“All science is either physics or stamp collecting.”
- Ernest Rutherford

SECTION 6
ENERGY AND MOMENTUM

I

paperboy for the Marin Independent Journal when I was eleven
years old. I’d get a bag of rubber bands every couple of months and I loved
the fact that I had a few thousand of these at my ready disposal. My eightyear-old sister, Dana, and I would have brutal rubber band fights. If they had
been taped for later family viewing, they would have had to be rated PG-13
for “frequent scenes of intense violence.” It didn’t take long for Mom to officially
ban these rubber band fights, but we continued to have savage battles when Mom
was out. We even had a code for talking about them when she was present – we
referred to them as RBF’s. To this day I can’t figure out why Dana continued to
host RBF’s in her bedroom since there was not a single battle that she didn’t run
crying from after she had been struck strategically in the eye.
WAS A
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I think one of the reasons some people enjoy
target shooting, archery, hunting or RBF’s is that
these are activities that allow you to deposit energy at
a distance. Think about the RBF’s my sister and I
would have. I would stretch out a rubber band and in
doing so, store energy (elastic potential energy) in the
tension of the rubber band. When I let it go, the
rubber band would go sailing off towards my sister
and it would have a different form of energy (kinetic
energy or energy of motion). Finally, it would strike
her and the hurt she felt was due to energy (heat)
being deposited on her skin. The important thing to
understand is the conversion of energy. In the process
it would go from elastic potential to kinetic to heat,
but no energy was ever lost in the process, just
changed from one type to another. So all the energy I
originally put into the rubber band eventually made
its way to my sister, even though I might be far away.
This is known by physicists as the Law of
Conservation of Energy.
Gun makers have been able to determine the
speed of a bullet for hundreds of years. That may
seem a bit unbelievable when you consider the fact
that bullet speeds are about 1,000 mph and we
haven’t had even mediocre stopwatches until well
into the 20th century. The gun makers never had to
rely on the existence of high-speed timers though.
They could do the measurements with a simple scale
and ruler using what is called a “conservation
principle.” (We’ll do the same kind of measurements
and calculations to find the speed of an M1 carbine
bullet later in the unit.) Things that are “conserved”
in physics are things that don’t change over time or
during events. Energy and momentum are like this.

When we calculate the speed of a bullet, we’ll watch
it being fired into a large suspended wood block.
There will be a spectacular collision between the
bullet and the block and the bullet will rip a gaping
hole in the block, but we’ll have this assurance: no
matter how loud or destructive the collision, the
momentum will be conserved. That is, whatever the
momentum of the bullet is before the collision, it will
be the same as the momentum of the bullet and block
together after the collision. And since the block will
be moving much, much more slowly than the bullet
was originally, it will be easy to make measurements.
Conservation laws are also used at amusement
parks. All gravity-driven rides, like roller coasters,
operate based on conservation of energy in the sense
that energy of position (gravitational potential
energy) is transformed to energy of motion (kinetic
energy) and back again. That’s the reason why there
is never a rise on a roller coaster that is higher than
the first hill.
As someone relatively new to the formal study of
physics, you should know that physicists consider
conservation laws to be some of the most adored
darlings of Nature. In this universe, you will find
variation and chaos, but look a bit more closely and
you will be confronted with evidence that there are
steadfast and simple rules that absolutely control the
destiny of its path. They are inviolable and absolute
rules that give us an easy way to peek at Nature’s
ways. Why do they exist? What are the implications
of a world that marches forward in time under the
appearance of design? These last two questions are
not the business of physics. Still, I think about them
… often.
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CHAPTER 13: ENERGY
WORK … AND … ENERGY

T

HE CONSTRUCTION WORKER and
the guy who sits at a computer all day
could both say, “I sure worked hard
today,” and we would understand
exactly what each of them meant. And
we knowingly empathize with the
woman who says that she worked hard to save her
failed marriage. We understand the essence of each
of these ideas even though the word work is used to
convey three different kinds of effort. We commonly
use “work” to describe various situations where effort
is required (physical or not). That’s why it is hard for
some to understand the true physical meaning of the
word work.
When physicists use the concept of work to
describe a physical event, they don’t use it to
describe effort. It’s much more specific than that. A
physicist would say that work has been done on an
object if there is an increase in the energy of the
object. Energy comes in a variety of forms: kinetic,
potential, or heat (much more about all of these later).
The important thing now is that you understand that
work is a transfer of energy. Therefore, in order to
fully understand work, first you have to understand
the various forms of energy. Unfortunately, to define
work, the word energy is used and to define energy,
the word work is used (energy is the ability to do
work), so you might suppose that no one really
knows what work or energy really are. It’s kind of
like describing a boy as the son of his mother and
then describing that same woman as the mother of
her son. The descriptions are true, but lack much
detail. However, if you spend much time around the
son or the mother, you get a sense of a broader
identity. That’s true with work and energy too. So,
trust that you will get a grasp.

understanding of the various forms of energy –
specifically, kinetic, potential, and heat energies.
Kinetic energy (KE), is energy of motion.
Anything that is in motion has kinetic energy. Bullets
fired from guns, speeding cars, and avalanches all
have kinetic energy. If you get in the way of the thing
that has kinetic energy, you get hurt (Figure 13.1).
The energy is deposited in you. Higher speed means
more kinetic energy (and more hurt).

Figure 13.1: The paintball emerging from the gun
has high speed. Its motion gives it kinetic energy.
When the paintball strikes the adversary, it
deposits the kinetic energy and causes pain.
(Photo by Ali Reinsdorf, Class of 2004.)
Gravitational Potential Energy (GPE), is
energy based on position. When an object is raised
above the Earth’s surface, it has gravitational
potential energy (GPE). Water at the top of a
waterfall and the coin dropped by a child from the
top of a tall bridge both have gravitational potential
energy. If an object with gravitational potential
energy is allowed to drop on your foot, you get hurt.
The energy is deposited in you. More height means
more gravitational potential energy (and more hurt).

Work is a transfer of energy.
If the energy of an object
hasn’t increased, no work has
been done on it.

Elastic Potential Energy (EPE), is also energy
based on position. When an elastic material is
stretched or compressed, it has elastic potential
energy (EPE). A stretched slingshot and a
compressed spring both have elastic potential energy.
If the elastic material is allowed to sling something
that strikes you (like an arrow from a bow) you get
hurt. The energy is deposited in you. More stretch (or
compression) means more elastic potential energy
(and more hurt).

TYPES OF ENERGY
Since work is a transfer of energy, to fully
understand the concept, it’s necessary to have some
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Heat is energy created by friction. The friction
between the rings on a moving piston and the walls
of the cylinder of an automobile engine creates heat.
This heat is what gets pumped into the interior of the
car when the heater is used. That’s pleasant, but
touch the actual engine after it’s been running awhile
and you can get a nasty burn. Whenever you touch
the surface of something that has just been scraped,
it’s warm and you could get a burn and get hurt.
More scraping means more heat, which means more
of a burn (and more hurt). We’ll also use heat to
loosely describe the energy of deformation (like
when it’s necessary to describe the type of energy
that caused a dented fender on a car that was in a
crash).

Therefore, no work is done on the barbell. Even the
Sun’s massive force acting on the Earth does no work
on the Earth as it obediently orbits around the Sun.
No work is done in any of these three cases because
there is no transfer of energy. In each case, there is
no increase in kinetic energy, potential energy, or
heat.
Looking at work as a transfer of energy is a
qualitative way of viewing it. A quantitative way to
look at work is by considering how the work is
actually accomplished. That is, what do you
physically have to do in order for work to be done?
Think back to pushing the car. With the parking
brake on, you can’t budge it, but take off the parking
brake and put the car into neutral and, if it’s not some
big SUV, you could probably get it moving. Consider
what you’re doing in order to transfer kinetic energy
to the car – to do work on it. You do two things.
First, you have to apply a force. Secondly, that force
has to result in motion – the car moves some
distance. The work you do is simply the product of
the force you apply and the distance through which
the force is applied.
Now consider a baseball. You can wind up and
throw it (giving it kinetic energy). You can lift it
from the ground to some height (giving it
gravitational potential energy). Finally, you can
scrape it hard and fast against your arm (causing
heat). In each case, a force is applied and the force
results in the motion of the baseball. The work
occurring in each case is simply the product of the
force applied in the direction of motion and the
distance moved while the force was being applied:

DOING THE WORK THAT LEADS TO
INCREASED ENERGY
It was mentioned before that if none of the
energies of an object have increased, no work has
been done on it. An example of effort not leading to
work would be if you tried to get a car moving by
standing behind it and pushing on it. If the parking
brake were on, you could push with all the force you
could muster, and expend a whole lot of effort, but
the car wouldn’t move – it wouldn’t gain any kinetic
energy. With no increase in kinetic energy, no work
would have been done. Another example of effort not
leading to work is holding a heavy barbell overhead
for a long time (Figure 13.2). Although it takes
considerable effort to hold the barbell in place, doing
so does not increase the barbell’s gravitational
potential energy.

