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“I have no special talents. I am only passionately curious.”
– Albert Einstein

INTRODUCTION

“All knowledge begins in wonder.”
– Aristotle

I

MUST HAVE walked up and down the steps in the Tamalpais High School
Science Building 10,000 times during my first ten years at the school. But it
wasn’t until the eleventh year that I noticed something unusual about those
steps. As you’re going up the stairs, the steps on the right side have
significantly more wear on the slip-resistant surfaces than those steps on the
left side. I thought about it for a bit and then decided to think about how I climb
and descend the stairs. I went up and down, over and over, trying to mimic the way
thousands of students have used the stairs over the last five decades. As I went
faster and faster, it began to become
clear to me. I felt more of a potential to
slip going down the stairs and so I tended
to plant my feet squarely on the surface
of the step. Going upstairs though, I felt
very stable and could easily skip steps. I
was more careless, tending to plant my
feet at a slight angle. I scuffed a little.
And … it’s America. I always moved up
or down the stairs on the right side in
order to accommodate traffic.
1

I suspect that in Britain, similar stairs are worn on the
left side. When people ask me what physics is and what
physicists do, I now start by telling them about the steps
in the Science Building and about my curiosity over
them and my answer to the question of why they are the
way they are.
People ask me all the time, “What exactly is
physics?” In one sense, that’s a difficult question to
answer because the subject spans such a huge body of
knowledge. However, the longer you study physics, the
more you begin to see it as a very basic pursuit. It’s a
quest to know the nature of nature. Physics is the realm
of the curious. If you’re curious, that’s the first step
toward being a good physicist. More than three
centuries ago, Isaac Newton wondered about the nature
of gravity. He mused (correctly) that the force holding
the Moon in its orbit was the same as that which caused
an apple to fall from a tree. His passionate curiosity,
keen insight, and over-the-top intelligence led to his
Universal Law of Gravitation. This combined with his
other insights into motion in general (with a good deal
of help from Galileo) became the foundation of what is
now known as mechanics. They thought of the world as
a giant mechanical machine. Their curiosity led to an
understanding of how the machine worked. It is so good
a description of nature that even with primitive
computers, aerospace engineers were able to use this
mechanics to land astronauts on the Moon. It all started
with curiosity!
Then there came big breakthroughs in the 18th and
th
19 Centuries, which gave us an understanding of
electricity, magnetism, and light. Maxwell’s Equations
(named for James Clerk Maxwell) showed the intimate
connection between these three phenomena (formerly
thought to be unrelated). So, by the end of the 19th
Century, it appeared that physics had triumphed. Many
physicists felt that through curiosity and hard work, we
had finally figured out how nature works. This all
changed though near the beginning of the 20th Century.
In the early 1900’s, Albert Einstein wondered
about a certain consequence of Maxwell’s Equations.
The equations require light to always travel at the same
speed, 3.0 x 108 m/s – in any frame of reference. This
meant that if someone shined a flashlight in one
direction, anyone would measure the beam of light
moving at the same speed, regardless of how fast he
were moving. If this doesn’t seem odd, think about it in
terms of UPS trucks. If a UPS truck is moving at
60 mph north and you are standing by the side of the
road, the truck passes you at a speed you measure to be
60 mph. However, if you are also moving north, but at
40 mph, the truck still passes you, but now you only
measure its speed to be 20 mph (relative to you). Now
imagine there is a rule that all UPS trucks have to move
at 60 MPH in any reference frame. Then, regardless of
whether you were stationary or moving, the passing
truck would always have the same relative speed of

60 mph. The idea seems crazy, but that is exactly the
case for the speed of light. Einstein eventually realized
that the problem was that Newton’s idea of absolute
time and space was wrong. Einstein’s Theory of Special
Relativity showed that space and time were in fact,
relative, depending on how the observer is moving.
Another problem occurred as very small structures
were investigated. Physicists wondered about the
smallest possible structure. Was there a limit? First,
there was the theory of the atom as the smallest
indivisible particle. But then the electron (smaller than
the atom) was discovered at the end of the 19th Century.
By the early 20th Century, the smallest known particles
were the electron, the proton, and the neutron. All
matter could be constructed from just these three
particles. (We now know that the proton and neutron
are actually composite particles made up of even
smaller particles, known as “quarks.”) But there was a
problem in using Newton’s mechanics to explain the
observed behavior of these fundamental particles.
Newton’s mechanics … didn’t work. For these smallest
of particles, quantum mechanics had to be used. Over
the last many decades, quantum mechanics has been
tested to extraordinarily great precision and accuracy,
and has been found to agree perfectly with the way
small particles behave.
So now, in the early 21st Century, have we finally
figured it out, the mechanics of the universe – both
large and small? Well, let’s just say that we’ve come a
long way. Curiosity has led to amazing discoveries
about the nature of nature. It has also opened up doors
to mysteries that make what lies ahead at least as
interesting as what physics has helped us to understand
thus far. For example, nature seems to be so connected
and simple in the parts that we do understand, so there
is a hope and belief that there is a connection between
the realm of the very large (that governed by gravity)
and that of the very small (governed by quantum
mechanics). String Theory (or the Theory of
Everything) hopes to bring these two together. A
competing theory, attempting to do the same thing, is
that of Quantum Gravity.
Another area of interest is cosmology. How did the
universe start, how will it all end, and what’s out there?
When Tamalpais High School opened its doors for the
first time, the known universe was no larger than the
Milky Way galaxy. The Milky Way consists of 100
billion stars, but we now know that ours is only one
among 100 billion or so other galaxies, and we’ve since
come to discover that over 96% of everything in this
vast universe appears to be some mysterious, unknown
dark matter and dark energy.
It looks like 21st Century physics will be at least as
exciting and important as physics has ever been in the
past. The quest to understand the nature of nature is still
drawing the curious. Welcome to physics!
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“It suddenly struck me that that tiny pea, pretty and blue, was the Earth.
I put up my thumb and shut one eye, and my thumb blotted out the Earth.
I didn’t feel like a giant. I felt very, very small.”
– Neil Armstrong

SECTION 1
OPTICS

D

OES A PERSON
born blind miss
the sense of
sight? Or is it
like a person
with all five senses who tries
to imagine a sixth sense?
What does a blind person
think of color or brightness?
Does it seem totally obscure
to think of clashing colors?
And what does the person
born blind think an optical
illusion is? I had a friend in
fifth grade who was born On one side is darkness, and the other side light. The open eye
the light to flow into the darkness, bringing with it
blind and I used to watch allows
information about the world outside the body. 70% of the human
him as he slapped pieces of being’s sensory input comes through the optic nerve.
rubber and plastic on a
plaster wall and listen to the sounds they made. I realized his sense of hearing was
far more developed than mine. He got so much more out of a sound than I could.
But ... he couldn’t see.
You opened your eyes for the very first time and
you were struck with a complicated world of visual
images. With your first gaze around your new
environment, the input became instantly dominated
by the sense of sight. (The average person takes 70%
of their sensory input through their sense of sight.)
You looked for the first time and perhaps saw the
face of your mother. You saw other people too. You
saw the hard edges of the furniture in the room and
the softness of the blanket you were wrapped in. Like
a person blind his whole life and then given sight,
you saw so much that you couldn’t make sense of –
so much chaos and different and changing levels of

light. But, that’s it. That’s all you saw ... and ever
will see! Just light. You didn’t see the face of your
mother that day. You never have, never will. You
simply saw the light reflected off her face. You’ve
gotten used to the very unique way light reflects off
her face and so whenever you see that pattern of light
rays, you think ... “Mom.” It’s a little unsettling to
think about sight that way at first. We like to think
that we see our Mom and other objects that are
important or dear, but our eyes are not sensitive to
things, only light. It’s amazing to me when I think
about it this way; that the light reflecting off a can of
Coke on a hot day can make me feel thirsty, the
3
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unfathomably large that astronomers use the term
light year to describe the distances in terms of how
many years light would have to travel in order to
reach our eyes. Hence, Proxima Centauri is 4.2 light
years away from Earth. This closest star is over
267,000 times further away from us than the Sun. To
get a feeling for the vastness of space, if the Sun and
Earth were separated by 60 feet, the Earth and
Proxima Centauri would be separated by 3,000 miles.
Other stars are hundreds, thousands, millions, and
even billions of light years away.
On the night of February 24, 1987, the first
nearby supernova in three centuries was observed in
a nearby galaxy, The Large Magellanic Cloud. Its
distance was 170,000 light years away. There was
massive excitement within the astronomical
community. It was the rage, the event, the inspiration
for so many astronomers. But the event, observed in
1987, was very old history, having occurred 40,000
years before the age of the earliest fossil of modern
man. What it means is that when you look at the
night sky, most of the light you see began its journey
long before you were born, and in most cases, long
before civilization existed. The night sky is a vast
canvas over which is painted a living history of the
universe. Light is all history, not only on an
astronomical scale, but even on the scale that you’re
working with now. The light from the letters on this
page takes a very short time to reach your eyes, but
it’s not instantaneous. So it truly is history that you’re
seeing ... in the light from the letters of this page ...
and in the light coming from everything you will ever
look at.

