that the bearing is 30° east of
north. In writing the bearing from 0 to P, the direction north or south always
appears first, followed by an acute angle, followed by east or west. In Figure 16,
the bearing from 0 to P2 is S500W, and from 0 to P3 it is N700W.

_ Finding the Bearing of an Object

In Figure 16, what is the bearing from 0 to an object at P4?

50 Iuti 0n The acute angle between the ray OP4 and the north-south line through 0 is
given as 20°. The bearing from 0 to Pis S200E. _

_ Finding the Bearing of an Airplane

Figure 17

N

i

Runway 2 LEFTw----------~----~---Ea

s

A Boeing 777 aircraft takes off from O'Hare Airport on runway 2 LEFT,
which has a bearing of N200E.* After flying for 1 mile, the pilot of the air-
craft requests permission to turn 90° and head toward the northwest. The
request is granted. After the plane goes 2 miles in this direction, what bear-
ing should the control tower use to locate the aircraft?

50 Iuti 0 n Figure 17 illustrates the situation. After flying 1 mile from
the airport 0 (the control tower), the aircraft is at P After turning 90° toward

* In air navigation, the term azimuth is employed to denote the positive angle measured
clockwise from the north (N) to a ray OP In Figure 16, the azimuth from 0 to PI is 30°; the
azimuth from 0 to P2 is 230°; the azimuth from 0 to P3 is 290°. Runways are designated using
azimuth. Thus, runway 2 LEFT means the left runway with a direction of azimuth 20°
(bearing N200E). Runway 23 is the runway with azimuth 230° and bearing S500W.
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RIGHT TRIANGLES: SUMMARY NOTES 
 
(SOHCAHTOA; SOH – CAH - TOA):  Find measurement of missing ANGLE or SIDE  LENGTH of a RIGHT TRIANGLE. 
		

	 SIN (𝜽)=  Opp. Side/ Hyp.   CSC(𝜽)= Hyp./Opp. Side   
 COS (𝜽)= Adj. Side /Hyp.   SEC(𝜽)= Hyp./Adj Side   
 TAN (𝜽)= Opp. Side / Adj. Side   COT(𝜽)=Adj. Side / Opp. Side  

 
UNIT CIRCLE:  RADIUS = 1   SIN (𝜽)= Y/R = Y/1 = Y  CSC (𝜽)= R/Y = 1/Y = 1/SIN(𝜽)	
   COS (𝜽)= X/R = X/1 = X  SEC (𝜽)= R/X = 1/X = 1/COS(𝜽) 
    TAN (𝜽)= Y/X= SIN(𝜽)/ COS(𝜽), COT (𝜽)= X/Y = 1/TAN(𝜽) 
(X, Y) = (COS(𝜽),SIN(𝜽)) 
PYTHAGOREAN IDENTITIES:  

cos2θ + sin2θ = 1   1+ tan2θ = sec2θ   cot2θ +1= csc2θ  
EVEN-ODD IDENTITIES  

odd  even  odd  
SUM (or DIFFERENCE) OF COSINES ; cos(A − B) = cosAcosB + sinAsinB  

SUM (or DIFFERENCE) OF SINES ; sin(A − B) = sinAcosB − cosAsinB  

SUM (or DIFFERENCE) OF TANGENTS tan(A + B) = tanA + tanB
1− tanA tanB

; tan(A − B) = tanA − tanB
1+ tanA tanB

 

DOUBLE ANGLE FORMULAS   

sin(2θ ) = 2sinθ cosθ   cos(2θ ) = cos2θ − sin2θ   tan(2θ ) = 2 tanθ
1− tan2θ

 

         cos(2θ ) = 1− 2sin2θ  

                   cos(2θ ) = 2cos2θ −1  
HALF ANGLE FORMULAS     

                        
 COMPLEMENTARY ANGLES  (ACUTE 𝜽’s that add up to 90°)   

  
 
 
 sin(θ ) = cos(90 −θ )   tan(90 −θ ) = cot(θ )   sec(90 −θ ) = csc(θ )  

sin(90 −θ ) = cos(θ )   cot(90 −θ ) = tan(θ )   csc(90 −θ ) = sec(θ )  
 

 sin 30
 = cos___     cos10

 = sin___    tan40
 = cot___  

 

 csc30
 = sec___     sec10

 = csc___    cot 40
 = tan___  

 
 
 
 

 

sin(−θ) = − sin(θ) cos(−θ) = cos(θ) tan(−θ) = − tan(θ)
cos(A + B) = cosAcosB − sinAsinB

sin(A+ B) = sin AcosB + cos AsinB

cos
α
2
= ± 1+ cosα

2
tan

α
2
= ± 1− cosα

1+ cosα
sin

α
2
= ± 1− cosα

2

510 CHAPTER 8 Ap PIications of Trigo nometric Fu n ctio ns

_ Using the Complementary Angle Theorem

(a) sin 62° = cos (90° - 62°) = cos28°

(b) tan;; = cot(; - ;;) = cot ~;

(c) sin240° + sin250° = sin240° + cos240° = 1
t

sin 50° = cos 40°

Solution
Figure 5

22

~=======..I90°o

Figure 6

b

a

Complementary Angle Theorem

(a) Express the area A of the opening as a function of 8.
(b) Graph A = A( 8). Find the angle 8 that makes A largest. (This bend will

allow the most water to flow through the gutter.)