Work = F cos θ × d

As long as the direction of the force and the
distance moved are parallel, the equation simplifies
to W = F × d . A quick look at the equation shows
that work is measured in Newton ⋅ meters . But, the
conventional unit for work is in honor of James
Joule. 1Joule = 1Newton ⋅ meter .

€
€

€
Figure 13.2: It might take a whole lot of effort for
this weightlifter (David Weintraub, Class of
2004) to hold the bar above his head, but he isn’t
doing any work on the barbell because he
transfers no energy to the barbell while holding it
motionless above his head.

€
Force (F)
θ
Distance (d)
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However, recall Equation of Motion #4:

EXPRESSIONS FOR ENERGIES
Let’s look more carefully at the energies that
could be given to a block with a mass, m . It could be
lifted some height, h , which would give it
gravitational potential energy, GPE. The work done
lifting the block would be equal to the force applied
€
to lift it multiplied by the distance
it was lifted. The
€
force applied, in this case, is just the weight of the
block, mg .

€

v f 2 = v i 2 + 2ad ⇒ ad =

2

Now let’s do a substitution into the kinetic energy
equation:
€

KE = m • ad = m •
⇒ KE =

m

€

v f 2 − vi2
2

1
m v f 2 − vi2
2

(

)

This is for the general case of objects with any initial
speed, vi. In the case of objects starting from rest (like
€
the object
in this example):

h

KE = 12 mv 2

F=mg
m

where v is the final speed reached, vf, at the moment
the applied force stops.
Now let’s consider pushing the block at constant
speed
€ along some horizontal surface. If the speed is
constant, there will be no increase in kinetic energy
and if the surface is horizontal, there will be no
increase in gravitational potential energy. So, the
only energy produced will be heat (and that only if
friction is present). The work done would be equal to
the force applied overcoming friction, Ff, multiplied
by the distance, d, that the block moves while force is
scraping the block along the surface.

In this case the work done leads to gravitational
potential energy, GPE:

GPE = work done
GPE = F • d = mg • h

GPE = mgh
€
(Here h always represents the vertical height change
from the beginning to the end of the movement.)
Now let’s consider throwing the block, which
would
€ give the block kinetic energy, KE. The work
done would be equal to the force applied by the hand,
F, on the block multiplied by the distance, d, that the
block moves while the hand is in contact with it.

vi

F

m

Ff

m
d

In this case the work done leads to heat:

heat = work done
heat = F f • d

vF
m

m

heat = F f d

d

€
The last energy to consider is elastic potential
energy, EPE. It takes work to stretch or compress
things like rubber bands, springs, and other stretchy
materials.
The work done in stretching or
€
compressing these materials becomes elastic potential
energy. But this is a bit trickier than the other forms
of energy discussed so far. For example, if you lift an

In this case the work done leads to kinetic energy,
KE:

KE = work done
KE = F • d = ma • d = m • ad

€

v f 2 − vi2
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object one meter above the Earth (giving it
gravitational potential energy) the force you apply is
equal to the weight of the object. Lift it two meters
above the Earth and you still only apply a force just
equal to the weight – the force required is the same.
However, when stretching a spring or rubber band,
the greater the distance of the stretch, the greater the
force required. The force required to stretch a spring,
F, is proportional to the stretch of the spring, x:

constantly changing as the stretch increases. That
means that the force used to calculate the work done
cannot be the final applied force, but rather, the
average applied force. Therefore:

" Fbeginning + Fend
EPE = Fave x = $
2
#

If the spring is initially not stretched, then Fbeginning = 0,
and Fend is simply the force to stretch the spring a
€
given distance, x. The elastic potential energy is then:

F∝x
Making this an equation means adding a constant of
proportionality, k:

€

" 0 + Fat
EPE = $
#
2

F = kx

" 0 + Fat
EPE = $
#
2
⇒

€

%
'x
&

x

% " kx %
'x = $ 'x
& #2&

EPE = 12 kx 2

€
for the EPE stored in a spring with no initial stretch.

ROTATIONAL KINETIC ENERGY
You
€ would never try to stop the rotation

of a
circular power saw by putting your hand on the
cutting edge of the spinning blade. You’d give
yourself a nasty gash. But that’s the point of that
spinning blade. It has enough energy to cut through
thick pieces of wood. However, it does the cutting
mostly not from moving here to there, but by moving
very fast rotationally. So there is this entirely
different aspect of kinetic energy that is all about
rotational movement, as opposed to what has been
said about translational movement. Think about the
expression for translational kinetic shown above:
KEt = 12 mv 2 . Both the mass of an object and its
speed have equivalent representations in rotational
motion. When making the transition from
translational to rotational motion, you know that
rotational inertia (I) is equivalent to mass and
rotational velocity (ω) is equivalent to translational
velocity. So, without a rigorous proof, the expression
for rotational kinetic energy is simply: KEr = 12 Iω 2 .
If something is moving both translationally and
rotationally (like a bowling ball rolling down the
lane), its total kinetic energy is simply the sum of
€
these two kinetic energies:

The spring constant, in this case, is:

F
2N
4N
=
or
= 20 Nm
x 0.1m
0.2m

x

But, since the force applied at x is equal to the spring
constant, k, multiplied by x, then the elastic potential
energy €can be (and usually is) expressed in terms of
the spring constant, k:

This constant of proportionality, k, is known as the
spring constant and this relationship is known as
Hooke’s Law (after Robert Hooke). The greater the
€ is, the stiffer the spring. Think about
spring constant
it. If the spring is very stiff (k is big), the
corresponding force to stretch it will also be big.
Determining the spring constant is easy. You simply
need to measure the force applied to a spring and the
amount of stretch that force causes. Let’s say a 2N
force causes a stretch of 0.1 m. That means that a
force twice as large (4N) causes a stretch twice as
long (0.2 m).

F = kx ⇒ k =

%
'x
&

€

This means that to stretch this spring 1.0 m requires
20 N of force. Now think about this in terms of the
work done in stretching the spring. The work done
producing the elastic potential energy (EPE) is equal
to the force applied to the spring multiplied by the
distance the spring is stretched. But, this force is
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⇒ KEtotal = 12 mv 2 + 12 Iω 2

Power is measured in Joules per second or Watts.
1 Watt = 1Joule/second. Even if most people are
unfamiliar with the units of Newtons and Joules, they
generally feel comfortable with the unit of Watts.
That is, if you poll “man on the street,” asking him
about how much force 100 Newtons represents, he
probably couldn’t tell you. However, query about
100 Watts and he would probably say something like,
“That’s the power of a bright household light bulb.”
Another commonly used power unit is the
horsepower. It was originated by James Watt as a
way to help people understand the amount power
produced by the newly invented steam engine that
was replacing the horse as a means of doing some
kinds of work. Used quite a bit in referring to the
power of cars, one horsepower is about as much as
the average person could muster if he were dashing
as fast as possible up a flight of stairs (although the
same person could only sustain about a tenth of that
horsepower over an extended period of time).

Example

€

A 2.0-kg metal hoop has a diameter of 1.0 m. What is
the kinetic energy of the hoop if it is rolling along at
3.0 m/s?
Given: m = 2.0 kg
diameter = 1.0 m ⇒ r = 0.50 m
v = 3.0 m/s
-

The question asks explicitly for kinetic energy,
but the words “rolling along” imply both
translational and rotational kinetic energy.

Find:

KEtotal

KEtotal = 12 mv 2 + 12 Iω 2

€

(Note that I hoop = mr 2 and ω = vr , so
substitutions can be made in the equation above.)