light reflecting off the needle before I give blood can
cause a bit of a panic, and the light reflecting off my
wife can make me feel affection. All these emotions,
and just from different patterns of light. That’s why
we’ll start with light. If all we see and all we’ll ever
see is light and it amounts to 70% of our sensory
input, it makes sense to me that we should know
something about it.
When light strikes something, it reflects off that
something in a perfectly unique way. Consider the
light reflecting off the face of your best friend. If you
look at that light, your first thought is that you’re not
seeing light, but you’re really seeing the face of your
best friend. Honestly, I act this way myself unless I
think carefully about what I’m looking at. Now that
light you’re looking at brings you enough
information about your friend that you recognize her
instantly. The light brings information about the size
and structure of her body, the softness of her hair, the
clench of her jaw (if she’s mad), the playful smirk
she wears when she’s thinking something devious.
The light holds nothing back. The unique
arrangement of reflected rays can betray a new zit, a
poppy seed lodged between two teeth, or an errant
booger. Light, any light, is truly a warehouse of
information.
There is one more sobering thing to consider –
one more thing to let your non-physics friends
ponder. Not only do you not see things (but only the
light reflected off those things), but you don’t even
see images in real time. What you see is not
happening when you see it. The reason for that is that
light has a finite speed. It’s fast, but still finite. The
speed of light in empty space is 300,000,000 m/s
3.0 × 10 8 m / s . That’s really fast! If you had a

(

€

PROPERTIES OF LIGHT

)

Why is it that when you look into the curved
surface of a shaving mirror you see a magnified
image of your face? How does a magnifying glass
focus sunlight into a small intense point of bright, hot
light? Why do stars twinkle? How does an optical
fiber restrain light, preventing it from escaping the
fiber’s totally transparent sides? These are a few of
the many, many questions that people frequently ask
about (or at least think about) light. We could start by
examining the various theories of what light is (A
particle? A wave? Something else?) and then go
about trying to prove or disprove them, but I’d rather
start by trying to understand what light does and why.
And perhaps if we begin to understand the properties
of light well enough, maybe the essence of what light
is will become clearer. So that’s where we’ll start –
trying to understand the properties of light.

flashlight with a beam that would bend with the
Earth’s curvature and you shined it towards the
horizon, it would hit you in the back almost
immediately. If the beam had nothing to run into it
would circle the Earth seven times in one second! It
is almost impossible to imagine that kind of speed,
but if you have a bit of a grasp then you can begin to
understand how vast the universe really is. Light
takes just a bit over a second to reach us from the
moon. When you look at a sunrise though, you’re
looking at light that left the Sun over eight minutes
earlier. You’re not seeing the Sun as it really is, but
as it used to be. It’s a historical perspective. It’s more
sobering when you consider light coming from
outside the Solar System. Light from the nearest star,
Proxima Centauri, travels over four years before it
reaches our eyes, and that’s the closest star. The
distances to stars and other galaxies are so
4
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CHAPTER 1: REFLECTION
PLANE MIRRORS

W

E LOVE TO
look at plane
mirrors.
We
look at them as
we enter and
leave
bathrooms. At the gym we work out
in front of them. We can’t help taking
a quick look at the mirrored walls of
elevators. But let’s be honest. It’s not
the mirror we’re looking at. No,
we’re really looking at … ourselves!
(Well technically, we’re looking at
images of ourselves.) The storefront
windows of businesses act well
enough as plane mirrors that we use
them to check ourselves out while we
pretend that we’re looking through
them at merchandise. We love to look
at ourselves and because of
this, it’s hard to find places
where there are no mirrors.
To make sure we can always
get an “image fix” we carry
them in our purses and
backpacks. I’m sure that our
prehistoric ancestors were
probably just as fixated by the
images
they
saw
of
themselves in flat pools of
water.
We use plane mirrors
more often than curved
mirrors because plane mirrors
produce images that are the
best
representation
of
ourselves.
The
image
produced by a plane mirror is
identical
in
size
and
orientation to its object. On
the other hand, curved mirrors
(concave
and
convex)
produce images that are
sometimes larger, sometimes
smaller,
and
sometimes
upside down. What is it about
plane mirrors that causes
them to produce so identical
an image?

Figure 1.1: Any smooth and flat reflecting surface can act as a plane
mirror. Our prehistoric ancestors probably used still water as a
plane mirror reflector. Photo by Kayvon Beykpour, Class of 2006.
Figure 1.2: The
image produced
by a plane mirror
gives the best
representation of
an object. The
image size and
orientation
are
identical to the
object. (Can you
tell which is the
real building and
which
is
its
image?) Photo by
Laura
Reed,
Class of 2007.
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Investigating plane mirrors is a great way to start
thinking about physics. It’s easy to make some
simple measurements that lead directly to some
general rules. One of these, the Law of Reflection,
applies to all types of mirrors, not just plane mirrors.
In fact, whenever light strikes any surface and
reflects, it obeys the law of reflection:

when the truth is evident, they choose to continue
believing the misconception.
That is certainly the case for many who are told
that the image produced by a plane mirror is actually
behind the mirror. It just doesn’t seem right (or
possible) for there to be an image behind the mirror’s
surface. It might help to apply the law of reflection to
a simple situation involving a plane mirror and an
object.

THE LAW OF REFLECTION

Plane mirror

Whenever light reflects, the angle of incidence (as
measured from the normal) always equals the angle
of reflection (also measured from the normal).

∠i = ∠r
Figure 1.3: A dog stands in front of a plane mirror.
Another very good reason to begin with plane
mirrors is because of the preconceived notion that
most people have about the location of the image
€
produced by a plane mirror. It is very difficult for the
typical person to believe that this image actually
exists behind the mirror. It’s counterintuitive. It
doesn’t make sense. So we make up a reality that
makes more sense to ourselves than the truth. But this
reality is not the truth; it’s just what we’ve conjured
up in our own private universe. And, it has nothing to
do with how “smart” we are. Several years ago, a
movie was made that explored this idea of
misconceptions and how they block learning. In the
beginning of A Private Universe, simple questions
are asked about the reason for the seasons or the
phases of the moon. The people who are asked the
questions are at a Harvard graduation. They include
recent graduates, faculty, and alumni. Twenty-one
out of twenty-three answered the questions
incorrectly! To see how you would do, log onto:
http://www.learner.org/teacherslab/pup/surveys.html
and take a five question survey.
Many people hesitate taking a course in physics
because they have heard that it is hard or because of
their supposed limitations in math. However, they are
unaware that some of the biggest (if not the biggest)
limitations to their success in physics are their
misconceptions about nature. The biggest challenge I
have working with someone who has no formal
background in physics is in erasing these incorrect
preconceived notions. New students don’t come as
“blank slates.” That would be easier. Instead, they
come filled with misinformation. And the
misinformation is often held onto so tightly that even

Figure 1.3 shows a dog standing in front of a
plane mirror. Now if the dog can see itself, that
means there must be light reflecting off the dog, then
striking the mirror, and then finally reflecting from
the surface of the mirror to produce an image of the
dog. Although there are rays of light reflecting off the
dog at every angle and from every point on the dog,
let’s just look at two random rays reflecting from one
point on the dog (Figure 1.4).

Figure 1.4: Two rays of light from the dog’s nose
strike the mirror.
When these two rays strike the mirror, they must
reflect, obeying the law of reflection. So now let’s
draw the reflected rays using that law (Figure 1.5).

Figure 1.5: The rays reflect so that the angles of
reflection equal the angles of incidence, obeying
the law of reflection.
6
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Finally, let’s consider what an observer would do
and see when looking toward the mirror. When the
light rays reflect off the mirror, they diverge. An
observer would naturally and sub-consciously follow
the diverging rays back to the point from which they
appear to diverge (Figure 1.6). Note that this point is
behind the mirror! And although there is no actual
light there, that is where the image appears. This type
of image, formed by diverging rays of light is known
as a virtual image. It’s an unfortunate name because
it almost makes it seem that the image isn’t truly
there. But it is! If you were to take a photograph of
the image of the dog’s nose, you would have to point
the camera directly at it and focus to that point
behind the mirror.

With this discussion of image formation in mind,
take a critical look at the photo in Figure 1.7 (taken
by Sean Lang-Brown, Class of 2011). Two dice,
stacked one on the other, are placed six inches in
front of a plane mirror. Looking into the mirror, their
image is visible in the background. Placed to the side
is a 12-inch ruler, centered on the mirror surface. At
the end of the ruler (six inches behind the mirror),
another pair of dice is stacked like the first pair. The
image of the first pair is identical in size and clearly
at the same distance behind the mirror as the second
pair of dice!