(a) The area A of the opening is the sum of the areas of two right triangles
and one rectangle. Each triangle has legs hand \h6 - h2 and hy-
potenuse 4.The rectangle has length 4 and height h.Then

A = 2· ~. h\/16 - h2 + 4h = (4sin8)(4cos8) + 4(4sin8)
. t h v'16.=fi2
sin e = 4' cos e = 4

A(8) = 16sin8(cos8 + 1)
(b) See Figure 5.Using MAXIMUM, the angle 8 that makes A largest is 60°.-
COMPLEMENTARY ANGLES: COFUNCTIONS

2 Two acute angles are called complementary if their sum is a right angle. Be-
cause the sum of the angles of any triangle is 180°, it follows that, for a right
triangle, the two acute angles are complementary.

Refer now to Figure 6;we have labeled the angle opposite side b as f3 and
the angle opposite side a as 0'. Notice that side b is adjacent to angle 0' and
side a is adjacent to angle f3.As a result,

. b
smf3 = - = cosO'

c
b

tanf3 = - = cot c (2)
a

a .cosf3 = - = sma
c

c
cscf3 = b = sec o c

secf3 = - = cscO'
a

a
cotf3 = b = tan o

Because of these relationships, the functions sine and cosine, tangent and
cotangent, and secant and cosecant are called cofunctions of each other. The
identities (2) may be expressed in words as follows:

Cofunctions of complementary angles ar equal. -
Examples of this theorem are given next:

Complementary angles

J ~
sin 30° = cos 60°
t t
Cofunctions

Complementary angles

J ~
see 80° = csc 10°
t t
Cofunctions

Complementary angles

J ~
tan 40° = cot 50°
t t
Cofunctions

-
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COMPLEMENTARY ANGLES: COFUNCTIONS

2 Two acute angles are called complementary if their sum is a right angle. Be-
cause the sum of the angles of any triangle is 180°, it follows that, for a right
triangle, the two acute angles are complementary.

Refer now to Figure 6;we have labeled the angle opposite side b as f3 and
the angle opposite side a as 0'. Notice that side b is adjacent to angle 0' and
side a is adjacent to angle f3.As a result,

. b
smf3 = - = cosO'

c
b

tanf3 = - = cot c (2)
a

a .cosf3 = - = sma
c

c
cscf3 = b = sec o c

secf3 = - = cscO'
a

a
cotf3 = b = tan o

Because of these relationships, the functions sine and cosine, tangent and
cotangent, and secant and cosecant are called cofunctions of each other. The
identities (2) may be expressed in words as follows:

Cofunctions of complementary angles ar equal. -
Examples of this theorem are given next:

Complementary angles

J ~
sin 30° = cos 60°
t t
Cofunctions

Complementary angles

J ~
see 80° = csc 10°
t t
Cofunctions

Complementary angles

J ~
tan 40° = cot 50°
t t
Cofunctions

-
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516 CHAPTER 8 Application.s of Trigonometric Functions

the northwest and flying 2 miles, the aircraft is at the point Q. In triangle
OPQ, the angle 8 obeys the equation

2tan8 = - = 2 so 8 = tan-12 ~ 63.4°
1

The acute angle between north and the ray OQ is 63.4° - 20° = 43.4°. The
bearing of the aircraft from 0 to Q is N43.4°W. _

8.1 E X ERe I 5 E 5

In Problems 1-10, find the exact value of the six trigonometric functions of the angle ()in each figure.

1'~5

12

5'~ e 4
2

9. ~~

1~

.2·~3 '.J 4·3~

e:

e 3 ..
4

2 3

6. 3 7.

~~

8.

~~

~

2

10. ~
2 ~

In Problems 11-20, find the exact value of each expression. Do not use a calculator.

11. sin 38° - cas 52° 12. tan 12° - cot 780 13 cas 10°
. sin 80°

18 400 sin 50° 1 ~. cot - -.-- ,
sm40° J>f"

21. If sin () = %, find the exact value of:

22. If sin () = 0.2, find the exact value of:

23. If tan () = 4, find the exact value of:

24. If sees = 3, find the exact value of:
25. If csc () = 4, find the exact value of:

26. If cot () = 2, find the exact value of:

16. 1 + tan25° - csc285°

19 . cas 35° sin 55° + sin 35° cas 55°

(a) cos(90° - (}) (b) cos2(}

(a) cos ( ~ - ()) (b) cos2(}

(a) see' () (b) cotf

(a) cas () (b) tarr' ()

(a) sin () (b) cot2(}

(a) tan e (b) csc2()

14. cas 40°
sm50°

° cas 70°
17. tan20 - -200cas

20. sec35° csc55° - tan35° cot 55°

(c) csc s (d) see ( ~ - ()) ( .

(c) sec(90° - ())

(c) cot(~ - (})

(c) csc(90° - (})
(c) sec(90° - (})

(c) tan ( ~ - ())

(d) csc s

(d) csc2(}

(d) sin2(}

(d) sec2(}

(d) sec2(}

27. If sin() = 0.3, find the exact value of sin () + cos ( ~ - ()). 28. If tan () = 4, find the exact value of tan () + tan ( ~ - ()).
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