1 Horsepower = 746 Watts

" %2
€ total = 1 mv 2 +€1 mr 2 $ v ' = mv 2
KE
2
2
#r &

( )

Few people have a grasp of the amount of energy
and power it takes to live comfortably in the modern
€
world. Let’s start with just keeping the body alive
and functioning. The food Calorie has an energy
equivalent of 4187 Joules. So, if you eat a diet in
which you consume 2,000 Calories per day, this is
equivalent to 8.4 ×10 6 Joules per day. Now let’s
consider the average power over the course of an
entire day that a person would get from that amount
of energy:
€

2
) 18J

(

= ( 2.0kg ) 3.0 ms =
€

(Note that this is twice the kinetic energy it
would have if it were only moving
€
translationally.) €

WHAT ABOUT POWER?

6
Energy
J 1 day
1 h
1 W
= 8.4×10
= 97 Watts
1 day
24 h 3600 s 1 J / s
time
So the average person uses about as much power
(continuously) as that bright household light bulb.
About half this power is used just to maintain body
temperature. Think for a moment about a high school
gym with 1,000 cheering students. In terms of pure
energy, it would be roughly equivalent to replacing
them with 1,000 50-W light bulbs. Perhaps now you
can see why a room full of people can heat up in a
hurry.
Now let’s consider the energy necessary to
operate an average home. The PG&E website
allowed me to look at my energy use over the last
two years. Over that time, the electrical use averaged
11 kW-hr per day and the natural gas use averaged
0.75 Therms per day. The calculation for the
electrical power necessary to operate the house is:

Power =

The common use of the word power is similar to
the common use of work. It usually is used to convey
strength or authority, but physics views it very
specifically and narrowly. It is the rate of doing work.
€
Imagine lifting a weight up to a table. You would do
work. If you did it faster, it would be harder, but you
would still do the same amount of work (because the
same amount of energy is transferred). Physicists
deal with the “harder” by distinguishing between the
power used in the two events. Power is the rate of
doing work.

Power =

€

Work
time

or

€

P=

W
t

.
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(

)( )(

)(

)

(

11 kW −hr
day

)( )(
day
24 hr

1,000W
kW

) = 458 W

The calculation for the power from natural gas
necessary to operate the house is:
€

(
€

0.75 Therm
day

)(

1.05×10 8 J
Therm

)(

day
24 hr

)(

1 hr
3,600 s

)(

1 W
1 J /s

) = 911 W

So the power required to operate an average house
(well, a modest one in California) is about 1400 W,
or about 14 times the amount required to operate the
human body.
Finally, let’s consider transportation. If the
average car has a rating of 100 to 200 horsepower
and a horsepower is a little under 1,000 W, then
operating the average car will take roughly
100,000 W! That staggering number begins to put
everything in perspective as it relates to “green
living.” Of course these numbers don’t take into
account the fact that the human body never shuts
down, but the house has very low energy
consumption when people are gone or sleeping
(unless it’s really cold or hot out), and that the car
spends most of its time not using energy.
Let’s do one more comparison. Let’s look at how
long the person, the house, and the car would last on
the energy from one gallon of gas. Burning a gallon
of gasoline produces 132 million Joules of energy.
So, for the human body:

(

1.32×10 8 J
97 J / s

)(

1 hr
3,600 s

)(

1 day
24 hr

James Prescott Joule (1818-1889)
James Joule was an outstanding scientist who
made many contributions to the fields of physics
and chemistry. Born into a wealthy family in
England, Joule received an excellent education,
including instruction from chemist John Dalton.
He developed a style of experimenting so precise
that it sometimes drew incredulity and doubt from
the scientific community. Joule had an interesting
habit of experimenting wherever he went. When he
went to work in his family’s brewery, he made a
laboratory in the cellar and conducted experiments
to try to convert the brewery from steam to electric
power. He even spent part of his honeymoon in the
Swiss Alps using a giant thermometer to test a
theory about the temperature change in 778 feet of
falling water (one hopes his new wife already knew
what she was getting herself into). He made
extensive discoveries pertaining to electric currents
and heat, and, with his colleague Lord Kelvin,
discovered a cooling effect that led to modern
refrigeration. Among the many things that have
been named in his honor are the Joule, which is the
mechanical energy equivalent of heat (lifting one
Newton’s worth of weight up one meter), and
Joule’s Law
, which relates the power in

) = 15.8 day

or over half a month.

€And for my house:

(

1.32×10 8 J
1,400 J / s

)(

1 hr
3,600 s

)(

1 day
24 hr

) = 1.1 day

Finally, for my 25-mpg pickup truck, it’s a little less
than half an hour of driving at freeway speeds. In
€either of the comparisons made, transportation by
individuals in cars requires such huge amounts of
energy that it should probably cause a rethinking of
our “need” for quick and easy transportation.

an electrical wire to its resistance and current.
(Biography by Sarah Schwartz, Class of 2010)
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SIMPLE MACHINES

I

€

REMEMBER USING
a block and tackle,
pulley system to pull
the engine up and out
of a car when I was
sixteen-years-old. I did
it solo. It almost seemed like
magic - like I was getting
something for nothing. The
engine weighed hundreds of
pounds, but I didn’t need to
apply anywhere near that
amount of force to lift the
Figure 13.3: The three basic types of simple machines (pulley, lever, and
engine. However, there was
inclined plane allow work to be done in a different (easier) way. In each case,
one drawback. For every inch
a smaller force is applied to the simple machine than the simple machine
the engine moved up on one
applies to the object. However, the smaller force must act over a greater
side of the pulley system, I
distance, so the actual work done is not reduced by using the simple
had to pull about a foot of
machine. In fact, because of the friction present, using the simple machine
chain on the other side. That’s
actually requires more work.
the key to the magic of the
Figure 13.3 shows the three basic types of simple
simple machine. When you use a simple machine,
machines being used to do tasks that would be either
like a set of pulleys, you don’t do less work; you just
more difficult or impossible to do without the
do the work in a different way. Recall that work is a
assistance of the machine. The pulley is used to lift
product of force applied and distance moved,
the heavy weight, the bottle opener (lever) is used to
W = Fd . So the same amount of work can be done
take off a bottle cap, and the ramp up to the back of
with a variety of different combinations of force and
the van (inclined plane) is used to load heavy
distance. For example:
furniture more easily. Can you see how each of these
helps to get the job done, but requires you to move a
W = Fd or W =
d
or W = F
greater distance than the object acted on moves?
For ideal simple machines:
In each of the three cases above, the amount of
work done is the same. The last of the three is what
W input = W output
typically happens when using a simple machine. You
push or pull with say, one-fifth the force, but you
have to apply that force through five times greater a
Fe d e = Fr d r
distance. So, you really don’t get something for
€
nothing. In fact, most people are surprised to find out
where:
that you actually do more work by using the simple
Fe = effort force (force you apply)
machine. This is because the inevitable movement
de =€effort distance (distance you move)
required to use the machine results in friction, so that
Fr = resistance force (force machine applies)
some of the work you do in operating the machine
dr = resistance distance (distance machine moves)
leads to a production of heat. So, if using the simple
machine requires more work than not using it, why
For actual simple machines:
would anyone use the simple machine? The reason,
of course, is because using the simple machine allows
you to … get the job done. I never could have gotten
W input = W output + heat
the engine out of the car without the pulley system.

F

d

Fe d e = Fr d r + heat
€

€
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One way of classifying a simple machine is by
its mechanical advantage. This is the amount by
which your effort force is multiplied when using the
simple machine. The ideal mechanical advantage,
IMA, is theoretically what would be possible if there
were no friction. If that were the case then the
mechanical advantage would be the same as the ratio
of the effort distance to the resistance distance:

IMA =

Example
The following questions pertain to the drawing to the
below. A force of 25 N is used to push a box
weighing 80 N up the inclined plane.

12 m

de
dr

3.0 m

80 N
25 N

However, friction is always present when a simple
machine is€ used. So, the actual mechanical
advantage, AMA, is simply the ratio of the resistance
force to the effort force:

What is the ideal mechanical advantage of the plane?

IMA =
AMA =

Fr
Fe

What is the actual mechanical advantage of the
plane?
€
F
80N
AMA = r =
= 3.2
Fe 25N

Finally, simple machines can be classified in
€ efficiency. An ideal simple machine
terms of their
would have an efficiency of 100%, meaning that all
the work put into the simple machine would come out
as useful work. However, if a machine were say, 80%
efficient, it would mean that 20% of the work put into
the simple machine would result in the production of
heat. So, efficiency is just a ratio of the work output
to the work input:

What is the work input?

€

W input = Fe d e = ( 25N )(12m) = 300J

What is the work output?