Image of nose

Figure 1.6: When the light rays reflect off the
mirror, they diverge. An observer naturally and
sub-consciously follows the diverging rays back to
the point from which they appear to diverge
(behind the mirror). That is where the image is
located.
Figure 1.7: Two dice,
stacked one on the
other, are placed six
inches in front of a
plane mirror. Looking
into the mirror, their
image is visible in the
background. Placed to
the side is a 12-inch
ruler, centered on the
mirror surface. At the
end of the ruler (six
inches
behind
the
mirror) another pair of
dice is stacked like the
first pair. The image of
the first pair is identical
in size and clearly at
the
same
distance
behind the mirror as
the second pair of dice!
(Photo by Sean LangBrown, Class of 2011.)

7
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INTRODUCTION TO CURVED MIRRORS

L

OOK CAREFULLY AT a spoon
sometime. There’s a lot of physics
going on. If you hold the topside very
close to your eye you see an enlarged
upright image of your eye. But then as
you move it away the image flips
upside down and becomes much smaller. Try it! Now
if you look at the bottom side of the spoon, no matter
where you hold it, the image is small and upright.
The top and bottom sides of a spoon are like the two
types of curved mirrors: concave (curved in) and
convex (curved out). Concave mirrors are the types
of mirrors used for shaving or applying makeup
because they can produce magnified images. Convex
mirrors are used for store security because they can
give a wider-angle view than plane mirrors. Because
of these properties (and others), curved mirrors are a
whole lot of fun to look at and to play with. Most
people have a hard time passing by the curved
mirrors at carnivals without taking an extended
amount of time to look at and amuse themselves with
the distorted images of their bodies. Both plane and
curved mirrors give clear images, but the great
variety of images possible from curved mirrors
makes them seem far more complicated than plane
mirrors. Indeed, curved mirrors can give image
orientations that are either upright or upside down,
image sizes from infinitely small to infinitely large,
image positions from anywhere behind the mirror to
almost anywhere in front of the mirror, and image

types that are either virtual or ... REAL (more about
that later).
The reason why all types of mirrors give clear
images is because of the smoothness of their surfaces.
You can even get the fender of an old ’68 Mustang to
give a clear image if you wax it up. But the unusual
sizes and orientations that you get from curved
mirrors come from the curve.

CONCAVE SPHERICAL MIRRORS
In order to understand how the curve is
responsible for the wide range of images seen in
curved mirrors, imagine a spherical, reflective
Christmas tree ornament. If a section were cut from
it, you would have a both a spherical convex mirror
and a spherical concave mirror. Figure 1.8a shows a
spherical concave mirror. It also shows a point
indicating the center of the sphere it was cut from and
a line joining that point and the center of the mirror.
The point is known as the center of curvature and the
line is known as the principal axis. Figure 1.8b shows
the same mirror with four rays of light, parallel to the
principal axis, directed to the reflective surface.
Using the Law of Reflection, it’s possible to show
how these rays will be reflected. Figure 1.8c shows
that the reflected rays all converge to a unique point
on the principal axis. This point is known as the focal
point or simply, the focus.

Principal axis

Principal axis
Center of
Curvature

Center of
Curvature

Concave
Mirror

Concave
Mirror

Figure 1.8a: A concave spherical mirror can be
made by cutting a section from a mirrored sphere.
The center of curvature indicates the center of the
sphere the mirror was cut from. The principal axis
is a line joining the center of curvature and the
center of the mirror.

Figure 1.8b: A concave spherical mirror with four
rays of light (parallel to the principal axis)
directed toward the mirror’s surface.

8
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There are a couple of things to notice here. One
is that the focal point is half the distance between the
mirror’s surface and the center of curvature. The
other subtler thing (that you really have to surmise,
rather than observe) is that if the rays of light
emerged from the focal point and reflected at the
mirror’s surface, those rays would emerge upon
reflection as a parallel beam of light. I like to think of
this as “ headlight physics” because many headlights
take advantage of this phenomenon by placing the
light-producing filament of the headlight at the focal
point of the mirror that makes up the back of the
headlight. This is true for flashlights and spotlights as
well.

Center of
Curvature

The fact that all the rays parallel to the principal
axis will reflect to this small area means that light can
be collected over a large area and then concentrated
into a very small region. This phenomenon has been
used on a small scale to create solar ovens to heat
food and on a larger scale to heat water until it
produces steam in order to generate electricity.
Another common use is with satellite dishes. In this
case, it is radio “light” that is focused. The person
who has satellite TV, has a satellite dish pointed at a
distant satellite. The very weak signal is concentrated
to a focal point, where the receiver of the system is
located.
Sometimes the phenomenon is unexpected. At
the Vdara hotel in Las Vegas, the windows are
designed to reflect the intense desert sunlight. The
building is also curved concave, leading to a focal
point of sorts (Figure 1.9). During portions of the
day, the sun’s light is focused toward the pool area,
where the concentration of light has caused burns and
even melted plastic.

Focal Point

Concave
Mirror
Figure 1.8c: The four rays of light are reflected
and meet at a unique point known as the focal
point or focus.

Figure 1.9: The Vdara hotel in Las Vega has windows designed to reflect the intense
desert sunlight. The building is also curved concave, leading to a focal point of sorts.
During portions of the day, the sun’s light is focused toward the pool area, where the
concentration of light has caused burns and even melted plastic.

9
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CONVEX SPHERICAL
MIRRORS
If you understand the
physics of concave spherical
mirrors, it’s a very easy step
to
understand
convex
spherical mirrors. Think
about the same Christmas
Center of
tree ornament that was used
Focal Point
Curvature
to describe a concave mirror.
A convex mirror would
simply be the other side of
the section cut from the
Convex
ornament. The symmetry
Mirror
here makes the development
Figure 1.10: The four rays of light (parallel to the principal axis)
of this especially easy.
reflect and diverge from a unique point behind the mirror. It is
Consider four light rays,
known as the focal point or focus even though no light focuses there.
parallel to the principal axis
and directed to the convex
intersect. If you were to place a 3 x 5 card at this
mirror surface (Figure 1.10). Because the curvature is
point, you would see the image of the candle flame.
the same as before, the reflected angles must be the
If you move the 3 x 5 card closer or further from the
same also. However, in this case, the rays must
mirror, the image blurs. This is caused by rays of
diverge. But, they diverge from what appears to be a
light that have not quite intersected or have moved
common point – the same point as they converged to
through the point of intersection. Doing a ray
when the rays were reflected from the concave
diagram simply involves finding at least two rays
mirror. So even though they diverge from this point,
coming from the object that intersect at some point
it is still called the focal point for the convex mirror.
after reflecting from the mirror. Once you’ve found
that point, you’ve found the image. This kind of
LOCATING CURVED MIRROR IMAGES
image is known as a real image. (Because the light
FROM RAY DIAGRAMS
rays must converge together, the only mirrors that
You know that when you look into either side of
can make real images are concave mirrors.) The real
a spoon you see … images. Now we can use the
image is always an exact replica of the object (like
physics of concave and convex mirrors that you just
the real images seen on the projection screens of
learned to show how these images are formed.
movie theaters).
You’ve just seen that curved mirrors can cause light
Some people have a difficult time fully grasping
rays to both converge and diverge. However, so far
the differences between the two types of images
you’ve only seen how the two types of curved
because of their names. The word “real” has a certain
mirrors treat light rays moving parallel to the
meaning and its opposite often refers to something
principal axis. Now we need to look at how those
imaginary. But, the “virtual” image is every bit as
mirrors treat the light that comes in many different
authentic as its “real” counterpart. When you look at
directions from objects in front of the mirrors. To do
a virtual image, it’s REALLY there. You can
that, we’ll only consider rays from objects that are
photograph it! The difference between the two is in
moving in a direction of which we know the physics.
how they are formed.
We’re going to construct ray diagrams. Using
When the light from an object reflects from a
ray diagrams to locate images is very visual and
mirror, it may diverge rather than converge (as in the
spatial. Imagine the light from a candle falling on the
reflection from a plane mirror). It doesn’t mean that
face of a concave mirror. It puts out rays of light in
an image is not formed; it means a real image is not
all directions, and some of those rays (a very few) are
formed. Instead, a virtual image is formed. A virtual
intercepted by the mirror. If the candle is far enough
image is formed when light rays from an object
from the mirror, the rays that are reflected from the
reflect off a mirror and then diverge. These rays can
mirror eventually intersect at some point in front of
never come together to form a real image. However,
the mirror. The location of the image produced by
an observer will naturally and sub-consciously follow
this mirror is at the point where the rays of light
10
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the diverging rays back to the point where they
appear to diverge from (behind the mirror). And
although there is no actual light there, that is where
the image appears. The simplest way to distinguish
between a real and virtual image is by considering

whether or not it can be projected. Real images can
be projected and virtual images cannot.
The diagrams below show representative rays to
use in order to easily locate an image from either
concave or convex mirrors.

Representative Rays for
Concave Mirrors

Representative Rays for
Convex Mirrors

C

f

C

A ray parallel to the Principal Axis of the mirror
will be reflected through the focal point.

C

A ray parallel to the Principal Axis of the mirror
will be reflected on a path radially away from
the focus.

C

f

A ray passing through the focus of the mirror
(or on a path as though it came from the focus)
will reflect parallel to the Principal Axis.

C

f

f

A ray moving on one side of the mirror toward
the focus on the other side of the mirror will be
reflected parallel to the Principal Axis.

f

C

A ray passing through the Center of Curvature
of the mirror (or on a path as though it came
from the Center of Curvature) will reflect back
onto the path it came from.

f

A ray moving on one side of the mirror toward
the Center of Curvature on the other side of the
mirror will reflect back onto the path it came
from.

Figure 1.11: Curved mirror ray conventions
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IMAGES PRODUCED BY CONCAVE
MIRRORS WITH THE OBJECT
BEYOND THE FOCAL POINT

object

Concave mirrors can produce both real and
virtual images, depending on where the object is
located. When the object is located between the
mirror and the focus, a virtual image is produced. But
move the object beyond the focus and the mirror will
produce a real image that can be projected on a
screen. We’ll look at this case first. Figure 1.12a
shows an object in front of a concave mirror, beyond
the focus. The object is represented by an upright
arrow, but try thinking of it as a light bulb sending
out light rays in all directions. For almost all of the
rays coming from this object and striking the mirror,
you would need to measure the incident angle
carefully in order to predict where the reflected ray
would go. However, there are two rays for which you
don’t need to make any measurements. One of these
is the ray that moves from the object parallel to the
principal axis. You know that this one must reflect
through the focus. And, a ray moving from the object
through the focus must move parallel to the principal
axis after it is reflected. Both of these are shown in
Figure 1.12b. These two rays intersect at a point in
front of the mirror. There are a number of things to
understand here. The first is that the point of
intersection is the location of the image. More
specifically, if those two rays started from the tip of
the arrow, the point where they intersect will be the
tip of the arrow of the image. These two rays were
easy to draw, but all rays starting from the tip of the
arrow on the object would also intersect at the same
point. In order to complete the image, you simply
draw a line filling in the space from that intersection
point up to the principal axis. Since the image is on
the opposite side of the principal axis, it means that it
will be inverted compared to the object (always the
case for real images). The image is also obviously
larger. (This is not always the case for real images.
They can be larger, smaller, or the same size as the
object. Figure 1.13 shows a case where the image is
smaller than the object.)

f

Figure 1.12a: An object sits in front of a concave
spherical mirror, at a distance greater than the
focal length of the mirror.

object

f
Image
Figure 1.12b: Two representative rays drawn
from the object intersect at a point that defines
the position of the image. Notice that the image is
inverted and larger than the object.

Figure 1.13: In this photograph (taken by Alison
Haroff, Class of 2006), an ice cream scoop acts as a
concave mirror producing an inverted and smaller
real image of the photographer.
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IMAGES PRODUCED BY CONCAVE
MIRRORS WITH THE OBJECT CLOSER
THAN THE FOCAL POINT

object

In Figure 1.14a, the object is placed between the
surface of the mirror and the focus. Notice that just as
in the previous case, a ray of light moving parallel to
the principal axis will reflect through the focus.
However, a ray from the object to the focus will
never hit the mirror, so we have to do something
clever. Figure 1.14b shows a second ray drawn from
the object. You should notice two things about this
second ray. The first is that the ray is drawn in a
direction as though it were coming from the focus
(try laying a straightedge down along the line
representing the ray). Now, even though the ray is not
coming from the focus, the fact that it is coming from
that direction means that it must reflect out parallel to
the principal axis. The second thing to notice is that
these two reflected rays do not intersect, but instead
diverge. As with the diverging rays from a plane
mirror, these two rays form a virtual image behind
the mirror (Figure 1.14c). Notice that the image is
also larger than the object (see Figure 1.15). This is
always true for virtual images formed by concave
mirrors. It is the reason that these types of mirrors are
commonly used as makeup and shaving mirrors.

f

Figure 1.14a: Here, the object is between the
mirror surface and the focus. A ray moving
parallel to the principal axis reflects through the
focus, as before.

object
f

Figure 1.14b: A second ray drawn from the object
as though it were coming from the focus. The fact
that it is coming from that direction means that it
must reflect out parallel to the principal axis.
image
object
f

Figure 1.14c: The two reflected rays do not
intersect, but instead diverge. These two rays
form a virtual image behind the mirror. Notice
that the image is also larger than the object. This
is the reason that these types of mirrors are
commonly used as makeup and shaving mirrors.

Figure 1.15: This photograph (taken by Alex
Bond-Bishop, Class of 2010) shows three pool
balls and their virtual images produced by
reflections from a concave mirror. Notice that
each of the virtual images are larger than the
objects and that the images grow as the objects
are farther from the mirror and closer to the
focus.

13
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IMAGES PRODUCED
MIRRORS

BY

CONVEX
object

Unlike concave mirrors, convex mirrors can only
produce one kind of image – virtual. Figure 1.16a
shows a ray of light moving parallel to the principal
axis. As shown in Figure 1.11, this ray will reflect up
and away from the focus. Figure 1.16b shows a ray
from the same point on the object moving toward the
focus. As shown in Figure 1.11, it will reflect out
parallel to the principal axis. Both of these reflected
rays are now diverging from the mirror’s surface. As
with diverging rays from the surface of a plane
mirror, these two rays lead to the formation of a
virtual image behind the mirror. Note that the image
is upright, smaller and located between the mirror
and the focus. This is true for all images formed by
convex mirrors. Figure 1.17 is a photograph (taken
by Ryan Warner, Class of 2010) of a pair of
sunglasses acting as convex mirrors. The image of
the chess piece in the foreground is obviously smaller
and upright. (And, since the image is upright, it must
also be behind the mirror.)
You can try doing ray diagrams online like the
ones explained in this section by going to:
http://webphysics.davidson.edu/applets/Optics/intro.h
tml

f

Figure 1.16a: A ray of light, coming from an
object in front of a convex mirror and moving
parallel to the principal axis, will reflect up and
away from the focus.

object
image
f

Figure 1.16b: Another ray of light, coming from
the same point on the object and moving toward
the focus, will reflect back parallel to the principal
axis. These two diverging rays lead to the
formation of a smaller and upright virtual image
behind the mirror.

Figure 1.17: In this photograph (taken by Ryan
Warner, Class of 2010), the lens of a pair of
mirrored sunglasses acts as a convex mirror
producing an image of a chess piece. Note that the
image (like all convex mirror images) is upright
and smaller. Since the image is upright, it must
also be virtual and behind the mirror.
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THE MIRROR EQUATION

P

URE MATHEMATICS IS beautiful. So
says the mathematician. Math sucks. So
say a good number of math students. I
guess I fall somewhere in between.
While I don’t see the inherent beauty of
the math, I do appreciate the ability of
the math to model something that is very beautiful.
For me, math is a tool. I use a hammer when I need to
drive a nail. Without the hammer, moving a nail into
a board is pretty difficult. But I would hardly call the
hammer beautiful. What it’s able to do is “beautiful,”
but my feeling about the hammer is more of an
appreciation than an admiration.
This leads me to the mirror equation you used in
the last lab. It’s a great tool that lets you model the
beauty of the relationship between the focal point of a
curved mirror, the distance of an object in front of the
mirror, and the resulting distance of the image from
the mirror. As the object moves about in front of the
mirror, the image responds in beautiful symmetry.
The choreography is modeled perfectly by this
equation. The form of the equation I offered in the
lab was:

Mirror Equation Conventions
• Focal Length
Concave Mirror ⇒ positive focal
length
Convex Mirror ⇒ negative focal
length
• Image Distance
In front of mirror ⇒ positive image
distance
Behind mirror ⇒ negative image
distance
The Mirror Equation gives you information
about the distances of the object and image from the
mirror, but anyone who has ever used a makeup or
shaving mirror knows that’s not the most obvious
thing going on. The image is … magnified (or
minified, as in the case of a store security mirror).
This magnification, M is just the ratio of the image
height, hi to the object height, ho:

1
1
1
=
+
f do di

M=

but it can also be expressed as:

f =

€

d o€d i
fd i
or d o =
do + di
di − f

or d i =

fd o
do − f

hi
ho

If you did the lab related to this section you noticed
that when the image was far from the mirror and
€ was close to the mirror and small.
large, the object
But there’s a lot more to this relationship. It turns out
that if, for example, the image is twice the distance
from the mirror as the object is from the mirror, then
the image will also be twice the size of the object (see
Figure 1.18). That means that:

depending on what measurement you’re interested in.
Now since the equation applies to both concave and
€
€ be formed in front of
convex mirrors,
and images can
or behind the mirror, you have to be careful to
provide the equation with enough information (some
of which can be very subtle). Imagine you had a
section of a sphere, mirrored on both sides. You
would have both a concave and a convex mirror with
the same curvature, and thus, the same focal length.
But an object placed the same distance from both
surfaces would not produce images the same distance
from the mirror. So to distinguish between the two
types of mirrors, the focal lengths of concave mirrors
are always positive numbers and those for convex
mirrors are always negative numbers. The full list of
mirror equation conventions follows:

di
h
= i
d o ho
object

€
f
Image
Figure 1.18: If the image is twice as far from the
mirror as the object is, it will also be twice as
large as the object.
15

OPPTTIICCSS
(The absolute value signs are there because it’s
possible for the image distance to be negative). And
finally, it implies that if you know the object and
image distances, you really have the magnification
without comparing the sizes of the image and object
because:

Given: do = 1.20 m
ho = 1.30 m
f = -0.0250 m
• Determine what you’re trying to find.

h
d
h
If M = i and i = i , then
d o ho
ho

€

M=
€

€

The sense of “how big is her image” suggests
that you’re looking for image size.

di
do

Find:

• Determine which of the equations for mirrors
will work for the givens you have and what
you want to find.