W output = Fr d r = (80N )( 3.0m) = 240J

€
Efficiency =

d e 12m
=
=4
d r 3.0m

W output

What is the efficiency of the machine?

W input

€

Efficiency =

W output
W input

=

240J
= .80 = 80%
300J

€
€

If this were an ideal simple machine, how much
effort force would need to be applied?

Fe =

€
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Fr d r (80N )( 3.0m)
=
= 20N
de
12m

CONSERVATION OF ENERGY

T

HE POLE
VAULT
is one of
the most
beautiful

illustrations
of
the
conservation of energy.
This, by the way, is a
very big deal. Any time
physicists think about
conservation laws, they
a
b
get excited in a way
that’s hard to explain to
those who haven’t been
exposed to the power of
conservation. You see,
when an aspect of a
physical system (like
mass,
energy,
or,
momentum)
is
conserved it means that
time can pass and the
physical system can
undergo some changes,
but the thing that is
conserved
remains
d
c
absolutely the same.
It’s exciting because it Figure 13.4: As a junior, August Kiles was California’s third best male, high school poleallows
you
to vaulter in 2013. These four photos of his vault beautifully illustrate the law of
understand the physical conservation of energy.
system over time in a a. He is moving at his fastest and all his energy is kinetic.
much simpler way. And
the pole vault is a b. He slows as the pole bends, converting kinetic energy to elastic potential energy.
perfect example of this.
c. With the pole straight again, all the elastic potential energy has been converted to
If you look at the first
gravitational potential energy.
frame of Figure 13.4,
you see August Kiles d. After clearing the bar, his energy changes from gravitational potential energy back
to kinetic energy and finally to “heat” as he impacts the mat under the bar.
(California’s third best
male, high school polevaulter in 2013) running with the pole. He’s at his top
of energy or another (or a combination of energies),
speed and all of his energy is kinetic. Then the pole is
the total energy was unchanged – it was conserved.
planted and his kinetic energy begins to transform
That means that if he were to strike the ground (same
into elastic potential energy in the bending of the
level as where he started) instead of the mat, his
pole. As the pole restores itself to its original shape,
speed when he hit the ground would be identical to
the elastic potential energy is converted to
how fast he was running when he first planted the
gravitational potential energy and he goes higher,
pole. It also means that I could, for example, figure
eventually clearing 16’ 4” (4.98 m). Finally, after he
out how fast he was moving at the point when he
clears the bar, his gravitational potential energy is
planted the pole on the ground. This is because all of
converted back to kinetic energy as he falls lower and
the kinetic energy he had when the pole touched the
lower, faster and faster. August and his pole can be
ground was converted to the gravitational potential
thought of as a physical system, and throughout the
energy he had at his highest point. (Actually, he had a
entire event, whether the system possessed one type
little bit of kinetic energy at the highest point, but
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let’s discount that for now.) So I could express it like
this: kinetic energy at the beginning = gravitational
potential energy at his highest point, or

time (initial and final), the types of energies present
may change, but the total will not. Mathematically
this can be expressed as:

KE i = GPE f
The Law of Conservation of Energy
1
2

2

mv i = mgh

€ leaving:
The mass cancels out

KEi + GPEi + EPEi + work added = KE f + GPE f + EPE f + heat

vi = 2gh = 2 ( 9.8 sm2 ) (€
4.98m) = 9.88 ms

Example

€
With the knowledge you have of physics up to
this point, you probably would have looked at a child
going down a slide in the following way: As the child
moves down a slide you would begin to think about
the portion of gravitational force parallel to the slide
being in competition with the frictional force. You
know that the net force acting on the child’s mass
would give a very specific acceleration. And, you
understand that if the length of the slide were known,
you could find how long it takes to reach the end or
how fast the child would be moving at the bottom.
You’ve learned how to use the equations of motion
and Newton’s Second Law of Motion to make
predictions about accelerating and non-accelerating
physical systems after changes have occurred.
The liberating thing about energy being
conserved is that you can be sure that the total energy
of the system will remain constant. The trick is to
find that energy in some way and then to use it to
make predictions about the changing system. You
might ask, what’s the point if you already have a
method for making these types of predictions? The
point is that conceptually it is much easier for most
people to think about physical systems in terms of
very tangible and concrete ideas like energy of
motion (KE), energy of position (GPE or EPE), and
heat. And, since energy is not a vector, direction is
unimportant – you can’t make “sign errors.”
When I think of the child on the slide I naturally
think in terms of energy. I picture her motionless at
the top of the slide. And in my mind’s eye I see that
her “system energy” consists of only gravitational
potential energy (GPE), and that’s very easy to
calculate. As she moves down the slide I see that her
GPE decreases, but it’s not lost. It’s simply
transferred into kinetic energy (she’s moving) and
heat (she’s scraping too). And since I know at any
point how much her GPE has decreased, I also know
precisely how much her KE and heat have increased.
Let’s summarize. The law of the conservation of
energy states that the sum of energies present in a
system will not change. So, if you pick two points in

A bow is used to propel a 0.050 kg arrow into the air.
If the average force used to draw the bow is 110 N
and the bow is drawn 0.50 m, how fast is the arrow
moving when it has risen 35 meters above the bow?
Assume air resistance is negligible.

Solution
•

Decide at what points in time it makes sense to
define the initial and final energy conditions.
The two points that stand out are when the
bow is drawn and at the point where the arrow
reaches its highest point.

•

Write out the full conservation of energy
equation, assuming all energies are present.
Logically go through keeping energies that are
clearly present and eliminating the energies that
are not present:

KEi + GPEi + EPEi + work added = KEf + GPEf + EPEf +
heat

- Since the arrow is motionless in the bow
originally, there is no KEi.
- Since there is a difference in GPE between the
initial and final conditions and the low point is
in the initial conditions, GPEi = 0.
- Even though there is elastic potential energy in
the bow initially, it is easier to find this energy
in the work added term, so EPEi = 0.
- The act of drawing the bow adds work to the
system initially and there is information
necessary to calculate this work. We’ll keep
work added.
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- Since the question asks how fast the arrow is
moving in the final part of the problem we’ll
keep KEf.
- Since there is a difference in GPE between the
initial and final conditions and the high point
is in the final conditions, we’ll keep GPEf.
- Since there is nothing being compressed or
stretched in the final conditions, EPEf = 0.
- Since the problem assumes no air resistance,
heat = 0.
•

Rewrite the equation and expand it.

work added = KE f + GPE f
2

⇒ Fd = 12 mv f + mgh
•

€
Do the calculations.
2
(110N )( 0.50m) = 12 ( 0.050kg
€)v f + (.050kg)(9.8 sm )( 35m)
2

€

⇒ vf =

(110N )( 0.50m) − (.050kg)( 9.8 sm )( 35m)
1
0.050kg )
2(
2

= 39 ms

€

€
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CHAPTER 14: MOMENTUM
THE PHYSICS OF “SOFT”

M

OMENTUM IS ONE of those
words like work and power
about which people have
preconceived notions. If you ask
most
people
to
describe
something that has a lot of
momentum they will probably say something like a
speeding car or a bullet from a high-powered rifle.
No doubt that each of these has momentum, but in
both cases, the choice was made because of the high
velocity of the object. But velocity is only half the
equation – literally. The concept of momentum deals
with an issue that inertia was unable to deal with. For
example, consider kicking a basketball at rest. You
would feel the effect of its inertia in the resistance to
your foot’s motion. Now imagine kicking the ball just
as hard, but this time having the ball approaching you
at 30 mph. It would hurt a lot more, even though the
mass hasn’t changed. Newton decided there was a
need for the concept of moving inertia – momentum.
He included the ideas of both inertia and motion in
his equation for momentum:

Momentum = (mass)(velocity)

mass moving very quickly or from something with a
large mass moving very slowly. Mass and velocity
have equal ground when considering momentum.
There’s something troubling about the previous
calculation for most people because even though the
momentum for the bullet is much smaller than that of
the person, no one would choose to stand in front of
the bullet instead of the person. The person’s bump
might be a little uncomfortable, but the bullet could
kill. But when you consider the effect the bullet
would have on you compared to the effect the person
would have on you, you’re talking about energy.
Look at the kinetic energies of the person and the
bullet:

KE p = 12 m p v p 2 =
KEb = 12 mb v b 2 =

1
2

1
2

( 50kg)( 2 ms )

2

( 0.010kg)(1,000 ms )

2

= 100J
= 5,000J

€
Now you can see why the bullet is so much more
dangerous, even though its momentum is smaller
than that of the person. This may lead you to wonder
what the point of momentum is anyway. The point of
momentum is two-fold. The most important thing
about momentum is that it is a conserved quantity
(even during catastrophes like collisions and
explosions). We’ll talk more about this later, but the
other reason for defining momentum is that it
describes quantitatively what it means to be soft.

€



P = mv

(Note that momentum is a vector.)
Now let’s consider the momentum of two
moving objects – a person walking and a speeding
bullet:

THE PHYSICS OF “SOFT”
On November 21, 2014, 58-year-old window
washer Pedro Perez fell 11 stories from the top of
San Francisco’s Sterling Bank and Trust to the street
below. The story made national news because … he
lived. Ordinarily, the 130-foot drop would have
meant certain death, but he didn’t hit the pavement.
He hit a car. A Toyota Camry happened to be passing
by on the street below and he struck the roof of the
car (see Figure 14.1), crumpling it in about half a
meter. It was a poor, but effective … “safety net.”
Pedro Perez had made a soft landing. He had many
severe injuries, but he survived. Many claimed that it
was a miracle. But the miracle wasn’t so much that
he lived, but that the Camry happened to be in the
right place at the right time. The crumpling of the car
roof required that the force of impact be reduced –
just like the stretch of a safety net provides.

€

- Mass of person, mp = 50 kg
- Velocity of person, vp = 2 m/s
- Mass of bullet, mb = 0.010 kg
- Velocity of bullet, vb = 1,000 m/s

Pp = m p × v p = 50kg × 2 ms = 100kg ⋅ ms
Pb = mb × v b = .01kg × 1000 ms = 10kg ⋅ ms
€

There are a couple of things to notice here. One is the
unit of measure, the kg•m/s. That’s it. There is no
€ famous physicist’s name attached to this one. The
more striking thing to notice though, is that the
walking person has ten times the momentum of the
speeding bullet! The much larger mass of the person
fully makes up for her much slower speed. So, lots of
momentum can come from something with a small
229

Let’s go back to Newton’s Second Law of
Motion and look at his equation in terms of force:

F = ma
Now let’s do a substitution with a =

v f − vi
t

# v f − vi &
mv f − mv i
F = m%
( ⇒ F=
t
$ t €'
⇒

Figure 14.1: This Toyota Camry happened to be
passing by on the street below when window washer
Pedro Perez struck the roof of the car after falling
11 stories. crumpling it in about half a meter. It was
a poor, but effective … “safety net.” He made a soft
landing and survived. The crumpling of the car roof
required that the force of impact be reduced – just
like what the stretch of a safety net does.

Ft = mv f − mv i

€
The part on the right side of the equation is the
difference between the final and initial momentums,
which is the change in momentum. So look on the
left side of the equation to see how
€ to get that change
in momentum. It’s more than just an applied force.
It’s a force multiplied by a time. This product is
known as impulse. If you want to change the
momentum of something, you have to apply an
impulse. This is why the coach tells the batter to
“follow through” on his swing. If the player wants to
hit a home run, he has to change the momentum of
the ball by a lot. He wants to do much more than just
reduce the momentum to zero. He wants to give it
high momentum in the opposite direction. So for the
greatest possible momentum change, he must apply
the greatest possible impulse (large force and large
time). He has to hit the ball with as much force as he
can and make that force last as long as possible – he
has to … follow through.
The physics of soft has to do with the way
momentum is reduced. When the kids jumping off
the roof land on the ground or the circus performer
hits the safety net, a “soft” landing is about the style
with which the momentum is brought to zero. Think
about the kids hitting the ground. We can figure out
their speed when they reach the ground by using one
of the equations of motion:

I recall that at about ten-years-old when my
friends and I passed a building where it looked like
there was access to the roof, we would instinctively
climb it. When we’d reach the top of the roof, we’d
realize that the 12 feet from the ground looked much,
much higher when looking down from the rooftop.
But even at ten-years-old, our egos overruled our
terror and we would challenge each other, this time to
jump from the roof. Each one of us had to jump … to
avoid being labeled a “chicken.” And, each one had
to jump correctly … to avoid injury. This is usually
not a problem since much of a ten-year-old child’s
day consists of running and jumping. He knows that
he must jump so that he makes a soft landing. So on
contact with the ground, he bends his knees or goes
into a roll. It’s like the bungee jumper coming to the
end of the bungee cord or the trapeze artist hitting the
safety net or the driver of a car in a head-on collision
hitting the air bag. They all change their motion
nicely, non-traumatically … softly. And physics is
able to explain even this – the physics of soft. But
first a question: How do you change the momentum
of something? Asked another way, if something is
not moving (and therefore has no momentum), how
do you give it momentum? Most people would
answer by saying, “Smack it or throw it.” And when
you ask them what’s happening when you “smack”
or “throw” something, they can usually be led to say,
“Apply a force.” So is that it? To change the
momentum of something do you simply apply a
force?

vf2 = vi2 + 2ad
12 ft ≈ 4 m

(

⇒ v f = 0 + 2 −9.8

m
s2

)(−4m) ≅ 10

m
s

.

Now let’s assume each kid has a mass of about
40 kg. So right before reaching the ground, each one
€ have a momentum of about 400 kg•m/s. In the
will
process of stopping, this is the initial momentum. The
final momentum is zero. The impulse applied to each
one will have to equal this -400 kg•m/s change in
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momentum. This can be achieved in a variety of
styles. Let’s say that one kid keeps his legs rigid
when he strikes the ground while another bends his
knees and goes into a roll. The time for the first one
to come to rest will be quite short – maybe 0.05 s.
But because of the second kid’s method of making
his landing take as long as possible, his loss of
momentum may occur over a full second. We’ll use
the impulse equation to calculate the force each kid
feels as he comes to rest:

F=

€ kid: F =
For the first

For the second kid: F =
€

-400 kg•m/s =

2nd kid:

-400 kg•m/s =

mv f − mv i
t

−400

kg⋅ m
s

0.05s
−400

1s

F

t

Notice that both kids reduced their momentums
by the same amount. It doesn’t matter how large the
change in momentum, a soft change is possible if the
impulse time is engineered to be long enough. That is
the physics of soft.
Now let’s revisit what we started this section
with – the story of Pedro Perez’ survival after falling
11 stories to top of a Toyota Camry. First let’s
determine how fast he was moving after the 130 foot
drop:
2
v 2f = vi2 + 2ad = 0 + 2 (−9.8 sm2 ) (−39.6m ) = 776 ms2

= −8, 000N

kg⋅ m
s

F
t

1st kid:

= −400N

Recall that a Newton is about a quarter pound, so
the first kid feels about 2,000 pounds (a ton) for a
twentieth €
of a second. This is enough to cause some
major trauma (broken bones, at least). The second kid
feels about 100 pounds (approximately equal to his
body weight) for a second. This would be like him
giving his buddy a piggyback ride for a second –
heavy maybe, but not dangerous. He gave himself a
“soft” landing by making the time part of the impulse
large. This required the force part of the impulse to
be smaller. In fact, since the second kid took 20 times
longer to come to rest, the force exerted upon him
had to be 20 times smaller. It might help to illustrate
this graphically:

⇒ v f = −28 ms
Now let’s figure out the approximate acceleration he
experienced at the end of his fall, assuming the car
roof collapsed by half a meter:

v 2f = vi2 + 2ad ⇒ a =

v 2f −vi2
2d

2

s)
= (2(−0.5m
)

−28 m −0

⇒ a = −780 sm2
This is almost 80 times the acceleration due to
gravity, which sounds much too large to be
survivable. However, some Indy car drivers have
sustained crashes with accelerations of >100 times
the acceleration due to gravity. Keep in mind that the
calculation above certainly leads to an acceleration
that is higher than Perez experienced since air
resistance would have reduced his speed at impact.
However, had he hit the pavement instead of the car,
the stopping distance would have been reduced from
approximately 50 cm to perhaps 5 cm (the
squishiness of his body), leading to an acceleration
that was 10 times greater and definitely not
survivable. So, it was a “soft” landing after all.
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THE PHYSICS OF CATASTROPHE