Example

A 1.30 m tall girl stands 1.20 m in front of a
spherical Christmas tree ornament and notices a very
small image of herself reflected by the ornament. If
the diameter of the ornament is 10.0 cm, how big is
her image?

di
do

=

hi
ho

would work if you had the image

distance. To get that, you could use
fd
di = d o −o f . Let’s do that.

€
• Do the calculations.

Solution:
• Identify all givens (explicit and implicit) and
label with the proper symbol.
- The 1.30 m is the size of the girl, ho.
- The distance of 1.20 m implies an object
distance, do.
- The diameter is 10.0 cm, which means that the
center of curvature is 5.00 cm. Therefore, the
focal length is 2.50 cm.
- She’s looking at the outside of the sphere.
Therefore the “mirror” is convex and the focal
length must be negative. Thus, f = -2.50 cm.
- Units throughout the problem need to be
consistent. Choosing meters gives
f = -0.0250 m.

hi

€

di =

⇒

(−0.0250m )•(1.20m )
d i = 1.20m
= −0.02449m
− (−0.0250m )

(Note the negative image distance indicates the
image is behind the mirror.)
2.

di
do

hi =

€
€

16

fdo
do − f

1.

=

hi
ho

⇒

−0.02449m
1.30m
1.20m

€

€

hi =

di
do

ho =

= 0.0265m
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CHAPTER 2: REFRACTION

D

IAMONDS
ARE A girl’s
best friend ...
because they’re
expensive …
and
that’s
because they sparkle more than
other gems … and that’s
because of REFRACTION!
Those thirsty cartoon guys,
with their tongues hanging
down to the ground, who see the
mirage (pool of water) out in the
desert aren’t just “seeing things”
because of their extreme thirst.
You could photograph the
mirage, because it’s really there,
caused by the unusual path that
light takes from the sky to the
ground on very hot days. It’s
due to REFRACTION!
“Twinkle, twinkle, little
Figure 2.1: The shifted position of the finger when viewed below the
star, how I wonder … why you
water’s surface is due to the refraction the light experiences when moving
twinkle?” It’s due to
from the water through the glass to the air. (Photo by Dave Rieger, Class of
REFRACTION!
2008.)
Whenever light moves
through a transparent substance
surface at a right angle). The new direction the light
like glass, water, plastic, or even air, it is optically
takes depends on the optical density of the
refracted and this refraction causes an incredible
transparent substance.
array of optical phenomena. Refraction is the reason
This optical density of transparent substances
for a diamond’s sparkle, for mirages, twinkling stars,
defines how difficult it is for light to pass through the
extra long sunsets, rainbows, a prism’s ability to
substance. The higher the optical density, the slower
break white light up into its component colors, and
the apparent speed of light as it passes through the
even the extraordinary property of light being trapped
substance. As mentioned before, the light will bend
within an optical fiber of glass.
as it passes at some non-zero angle from substance to
All of these seemingly unrelated phenomena
substance. The direction of the bending depends on
occur because of one of the two changes that light
whether the new substance has a relatively lower or
experiences when it refracts. The two changes are the
higher optical density compared to the substance it is
speed and direction of the light. Light always slows
coming from. If the new substance has a higher
down when it moves from space or air into some
optical density, the light will bend so that, as it moves
other transparent substance (even slowing down from
through the new substance, it will pass closer to the
space to air). Actually it stops and then starts billions
normal line. Conversely, the light passing into a new
of times on its path through the substance, always
substance with a lower optical density will bend
away from the normal. The degree of bending
traveling at the same 3.0 × 10 8 m/s when it’s moving.
depends on how different the optical densities are
However, to the observer, it appears that the light has
between the two substances. The greater the
slowed. The unusual phenomena mentioned earlier
difference in optical densities between the two
are not due to the speed change though, but rather,
€
due to the light’s change in direction. Light always
substances, the greater will be the degree of bending.
The four cases on the following page illustrate these
changes direction when moving from one transparent
ideas.
substance to another (unless the ray strikes the
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Incident
Ray

Normal

Angle of
incidence

Refracted Ray
Angle of
refraction

Lower to much higher optical density

Lower to slightly higher optical density

Higher to slightly lower optical density

Higher to much lower optical density

Figure 2.2: The effects of a new optical density on a ray of light. Note both the direction and the magnitude of the bend.
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REFRACTION AND SNELL’S LAW

F

INGERPRINTS ARE UNIQUE to a
The index of refraction of a substance expresses
person. And the way light bends as it
quantitatively how optically dense the substance is.
moves through a transparent substance is
You shouldn’t confuse optical density with physical
unique to that substance. You have just
density. Physical density is the ratio of mass to
found the “optical” fingerprints for two
volume for a particular substance. Water, for
transparent substances. You’ve also
example, has a physical density of 1 g/cm3. But
optical density measures how difficult it is for light to
discovered that there is a predictable pattern in the
move through
way that light bends as
the substance.
it crosses the boundary
The harder it is
between two transparent
for light to move
substances.
through
the
The first person to
substance, the
discover this pattern
slower
it
was
the
Dutch
appears to move
astronomer
and
through
the
mathematician,
substance.
Willebrord Snell. His
Remember, light
discovery in 1621 (five
always travels at
years before his death at
3 x 108 m/s
age 46) has since come
(known as c, the
to be known as Snell’s
speed of light in
Law. I often wonder
empty space),
what it must be like to
but will start and
know you are the
stop repeatedly
discoverer of some law
Figure 2.3: Viewing a piece of fabric through three wine
as it moves
of, or truth in physics. It
glasses; one with water, one with oil, and one empty,
through
a
must
have
been
illustrates the different behavior of light as it moves through
transparent
gratifying to Snell to
substances with different indices of refraction. (Photo by
substance,
know that in the history
Annie Steinberg and Jack Flavin, Class of 2007).
giving
the
of science, no one
illusion that it is
before him understood
moving at a slower speed, v. The index of refraction
this simple principle of light and that he was the only
for a substance can also be calculated by finding the
one on the planet who could explain it. Very few
ratio of the speed of light in empty space to the speed
scientists ever have this profound moment. What a
of light in the substance: n = c / v .
thrill it must be. Unfortunately, he received no
Now let’s consider limitations on the possible
validation for this discovery – it wasn’t published
values for the index of refraction. Since the speed of
until 70 years after he died.
light in empty space is always faster than the speed of
The lab you just completed steered you in the
light through a€substance, then the ratio, c/v, must
direction of a particular result – that if you divide the
always be greater than 1. This means there can be no
sine of the incident angle by the sine of the refracted
indices of refraction less than 1. When it is very easy
angle the result was always constant … well, as long
for light to move through a substance, v will be very
as you used the same transparent substance. Snell’s
close to c and the index of refraction will be slightly
Law is often portrayed as: n = sin∠i /sin∠r , where n
higher than 1. This is the case for air (n ≈ 1.0003). As
is the constant for a particular substance. n is known
optical density increases, v gets smaller and smaller,
as the index of refraction. This is the “optical
making the index of refraction larger and larger. The
fingerprint” that I mentioned earlier, as unique a
€
most optically dense (commonly known) substance is
number to a transparent
substance as a person’s
diamond with an index of refraction of 2.42. Some
fingerprints are to the person. Indeed, you can use the
indices of refraction for common materials are given
index of refraction to identify an unknown
on the following page in Table 2.1.
transparent substance.
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So there are two
measures of the index of
refraction, one based on
speeds and the other
based on angles. The
latter one, the one you
discovered in the lab, is
really
a
simplified
version of the general
form of Snell’s Law. It
only works if the first
substance is empty space.
However, air is so close
in optical density to that
of empty space that the
simplified version also
works when the first
substance is air (like in
the
lab).
Let’s
summarize. The general
form of Snell’s Law is:

Substance
Vacuum
Air
Ice
Water
Ethanol
Fused quartz
Crown glass
Topaz
Flint glass
Ruby
Diamond

Index of
Refraction
1.00000
1.00029
1.309
1.333
1.36
1.46
1.52
1.61
1.63
1.77
2.417

Table 2.1: Indices of
refraction
for
various
transparent materials.

n1 sin∠1 = n 2 sin∠2
where:
n1 ≡ index of refraction for the first substance
n€2 ≡ index of refraction for the second substance
∠1 ≡ incident angle
∠2 ≡ refracted angle
You can always use this general form of Snell’s Law
to determine angles or indices of refraction. If the
first substance is air, n1 will equal 1.0 and the
equation reduces down to the version you discovered
in the lab:

n=

sin∠i
sin∠r

where:
n ≡ index of refraction for the substance (the
light must be coming from the air into the
€
substance)
∠i ≡ incident angle
∠r ≡ refracted angle
And finally, if speeds of light are known or desired:

n=

c
v

Willebrord Snell (1580-1626)
Willebrord Snell was a true “mathlete.” By the
age of eleven he was lecturing at Leiden University
in the Netherlands. He would later become a full
professor at the University, where he lectured on
astronomy and mathematics.
Snell was a big thinker, and he applied his
knowledge to big things … like finding the
circumference of the earth. To do this, he
established a network of cities forming triangles.
He started with his house and local church towers
as the triangulation points. Knowing the latitude of
nearby towns through his study of astronomy, he
calculated the distance between single lines of
latitude. Adding the distances between these points,
he arrived at the circumference of earth, which he
measured to be 38,500 km – not far from the actual
figure of just over 40,000 km.
In Snell’s book, Cyclometricus (1621), he
calculated pi to 34 decimal places. Unlike the other
mathematicians at the time who relied on
logarithms, Snell managed to calculate pi by
imagining a polygon with a billion sides.
His most famous work was done in the physics
of optics. He discovered a simple way to describe
the phenomena of refraction. The angle at which a
ray of light enters a medium and exits a medium is
governed by an index of refraction unique to each
medium. The equation to find the index of
refraction, “n,” is known as Snell’s Law:
sin(angle of incidence)
n = sin(angle of refraction)
Snell however was unable to publish his findings
and died five years after his discovery.

where:
n ≡ index of refraction for the substance
€ of light in a vacuum, 3 x 108 m/s
c ≡ speed
v ≡ speed of light in the substance

€
(Biography
by Alex Altman, Class of 2005)
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The correct path for light to take from the object to
the observing eye is the thin-line path. There is
another arbitrary, thicker-line path illustrated.
However, notice that the path from the image to the
eye is shorter along the straight, thin-line path. This
means that a ray of light moving from the object to
the eye will take the least amount of time along the
thin-line path. And no matter what other arbitrary
path of light you draw from the object to the mirror to
the eye, it will always result in a longer path from the
image to the eye and therefore take longer to travel
from the object to the eye. Try it! The correct path
leads to the angle of incidence being equal to the
angle of reflection – Fermat’s law of least time
requires it.
Finally, let’s look at refraction and the reason
why light bends when it moves into a new transparent
material with a different optical density. In Figure 2.5
a ray of light moves from point A to point B going
into a second transparent material where the optical
density is greater, making the speed of light slower.
The correct path is the thin-line path that bends
toward the normal at the boundary between the two
substances. You might think that the thicker-line path
would make more sense, because it is straight and
therefore shorter. However, the thicker-line path
would require the light to spend more distance and
therefore, more time in the slower-speed material.
This would make its journey ultimately slower, even
though the distance is shorter. Since Fermat’s
Principle requires the least time, the light must make
the curious bend at the surface. Now that leads to
another question. Why does nature prefer light to take
the path of shortest time? No one knows the answer
to that question. Isaac Newton perhaps answered it
best when he mused, “Nature prefers simplicity.”

BUT WHY DOES LIGHT BEND?
Ever wonder if you would be a good scientist?
Here is a question you should ask yourself. During
this study of refraction, have I yet wondered why
light bends? If your answer is yes, you have the right
stuff – the kind of curiosity required to do good
science. Others have wondered this. One in
particular, Pierre de Fermat, discovered the Principle
of Least Time. Fermat’s Principle is that light will
always choose the path that requires the least amount
of time from beginning point to ending point. Fermat
was a French lawyer back in the mid 1600’s, but he
liked math and pursued it as an amateur. This
“amateur” is now considered to be one of the greatest
mathematicians of all time. It’s easy to see that
Fermat’s Principle works for light traveling from one
point to another in the same medium without being
reflected. A straight line is the shortest possible path
and therefore the shortest possible time. Now think
about light reflecting from a plane mirror. You know
that the image is the same distance behind the mirror
as the object is in front of the mirror. Given that,
consider Figure 2.4.

A

Figure 2.4: The correct path of light from the object to the
observing eye is the thin-line path. There is another
arbitrary thicker-line path illustrated. However, notice
that the path from the image to the eye is shorter along the
straight, thin-line path. This means that a ray of light
moving from the object to the eye will take the least
amount of time along the thin-line path. And no matter
what other arbitrary path of light you draw from the
object to the mirror to the eye, it will always result in a
longer path from the image to the eye and therefore taking
longer to travel from the object to the eye.
21

B
Figure 2.5: Although the thick-line path is the
shortest, it would require the light to spend more
time in the slower speed material, causing the
total time for the journey to be longer. Since
Fermat’s principle requires the least time, the
light must make the curious bend at the surface.
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Example

Example

Solution:

A beam of laser light moves through a piece of
diamond and exits into the air. The incident angle in
the diamond is 20.0°. What is the angle of refraction
into the air?

•

Solution:

How fast does light move through water?

Identify all givens (explicit and implicit) and
label with the proper symbol.
Given:
c = 3.0 x 108 m/s
n = 1.33

•

Identify all givens (explicit and implicit) and
label with the proper symbol.
Given:

•

•

•

€

Determine what you’re trying to find.
The sense of “how fast does light move
through water” suggests that you’re looking
for light speed in a substance.
Find:
v
Determine which of the equations for refraction
will work for the givens you have and what you
want to find.
n = cv works
Do the calculations.
8 m
c
c 3.0 × 10 s
n=
⇒ v= =
v
1.33
n
8
= 2.26 × 10

•

Determine what you’re trying to find.
The sense of “angle of refraction into the air”
suggests that you’re looking for the refracted
angle.
Find:
∠r

•

Determine which of the equations for refraction
will work for the givens you have and what you
want to find.

n1 sin∠1 = n 2 sin∠2 works and must be used
in this case. Even though air is one of the
substances, it isn’t the first substance, so the
general form of Snell’s Law must be used.
Therefore, we are looking for ∠2. We can’t
get ∠2 directly, but we can get sin∠2. We’ll
get that first and then proceed to ∠2.

m
s

€

n1 = 2.42
n2 = 1.00
∠i = 20.0°

€
€
•

Do the calculations.
1. n1 sin∠1 = n 2 sin∠2
2.42
n
sin 20 
⇒ sin∠2 = 1 sin∠1 =
n2
1.00

= 0.8277

€
€
€

2.

sin∠2 = 0.8277
⇒ ∠2 = sin−1 (0.8277)
=

€

€

€
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ATMOSPHERIC REFRACTION EFFECTS

T

HE INDEX OF refraction of air
(1.00029) is so close to the index of
refraction of empty space (1.00000)
that we simply ignore the fact that the
two are different and act as though the
index of refraction of air is the same as
a vacuum. This works perfectly well … most of the
time. We can accurately predict where a ray of light
will go as it passes from air into a piece of glass or
from a lake surface into the air above, all the while€
assuming that the index of refraction of air is no
different than that of totally empty space. However,
doing such calculations ultimately involves working
with an approximation. And, even though we’re only
talking about a difference of about 0.03% when we
round the index of refraction to exactly one, the fact€
that the optical density of air is just slightly higher
than that of empty space leads to some interesting
and unavoidable phenomena. We’ll discuss four of
these here: colors in the sky, extra long sunsets,
twinkling stars, and mirages.

spectrum differently. The intensity of scattered light
is inversely proportional to the fourth power of the
wavelength of the light:

Intensity of scattered light α

1

( wavelength)

4

Blue light has about half the wavelength of red light,
which implies that the intensity of blue light scattered
compared to red light scattered is approximately:
1
= 16 times more! This much greater scattering
4
1
2
of the blue part of the spectrum is why the sky is blue
– so much more of the blue light is scattered across
the sky than the other colors in the spectrum. Of
course, there are times when the sky is red rather than
blue, at least near the horizon during sunrise and
sunset. Think about the path that sunlight takes
during these two events. It’s a longer journey through
the atmosphere than when the Sun is overhead at
midday (see Figure 2.6). Not only is there more blue
light scattered, but even medium-wavelength colors
like green and yellow are significantly scattered. The
longest wavelength, red, is the least scattered and the
only one significantly remaining as the light takes
this longest path to the observer, grazing the surface
of the Earth. This leads to spectacular red sunrises
and sunsets. The effect is even more pronounced if
there is an abundance of particulate matter in the air,
like smoke from a fire or urban smog. (There are
advantages to living in places where the air is nasty –
great sunsets!)

( )

COLORS IN THE SKY
If you were on the Moon looking to the sky, you
would be able to see the stars regardless of whether
you were on the bright or dark side of the Moon. On
the Earth, however, you can only see the stars at
night. This is because incoming rays of light interact
with the Earth’s atmosphere (of which the Moon has
none). These incoming rays are scattered by air
molecules and other particles up to about one-tenth
the wavelength of light. The scattering is not equal
across the visible spectrum though. The Earth’s
atmosphere treats the various colors in the visible

The path that light takes when the
Sun is on the horizon is the longest
path through the atmosphere,
causing the most amount of
scattered light.