W

E’VE ALL SEEN smashed up
object or combination of objects was conserved. This
cars after a bad accident and
is true as long as there is no external force acting on
many of us have messed around
the object or combination of objects. Obviously if
with firecrackers, blowing up
there is a grenade at rest on a table, I can change its
little cans and bottles. Car
momentum by giving it a shove. But I’m an external
crashes
and
exploding
force in this case. However, if the grenade
firecrackers
have
experiences
an
something
in
internal force, like
common – they’re
the detonation of its
both
catastrophic
explosive
interior,
events. You may
the momentum of all
have noticed that the
the
grenade
motion we’ve looked
fragments after the
at so far is distinctly
explosion
are
… non-catastrophic.
guaranteed to equal
You might think that
the
original
the reason we haven’t
momentum of the
investigated
intact grenade before
catastrophic events is
the explosion! At
that the physics is
first glance this
beyond the scope of
seems
impossible.
the course or that
The grenade starts
perhaps the school
out at rest with no
administration deems
momentum and then,
Figure 14.2: Analyzing physical catastrophic events –
catastrophic events
in an instant, there
collisions and explosions – is not beyond the reach of
too dangerous for the
are dozens of deadly
physics. Momentum is always conserved in such events.
physics
classroom.
fragments flying at
(Well, actually the
high speed in all
latter has been a
directions,
each
problem from time to
having
a
high
time, but catastrophic
momentum. Here’s
events are certainly
the
explanation.
not beyond the scope
Momentum is a
of physics in this
vector, and if you
course.) No way!
define the direction
We’re just gettin’
to the right as
warmed up. Knowing
positive,
then
the momentum of
fragments moving to
something before it
the left have negative
explodes or the total
momentum. If up is
momentum of two or
positive,
then
more things before
downward moving
they collide is the key
pieces have negative
to mastering the
momentum. And if
physics of catastrophe.
you were to add up all the positive and all the
I define catastrophic events as either collisions or
negative momentums of the various fragments, you
explosions (Figure 14.2). And as it turns out,
would end up with a sum of … zero – identical to
physically you treat them exactly the same way.
that of the intact grenade before the explosion. So it
Newton’s proposal
for
the
equation
expressing
doesn’t matter whether the force is puny or


devastatingly large, as long as it is internal to the
momentum, P = mv , wasn’t chosen because it was
system, it doesn’t matter. It has no effect on the
the simplest way in which mass and velocity could be
momentum. This is true for collisions as well. If two
put together in the same
equation.
It
was
because


identical cars moving at the same speed are on a
when expressed as P = mv , the momentum of an
€
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€

collision course with each other, when they hit they
will come immediately to rest. Their momentum after
the crash is zero – exactly what it was before the
crash. No matter how much positive momentum one
car had, the other car had an equal amount of
negative momentum (because of the opposite
direction). If we define the system as the two cars
(and we can define systems totally arbitrarily, to suit
our needs), the momentum of the system was then
zero before the crash. There was a tremendous force
acting on the cars during the crash, but it was exerted
by each on the other. It was internal to the system so
it didn’t have any effect on the total momentum.

THE MYTH OF THE UNKNOWING
EXECUTIONER
The last man in America to be executed by firing
squad was a two-time murderer
named Ronnie Lee Gardner. After a
last meal of steak, lobster tail, apple
pie, vanilla ice cream, and 7 Up, he
was executed on June 18, 2010 at
12:15 am. He came from a very
troubled childhood and early in his
life turned to crime. In a robbery of
the Cheers Tavern in Salt Lake City
on October 9, 1984, he shot the
bartender in the face and killed him.
He was soon arrested and during the
trial, he made an escape attempt
with a revolver that had been
Figure 14.3: Ronnie Lee Gardner (top) and the room in which he was
smuggled into the Hall of Justice in
executed. Gardner was the last man in America to be executed by
Salt Lake City. During the escape
firing squad (on June 18, 2010, at 12:15 am). The five members of the
attempt, he confronted and shot
firing squad poked the barrels of their .30 caliber rifles through the
attorney Michael Burdell in the eye,
long, horizontal openings seen across from the Gardner’s chair. They
killing him. He received a life
all fired, but one of the bullets was made of wax (and therefore, nonsentence for the killing of the
lethal), so that all had the solace of knowing that they may not have
bartender and the death penalty for
fired a lethal, metal bullet. However, because of conservation of
the killing of the attorney. You can
momentum, the rifle firing the wax bullet would have much less “kick”
read more about his life and
than the other rifles, thereby fooling no one.
execution at:
the wax bullet is fired, its low mass gives it a much
http://en.wikipedia.org/wiki/Ronnie_Lee_Gardner.
smaller momentum than the metal bullet coming
The reason for discussing his story here is that
from the same rifle. Now the rifle must respond with
not all five members of the firing squad fired the
a momentum identical to the metal or wax bullet to
same type of bullet. Each of the five volunteer
assure that the gun-bullet system stays at zero
executioners from the local police department
momentum. But if the wax bullet has a much smaller
(you’ve got to wonder why someone volunteers for
momentum than the metal bullet, then the rifle firing
this kind of duty), was given a pre-loaded .30 caliber
the wax bullet will have much less momentum (and
rifle. There was one real bullet loaded into four of the
therefore, much less recoil speed). So it won’t kick as
five rifles. The fifth rifle, however, was loaded with a
much. Each shooter firing the real bullets knew by
non-lethal bullet made of wax. This was done so that
the size of the kick that he had just put a bullet into
there was some doubt as to who had fired a fatal shot.
Gardner.
The problem with that rationale is that the wax bullet
has much less mass than the metal bullet. So when
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\

 
Pi = Pf




P1i + P2 i = P1 f + P2 f
m1v1i + m2v 2 i = m1v1 f + m2v 2 f

Example
A 65 kg swimmer runs with a horizontal velocity of
5.6 m/s off a boat dock into a 15 kg rubber raft that is
drifting toward him with a velocity of 1.0 m/s. What
is the velocity of the swimmer and raft after the
impact, if there were no friction and resistance due to
the water?

m2 ) v f
m1v1i + m2 v 2 i = ( m1 + €

Solution
•

€

First draw an appropriate diagram, indicating
the details of the collision or explosion before
and after the event.
See drawing below.

(This last step is because the two masses stick
€
together and move off together at the same
final speed, vf)€

( 65kg)( 5.6 ms ) + (15kg)(−1.0 ms ) = ( 65kg + 15kg) v f

vf =

( 65kg )( 5.6 ms ) +(15kg )(−1.0 ms )
( 65kg +15kg )

€

=

€
BEFORE

Note that the answer is positive, indicating that
the swimmer and the raft move off together in
the original direction of the swimmer.

€

CONSERVATION OF MOMENTUM IN
TWO DIMENSIONS

AFTER

In the example above, the collision is head-on,
but in one dimension. But, of course, momentum is
conserved when the collision or explosion is more
complicated, like in a two-dimensional or even threedimensional event. The method for dealing with such
events is to deal with the momentum conservation in
each dimension separately and then combine all the
preliminary results afterwards. So, a two dimensional
collision isn’t harder to solve, just twice as long. The
example on the next page illustrates the process.

Note the following:
- Each element of the system is given its own
subscript designation to help track it during the
problem.
- The speed of the raft was given a negative sign
to account for the fact that before the collision,
the swimmer and the raft are moving in
opposite directions.
•

4.4 ms

Set up the conservation of momentum conditions
and do the calculations.
The problem is a collision and involves a
system with two elements, the swimmer (m1)
and the raft (m2). The principle of conservation
of momentum requires that the momentum
after the collision to be identical to the
momentum before the collision:
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(This last step is because the two masses stick
together and move off together at the same
final speed, vf)

Example
A 65 kg swimmer runs with a velocity of 5.6 m/s at an
angle of 30° south of east off a boat dock into a 15 kg
rubber raft that is drifting with a velocity 1.0 m/s at
an angle of 60° south of west. What is the velocity of
the swimmer and raft after the impact, if there were
no friction and resistance due to the water?

( 65kg)( 5.6 ms ) cos 330° + (15kg)(1.0 ms ) cos 240° = ( 65kg + 15kg) v f
( 65kg )( 5.6 ms ) cos 330° +(15kg )(1.0 ms ) cos 240°
v fx =
( 65kg +15kg )
€

Solution
•

= 3.85 ms

First draw an appropriate diagram, indicating
the details of the collision or explosion before
and after the event.
See drawing below.