The path that light takes when the
Sun is directly above the Earth is
the shortest path through the
atmosphere, causing the least
amount of scattered light.

Figure 2.6: The longer path for light through the atmosphere at sunrise and sunset (compared to the midday
path) leads to significant scattering of green and yellow light, as well as the blue. With the longer wavelength
red light least affected, this leads to red sunrises and sunsets.
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EXTRA LONG
SUNRISES)

SUNSETS

denser closer to the Earth, but let’s assume that there
is a distinct boundary between space and the air
below. As a ray enters the Earth’s atmosphere, it
refracts, bending toward the normal due to the higher
index of refraction that it encounters. This causes an
observer on the Earth to see the ray approaching from
a refracted image of the Sun that is higher in the sky
than the actual Sun (by about the diameter of the
Sun). The effect is small, but nonetheless allows the
observer to see rays of light from the Sun even after
the actual Sun has passed below the horizon (or
before it has emerged from the horizon at sunrise).
Think about that next time you’re watching a sunset
over the ocean. As the last part of the Sun has just
about disappeared below the horizon … it already
has. The slightly higher-than-empty-space index of
refraction of air just gave you an extra few minutes of
sunlight to enjoy!

(AND

If you live at the Equator, where the Sun’s rays
are always striking the surface of the Earth at 90°,
you might expect that the length of the day would be
exactly 12 hours and then night would be another 12
hours. It would never vary, as it does in the Northern
and Southern Hemispheres. You would be right about
the length of the day not varying, but you’d be wrong
about the exact length of the day – it would always be
a few minutes longer than 12 hours. This is because
of the refractive effects of the air on the incoming
rays of sunlight. Figure 2.7 illustrates the effect of the
slightly higher index of refraction on a ray of light
entering the atmosphere from space. It’s actually
more complicated than this because there is a gradual
increase in index of refraction as the air becomes

Refracted image of
setting Sun

Earth’s atmosphere

Actual
setting Sun

Figure 2.7: As a ray of light from the Sun enters the Earth’s atmosphere, it refracts, bending toward the
normal due to the higher index of refraction that it encounters. This causes an observer on the Earth to see
the ray approaching from a refracted image of the Sun that is higher in the sky than the actual Sun. The effect
is small, but nonetheless allows the observer to see rays of light from the Sun even after the actual Sun has
passed below the horizon.
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comes from the atmosphere’s dynamic nature. The
index of refraction in the atmosphere is neither
uniform nor constant. Differences in air temperature
and pressure cause the index to be non-uniform, but
the twinkling is due to these differences continuously
changing. This means that the jagged path taken by a
ray of starlight one moment (see Figure 2.8) will be
different a short time later – it will hit the observer’s
retina at a slightly different location. And, this
location will continue to change. The perception to
the observer is that the star is … twinkling.

TWINKLING STARS
“Twinkle, twinkle little star, how I wonder …
why you twinkle?” On the Moon, stars don’t twinkle.
It’s a refractive effect due to the Earth’s atmosphere.
But it’s more complicated than simply saying stars
twinkle because the atmosphere has a higher index of
refraction than empty space. That alone would cause
incoming starlight to bend and we would see
refracted images of the stars displaced from their
actual positions, but … they wouldn’t twinkle. The
twinkling is due to something subtler. The twinkling

Figure 2.8: The index of refraction in the atmosphere is not uniform. This occurs because of differences in
temperature and pressure in the air. Not only that, these differences are continuously changing. This means
that the jagged path taken by a ray of starlight one moment will be different a short time later. Thus, it will hit
the observer’s retina at a slightly different location, causing the star to “twinkle.”
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MIRAGES
Those thirsty cartoon guys,
with their tongues hanging
down to the ground, who see
the mirage (pool of water) out
in the desert aren’t just “seeing
things” because of their
extreme thirst. You could
photograph the mirage, because
it’s really there, caused by the
unusual path that light takes
from the sky toward the ground
on very hot days. On these hot
days, the warmer air near the
surface of the Earth creates the
unusual situation of least dense
Figure 2.9: In the mirage shown here, light from the sky appears to
air just above the ground. This
emanate from the warm highway, giving convincing (yet incorrect)
causes light from above the
evidence of a pool of water on the highway’ surface. (Photo by Charlotte
Earth’s surface to refract
Simmonds, Class of 2006.)
through
the
layers
of
as though it started from the surface of the Earth. The
atmosphere in the curved path illustrated in Figure
image of the blue sky emanating from the surface of
2.10. An observer looking down toward the ground
a warm highway would give convincing evidence of
would see refracted rays of light coming from objects
a pool of water on the highway’s surface (see Figure
that were actually above the surface of the Earth.
2.9).
Light from a treetop, or even the sky, would appear

Light from sky

Cooler, denser
air

Warmer, less
dense air

Figure 2.10: On hot days, the warmer air near the surface of the Earth creates the unusual situation of less dense air near
the surface of the Earth. This causes light from above the Earth’s surface to refract through the layers of atmosphere in
the curved path shown here. An observer looking down toward the ground at a refracted ray would see light coming from
objects above the surface of the Earth.
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LENSES

I

F YOU COULD kill a fly
with the light focused
from a magnifying glass
before the fly flew away,
you were held in the
highest esteem in the third
grade group I ran with. Maybe
when you were younger you too
concentrated the Sun’s rays to a
point where they would burn a
leaf or piece of wood. See Figure
2.11 for another illustration of this
phenomenon.
It’s exciting to think that we
have the ability to take a superstraight laser beam and so easily
curve it to where we want it to go.
Or consider the light from the
Sun, speeding through space on a
dead-straight path at 300 million
meters per second. In an instant,
Figure 2.11: In this photograph (taken by Jesse Peri, Class of 2008), a
with no real effort, we can deviate
snow globe inadvertently left near a window focuses light from the Sun
the paths of these rays and focus
onto a laptop computer, melting its case. Note that as the Sun moved
them to a point by simply placing
across the sky, the focal point moved as well across the laptop case.
a correctly shaped transparent
substance in the way.
Right now you know enough about the refraction
IMAGES FROM LENSES
of light to predict the path a ray of light will take as it
Lenses are commonly used to produce a
passes through various transparent materials. The
multitude of common images. The latest blockbuster
next step is recognizing that you can consciously
that you look at in the theater is an image produced
control the path light will take. One way to control
by a lens in a movie projector. The photographs you
the path light follows is with a lens.
look at of your last vacation are images produced by
If you wear glasses or contacts, you wear lenses.
the lens in a camera that have been preserved
(The word lens derives from “lentil,” because of the
permanently. And if there is light, the lenses inside
similarity between the shape of a lentil and a
your eyes create a continuous series of images on
converging lens.) Even if you don’t wear corrective
your retinas, giving you your most powerful means of
lenses, you’re the owner of at least two organic
observing the world outside your head.
lenses – one in each eye. Anytime a piece of glass or
The images of four of Jupiter’s moons and the
plastic is shaped smoothly so that it is either thinner
phases of Venus seen through Galileo’s newly built
or thicker at its center than it is at its edges, then it
telescope confirmed the Copernican theory that the
becomes a lens and it has the ability to focus or
Earth was not the center of the universe. And it was
“defocus” light.
the images of the sexual apparatus of various insects
Converging lenses are thicker at their center than
seen through Antoni van Leeuwenhoek’s microscope
they are at their edges and they behave like concave
that would begin to put an end to the belief in the
mirrors. They can produce both real and virtual
spontaneous generation of such bugs. Lenses have
images (see Figure 2.12) of any size. Diverging
indeed been the means to helping us understand the
lenses behave like convex mirrors and can therefore
world of the very distant and the world of the very
only produce images that are virtual and smaller (see
small.
Figure 2.12).
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Converging Lens

Figure 2.13: There is nothing special about a glass
or plastic lens. Any transparent substance thicker
at the center than it is at the edges, like this water
drop, can produce real images. (Photo by Lindsay
Yellen, Class of 2008).

Diverging Lens
Figure 2.12: The converging lens is thicker at its center than at
its edges and can make either real or virtual images. The
diverging lens is thinner at its center than at its edges and can
only make virtual images.
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LOCATING IMAGES THROUGH RAY TRACING
To understand how lenses form images, you first
need to see how converging and diverging lenses
affect the light that interacts with them. Figure 2.13a
shows that a converging lens behaves like a concave
mirror. Rays parallel to the principal axis, when
meeting the converging lens, will converge to a focal

point on the opposite side of the lens. Figure 2.13b
shows that with a diverging lens, rays parallel to the
principal axis, when meeting the lens, will diverge
from a focal point on the front side of the lens. These
two ideas are used to develop the lens ray
conventions of Figure 2.14 on the next page.

f

f

Figure 2.13a: Rays parallel to the axis of a
converging lens will all refract to a common focal
point on the opposite side of the lens.