BEFORE

60°

30°

€

Now we’ll do the same thing for the
momentum in the “y” direction. This can be
done by€simply replacing the cosines with
sines:

( 65kg)( 5.6 ms ) sin 330° + (15kg)(1.0 ms ) sin 240° = ( 65kg + 15kg) v f
( 65kg )( 5.6 ms ) sin 330° +(15kg )(1.0 ms ) sin 240°
v fy =
( 65kg +15kg )
€

= −2.44 ms
The velocity vectors in each dimension, as
well as the overall final velocity, look like this:

€

€

AFTER

3.85 m/s

vf

- An easy method for dealing with the angles is
to convert them to the appropriate angle in the
360°-four quadrant style. The 30° south of east
becomes 360° - 30° = 330° and the 60° south
of west becomes 180° + 60° = 240°.

The final velocity includes both the speed and
the direction of the raft. The speed can be
found using the Pythagorean Theorem and the
direction can be found by using an inverse
tangent:

Set up the conservation of momentum conditions
in each dimension and do the calculations.
The problem is a collision and involves a
system with two elements, the swimmer (m1)
and the raft (m2). The principle of conservation
of momentum requires that the momentum
after the collision to be identical to the
momentum before the collision. We’ll start
with the “x” direction:



Pix = Pf x




P1i x + P2 i = P1 f + P2 f
x

x

vf =

2

(3.85 ms ) + (−2.44 ms )

2

= 4.6 ms

$ −2.44 m '
s )
= −32° (or 328°)
θ = tan−1&&
m )
3.85
%
s (

€

The final expression for this answer is then:

€

x

m1v1i x + m2 v 2 i = m1v1 f + m2 v 2 f
x
x
x
€ v + m v = (m + m )v
m
1 1i
2 2i
1
2
fx
x

-2.44 m/s

θ

•

y

x

€

€

€

€
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v f = 4.6 ms at 328°

x

COMBINING CONSERVATION LAWS

I

T MIGHT SEEM like you would need a
“high tech” method to measure the speed of a
bullet, but you can do it easily with a simple
distance measurement and two simple mass
measurements. It’s been done routinely for
over a century with the ballistic pendulum
(see Figure 14.4). This device is nothing more than a
block of wood suspended by strings so that it is free
to swing back and forth and is large enough to
capture and fully contain a high-speed bullet. It is
quite accurate, safe, and is a very elegant example of
the power of both the law of conservation of energy
and the law of conservation of momentum. To use
the ballistic pendulum, a bullet is fired into the block
of wood and the block moves forward and up.
Because no momentum is lost in collisions, the
momentum of the block and bullet after the collision
is equal to the momentum of the bullet before the
collision. Additionally, because
of
energy
conservation, the gravitational potential energy of the
block at its highest point is equal to its kinetic energy
at the lowest point, (after the bullet has entered the
block). You can use the height that the block rises
(easily measured with a meter stick) to calculate the
increase in gravitational potential energy for the
block and bullet at their highest point. Then you can
use this to find the speed of the block and its
momentum at their lowest point. Finally, you can use
the momentum of the block after it is hit to find the
original speed of the bullet. Now that is impressive!
This is the classic case of combining both the law of
conservation of energy and the law of conservation of
momentum together to solve a seemingly difficult
problem. Let’s break it down, step by step:

Action

Reason

Measure the maximum
height of the ballistic
pendulum after it has
been struck by the bullet.

Needed in order to
calculate the increase in
gravitational
potential
energy of the ballistic
pendulum.

Calculate the increase in
gravitational
potential
energy of the ballistic
pendulum after it has
been struck by the bullet.

It will be the same as the
kinetic energy of ballistic
pendulum after it has
been struck by the bullet.
Conservation of Energy
is applied here.

Determine the speed of
the ballistic pendulum
just after it has been
struck by the bullet.

Needed to calculate the
momentum
of
the
ballistic pendulum just
after it has been struck
by the bullet.

Calculate the momentum
of the ballistic pendulum
just after it has been
struck by the bullet.

It will be the same as the
momentum of the bullet
just before it strikes the
ballistic
pendulum.
Conservation
of
Momentum is applied
here.

Calculate the speed of
the bullet from its
momentum.

This is the goal of the
process.

You should always anticipate the application of
both conservation laws when the situation involves
both a collision or explosion, as well as an obvious
energy transition.

v

M+m
m

h

M
initially

finally

Figure 14.4: Applying both the Law of Conservation of Energy and the Law of Conservation of Momentum,
a ballistic pendulum is used to calculate the speed of a rifle bullet.
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There is a way of classifying collisions based on
the kinetic energy before and after the event.
Regardless of the classification, momentum, of
course, is always conserved.

KINETIC ENERGY CHANGES IN
COLLISIONS
I’ve been very adamant about the ability of
conservation of energy and conservation of
momentum to make hard-sounding problems very
easy to solve. However, both have their limitations.
Generally, you apply conservation of energy when
there is a sense of change over time. Examples of this
are a child sliding down a pole or a high jumper
pushing off the ground and sailing over the bar. By
contrast, conservation of momentum is applied when
there is a collision or explosion that occurs in an
instant. While it is true that energy is conserved in
such situations, it’s often very hard, or even
impossible, to quantify some of the forms of energy.
For example, when two cars collide and there is
damage done to the bodies of the cars, it is
impossible to measure this “heat” and then work
backward to calculate the specific kinetic energies the
cars must have had.
A common error in approaching a problem that
gives the speeds of objects before a collision and then
asks about their speeds after the collision is to assume
that the kinetic energy is conserved in the collision.
It’s usually not. This means that the person running
towards and then jumping onto a skateboard will not
have the same kinetic energy before and after the
“collision.” You should always determine the speeds
after a collision by using momentum.

Figure 14.5: The collisions between the steel balls
in the toy pictured here approximate the “elastic
collision” that only occurs at the atomic level.

Collision Type

Kinetic Energy

Momentum

Elastic

Conserved

Conserved

Inelastic

At least
partially lost

Conserved

Totally
Inelastic

Totally lost

Conserved

The only truly elastic collisions are those that
occur at the atomic level. However, elastic collisions
can be approximated on the larger “macroscopic”
scale. One example is with the “executive desk toy”
that suspends five steel balls from strings. If you lift
one of the balls and drop it, only one ball rises from
the other end after the collision. Momentum would be
conserved if two of the balls rose at half the speed.
However, two of the balls rising at half the speed of
the one that was dropped would be less than the
original kinetic energy. But, as mentioned before, the
collisions between the balls in this toy are nearly
elastic, so the kinetic energy must be conserved as
well. This means only one ball can rise up at the
other end after the collision. It also means that if you
drop two balls, only two can rise up from the other
end. Even if four are dropped, four (and only four)
can rise up at the other end.
The opposite of the elastic collision (in which all
kinetic energy is conserved) is the totally inelastic
collision. The totally inelastic collision results in the
loss of all kinetic energy. Collisions like this are
obvious because of the absence of any motion after
the collision. A piece of clay dropping to and then
striking a floor is an example of this type of collision.
There is a thud, then a squish, but no bounce.
Remember, total energy is still conserved. It’s just
that all of the kinetic energy is completely converted
into altering the structure of the bodies involved in
the collision (like the deformation of the clay after it
hits the floor).
Totally inelastic collisions are really just a subset
of inelastic collisions. A collision is inelastic if there
is a loss of kinetic energy. This is always the case for
macroscopic collisions, in which there is movement
after the collision. Think of the ballistic pendulum,
for example. There is movement after the bullet
strikes the block of wood, but it turns out that over
99% of the original kinetic energy of the bullet is
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actually lost (mostly in boring a hole into the block).
Even the collisions between the steel balls in the toy
pictured in Figure 14.5 are inelastic. After all, you
know that the motion of those balls eventually ends.
Each collision results in an audible “clack.” The
energy to make that sound had to come from the
initial kinetic energy of the dropping ball. It doesn’t
take much energy to produce that sound wave, but
eventually there are enough clacks of energy to add
up to the original kinetic energy of the first dropping
ball. The following example shows how to determine
the amount of kinetic energy lost in a collision.

•

Use the velocities before the collision to
determine the initial kinetic energy.

KEi = 12 m1v1i 2 + 12 m 2 v 2 i 2
1
2

=

•
€

( 50kg)( 6.0 ms )

2

( )

+ 12 ( 4kg ) 0 ms

2

= 900J
€
Use the velocities after the collision to determine
the final kinetic energy.
€

KE f = 12 m1v1 f 2 + 12 m2 v 2 f 2

Example

=

A 50 kg skateboarder running at 6.0 m/s jumps onto
his stationary 4.0 kg skateboard. How much kinetic
energy is lost in the collision?

Solution

1
2

( 50kg)( 5.56 ms )

2

(

+ 12 ( 4kg ) 5.56 ms

)

2

= 833J
€
• Subtract the final kinetic energy from the initial
€
kinetic energy.
€

ΔKE = KEi − KE f
•

First draw an appropriate diagram, indicating
the details of the collision before and after the
event.
See drawing below.

= 900J − 833J
=

€

67J

€

€

KINETIC ENERGY CHANGES IN
EXPLOSIONS

BEFORE

An interesting way of distinguishing between
collisions and explosions is in the kinetic energy
changes that occur for the two events. You know now
that kinetic energy is always lost to some degree in
macroscopic collisions. The opposite is true for
explosions. All explosions within a system result in
an increase in kinetic energy in the parts of that
system. That is, of course, the desire of a quarry
company that is exploding dynamite to create energy
that will break apart the rock in a mountain. The
increase in kinetic energy of exploding improvised
explosive devices is also one of the great dangers that
Coalition troops face in Afghanistan as they navigate
a country littered with these insurgent IEDs.
The approach taken with problems involving
explosions is the same as that taken with problems
involving collisions. The one difference is that the
change in kinetic energy is found by subtracting the
initial kinetic energy from the final kinetic energy.

AFTER

•

Set up a conservation of momentum problem to
determine the speed of the objects after the
collision:

m1v1i + m2v 2 i = m1v1 f + m2v 2 f
m1v1i + m2 v 2 i = ( m1 + m2 ) v f

( 50kg)( 6.0 ms ) + ( 4kg)( 0 ms ) = ( 50kg + 4kg) v f
€
( 50kg )( 6.0 ms ) +( 4 kg )( 0 ms )
€
vf =
50kg +4 kg
(

)

€

v f = 5.56 ms

€
€
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CONSERVATION OF ANGULAR MOMENTUM

A

T THE BATTLE of Bunker Hill, the
soldiers were told, “Don’t fire until
you can see the whites of their
eyes.” Revolutionary War Colonel
William Prescott gave the order
because he knew that if his men
fired when the British soldiers were any farther away,
they’d probably miss. This wasn’t because of poor
marksmanship. It was because the weapons of the
day were notoriously inaccurate. The musket balls
would bounce down the barrels of the guns, exiting in
the general direction the guns were pointed, but any
targets more than about 25 meters away were pretty
safe.

Let’s use the same method we used before to
predict the equation for angular momentum. To
calculate linear
momentum you need mass and linear


velocity: P = mv . The equivalent quantities in the
rotational regime are rotational inertia and angular
velocity. So for angular momentum:

 
L = Iω .

€

With no external force, both the magnitude and
the direction of linear momentum stay constant for a
system. This is also true for angular momentum, but
the direction of the angular momentum vector is less
intuitive. To find the direction of the angular
momentum vector, curl the fingers of your right hand
in the direction of the spin and extend your thumb.
Your thumb points in the direction of the angular
momentum vector (Figure 14.7).

€

SPINNING MEANS STABILITY
Things changed a lot by the time the Civil War
brought the Yankees and the Confederates together
into battle. This time the soldiers had rifles and now
if you “waited to see the whites of their eyes,” it
would be the last thing you would live to see. The
advantage of the rifles over the muskets was in the
architecture of the inner barrel. The muskets had a
perfectly smooth bore, but inside the rifle bore were
twisting grooves that forced the bullet moving
through it to begin turning on its way out giving it a
spin when it exited the barrel (Figure 14.6). This
spin, like the spin a quarterback gives the football,
gave the bullets perfect stability and deadly accuracy.
The stability of the football or the bullet is due to
conservation of angular momentum. In the same way
that linear momentum is conserved when there is no
external force, angular momentum is conserved
when there is no external torque.

Figure 14.7: The direction of the angular
momentum vector is less intuitive than for linear
momentum. To find the direction of the angular
momentum vector, curl the fingers of your right
hand in the direction of the spin and extend your
thumb. Your thumb points in the direction of the
angular momentum vector.

So once you get something spinning, if no
external torque is present, it will keep spinning with
the same magnitude of angular momentum, and its
axis of spin will stay pointed in the same direction
too, which is great for bullets, footballs, tops, and
Frisbees. (Try throwing a Frisbee without spinning
it.)

Figure 14.6: The grooves inside the barrel of this
gun (known as rifling) force the bullet to spin as it
leaves the barrel. The angular momentum caused
by the spin gives the bullet stability. Forensic
investigators can use the grooves carved into the
bullet to identify the gun used to fire the bullet.
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SAME MOMENTUM BUT DIFFERENT
SPEED?
When the ice skater finishes her performance and
goes into that dizzying spin, it seems to defy some
law of physics, but it actually verifies a law of
physics – the law of conservation of angular
momentum. When she’s out there on the ice and
throws herself into a spin, the next thing she does is
to bring her arms in close to her body. This has no
effect on her mass, but it does change the distribution
of that mass. It brings the distribution of the mass
closer to her point of rotation on the ice. But if the
distribution of mass changes, that means that the
rotational inertia must change too. It has to get
smaller since the mass isn’t distributed as far. Now if
the angular momentum must stay constant and the
rotational inertia gets smaller, her angular velocity
must compensate by getting larger – so she spins
faster. Mathematically, it looks like this:

Linitial = L final

€

I ω
ω = I

This means that, since rotational inertia can be
changed without changing mass, it is possible to have
the same angular momentum with a changing angular
speed.
Figure 14.8 illustrates this phenomenon with two
photos of a girl twirling in the air as she jumps off a
diving board. In the top photo, she holds her arms
out. This particular distribution of mass gives her a
relatively large rotational inertia. With the angular
momentum she gains by twisting off the board, this
rotational inertia allows her to complete one rotation
before she enters the water. In the lower photo, she
keeps her arms close to her body, decreasing her
rotational inertia. With this decreased rotational
inertia, she must spin faster for the same angular
momentum, and she completes two rotations before
she enters the water. (Photos by Jack Hardiman,
Class of 2009.)

Figure 14.8: In the top photo, the girl holds her
arms out. With the rotational inertia created by
this distribution of mass, she completes one
rotation before entering the water. In the lower
photo, she keeps her arms close to her body. This
decreases her rotational inertia, requiring her to
spin fast enough to complete two rotations before
entering the water. (Photos by Jack Hardiman,
240 Class of 2009.)

Linitial = L final

Example





L p i + Lg i = L p f + Lg f

A “lazy Susan” rotating disk with a mass of 0.50 kg
and a diameter of 46 cm is spinning at 2 revolutions
per second. If you placed a 0.15 kg glass of water on
the edge of the disk, how much time would it take for
the glass to get back to you?

I pω pi + I gωgi = I pω p f + I gωg f

€

Solution
•

Calculate the rotational inertia for each object.
- The platter (p) is a uniform disk
I = 12 MR 2 with a mass of 0.50 kg and a

(

€

•

(This last step is because the glass initially has
no angular momentum and because the two
€
masses stick together and move off together at
the same final angular speed, ω f )
2

ωf =

€

)

- The glass (g) is a point I = MR 2 with a
mass of 0.15 kg and a radius of
0.23 m.
2
⇒ I g = ( 0.15kg )( 0.23m) = 0.007935kg ⋅ m 2
€

€

€

(

€

2

f

( 0.013225kg⋅ m 2 +0.007935kg⋅ m 2 )

Now thinking about it logically, the platform is
making more than one revolution per second,
so the€glass will make it back to you (one
revolution) in less than one second. The exact
time for one revolution would be the
reciprocal of this angular velocity:

( )

(I g ) .

2

rev
s

= 1.25 rev
s

Set up the conservation of momentum conditions
and do the calculations.
The problem is a collision and involves a
system with two elements, the platter I p and
the glass of water

)

(0.013225kg ⋅ m )(2.0 ) = (0.013225kg ⋅ m + 0.007935kg ⋅ m )ω
m 2 )( 2.0 rev
( 0.013225kg⋅
s )
€

)

radius of 0.23 m.
2
⇒ I p = 12 ( 0.50kg )( 0.23m) = 0.013225kg ⋅ m 2

(

I pω pi = I p + I g ω f

€€

t=

The principle of

conservation of momentum requires that the
momentum after the collision
€ to be identical to
the momentum before the collision:
€

€

241

1
s
= 0.8 rev
=
1.25 rev
s

€

0.80s