Figure 2.13b: Rays parallel to the axis of a
diverging lens will all refract away from a
common focal point on the front side of the lens.

29

OPPTTIIC
CSS
The diagrams below show representative rays to
use in order to easily locate an image. Although the
refraction occurs at both the front and back surface of
the lens, these drawings are simplified by making one
bend in the center of the lens. So these are really only

approximate paths, but they work very well for thin
lenses. Remember, an image point occurs wherever
two rays intersect or, in the case of virtual images,
appear to once have intersected.

Representative Rays for
Converging Lenses

f

Representative Rays for
Diverging Lenses

f

f

A ray parallel to the Principal Axis on one side
of the lens will be directed through the focus on
the other side of the lens.

f

A ray parallel to the Principal Axis on the left
side of the lens will be directed on a path away
from the focus on the left side of the lens.

f

f

A ray emerging from the focus on one side of
the lens will move parallel to the Principal Axis
on the other side of the lens.

f

f

f

A ray moving on one side of the lens toward the
focus on the other side of the lens will be
directed parallel to the Principal Axis on the
other side of the lens.

f

f

A ray passing from one side of the lens through
the center of the lens will continue in the same
direction on the other side of the lens.

f

A ray passing from one side of the lens through
the center of the lens will continue in the same
direction on the other side of the lens.

Figure 2.14: Lens ray conventions
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IMAGES PRODUCED BY
CONVERGING LENSES WITH THE
OBJECT BEYOND THE FOCAL
POINT

object

Converging lenses are very similar to concave
mirrors in the way they produce images. They can
both produce real and virtual images, depending on
where the object is located. As with concave mirrors,
when the object is located between the converging
lens and its focus, an upright, virtual image is
produced. But move the object beyond the focus and
the converging lens will produce an inverted, real
image that can be projected on a screen. We’ll look at
this case first. Figure 2.15a shows an object in front
of a concave mirror, beyond the focus. Think of this
object as the filament of a light bulb. Light moves
from the filament in all directions and when the light
strikes the lens, you could use Snell’s Law to
determine the direction of the resulting refracted
light. However, it’s easier to just use the conventions
from Figure 2.14. You know that a ray coming from
the object, and parallel to the principal axis, will
refract to the focus after striking the lens.
Figure 2.15b shows a second ray emerging from
the same point on the object, but this time striking the
center of the lens. In this case, the refractions at the
front and back surfaces of the lens virtually cancel
each other out and the ray moves through essentially
unrefracted.
Figure 2.16 is a photograph of a water-filled
wine glass (taken by Simon Blockley, Class of 2007).
The shape of the wine glass makes it act as a
converging lens producing an image of a house in the
background. Notice that the image is inverted (and
therefore real) and smaller. Real images can be larger
(as in Figure 2.15b), the same size, or smaller than
the object, depending on how far beyond the focus
the object is.

f

f

Figure 2.15a: A ray of light coming from an object
and moving parallel to the principal axis of a
converging lens is refracted through the focus on the
opposite side of the lens.

object

f

f
Image

Figure 2.15b: A second ray emerging from the same
point on the object, but this time striking the center
of the lens moves through essentially unrefracted.
The larger, real image is located at the intersection of
these two rays.

Figure 2.16: In this photograph
(taken by Simon Blockley, Class of
2007), a water-filled wine glass acts
as a converging lens producing an
image of a house in the
background. Notice that the image
is inverted (and therefore real) and
smaller. Real images can be larger
(as in Figure 2.15b), the same size,
or smaller than the object,
depending on how far beyond the
focus the object is.
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IMAGES PRODUCED BY
CONVERGING LENSES WITH THE
OBJECT CLOSER THAN THE FOCAL
POINT

object

In Figure 2.15a, the object is placed between the
surface of the lens and the focus. Notice that just as
in the previous case, a ray of light moving parallel to
the principal axis will refract through the lens to the
focus on the other side of the lens. Figure 2.15b
shows another ray, from the same point on the object,
passing through the center of the lens, virtually
unrefracted. These two diverging rays will never
intersect, of course. However, as with the diverging
rays from the concave mirror, these two rays will
form an upright, virtual, and larger image at the point
where they appear to emerge from (see Figure 2.15c).
Notice that the image is also larger than the object.
This is the reason that these types of lenses are
commonly used as “magnifying glasses.” Figure 2.16
is an illustration of this. In this photograph, (taken by
Mike Brinkman, Class of 2010), a $20 bill is placed
closer to a converging lens than its focal point. The
image of Andrew Jackson is upright (and therefore,
virtual) and larger.

f

f

Figure 2.15a: A ray of light coming from an object
and moving parallel to the principal axis of a
converging lens is refracted through the focus on the
opposite side of the lens.

object
f

f

Figure 2.15b: A second ray emerging from the same
point on the object, but this time striking the center
of the lens moves through essentially unrefracted.
The larger, real image is located at the intersection of
these two rays.
image

object
Figure 2.16: In this photograph (taken by Mike
Brinkman, Class of 2010), a $20 bill is placed
closer to a converging lens than its focal point. The
image of Andrew Jackson is upright (and
therefore, virtual) and larger.

f

f

Figure 2.15c: The two refracted rays do not intersect,
but instead diverge. These two rays form a virtual
image on the same side of the lens as the object.
Notice that the image is also larger than the object.
This is the reason that these types of lenses are
commonly used as "magnifying glasses."
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IMAGES PRODUCED BY
DIVERGING LENSES

object

Unlike converging lenses, diverging lenses can
only produce one kind of image – virtual. Figure
2.17a shows a ray of light moving parallel to the
principal axis. As shown in Figure 2.14, this ray will
refract up and away from the focus. Figure 2.17b
shows a ray from the same point on the object
moving toward the center of the lens. As shown in
Figure 2.14, it will move through the lens, essentially
straight. Both of these refracted rays are now
diverging from the lens. As with diverging rays from
the surface of a converging lens, these two rays lead
to the formation of a virtual image, except that this
image is on the same side of the lens as the object.
Note that the image is upright, smaller and located
between the mirror and the focus. This is true for all
images formed by diverging lenses. Figure 2.18 is a
photograph (taken by Cara Campton, Class of 2010)
In this photograph, the bottom of a drinking glass
acts as a diverging lens to produce an image of a dog
that is obviously smaller and upright. (And, since the
image is upright, it must also be on the same side of
the lens as the object.)
You can try doing ray diagrams online like the
ones explained in this section by going to:
http://webphysics.davidson.edu/applets/Optics/intro.h
tml

f

Figure 2.17a: A ray of light coming from an
object, and parallel to the principal axis of a
diverging lens, will refract away from the focal
point on the front side of the lens.

object
image

f

Figure 2.17a: Another ray of light, coming from
the same point on the object and moving toward
the center of the lens, will move through the lens
essentially straight. These two diverging rays lead
to the formation of a smaller and upright virtual
image on the same side of the lens as the object.

Figure 2.18: In this photograph (taken by Cara
Campton, Class of 2010), the bottom of a drinking
glass acts as a diverging lens to produce an image
of a dog that is obviously smaller and upright.
(And, since the image is upright, it must also be on
the same side of the lens as the object.)
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THE FRESNEL LENS

W

HAT
WILL
YOUR life be like
when you are 39years-old? Most
likely you will be
energetic
and
actively involved in a meaningful
career. Augustin Fresnel died when he
was 39-years-old. He was a French
physicist who received little public
recognition for his work while he was
alive. A slow learner when he was
young and sickly all his life, he is most
well known for his work with the optics
of lighthouses. The earliest lighthouses
used an open flame with no optics. But
97% of the light produced was lost
because it wasn’t focused with mirrors
or lenses. Putting reflectors behind the
flame boosted the efficiency from 3% to
Figure 2.19: Fresnel’s Lighthouse lens
around 17%. However, in 1822 Fresnel
(like this one at the Point Bonita
designed a “lens” that was 83%
Lighthouse in the Marin Headlands)
efficient (Figure 2.19). This increased
improved
the
efficiency
of
light
efficiency extended the effective
directionality from 17% (with the use of a
distance of light beams to 20 miles from
reflector) to 83%, extending the effective
the lighthouse (to the horizon). It was a
distance of light beams out to 20 miles!
system of prisms and lens portions that
emulated the properties of a converging lens without
the heaviness of a conventional glass lens (Figure
2.20).

The only place
there will be a change
in direction of light as
it interacts with a lens
is when it enters the
front or exits the back
surface of the lens.
This is because these
are the only points
where there is a
change in index of
refraction. The light
moves on a straight,
undeviating path as it
makes its way through
the body of the lens.
The
Fresnel
lens
observes
this
by
emphasizing
the
curvature of the outer
surfaces
and
minimizing the inner
material
of
the
traditional
lens
(Figure 2.21).

Figure 2.21: Profiles of a conventional lens (left)
and a Fresnel lens. Since refraction occurs only at
the surfaces of the lens, the conventional lens has a
substantial amount of material that is not useful for
producing the lens effect. The Fresnel lens
emphasizes the curvature of the outer surfaces and
minimizes the inner material of the conventional
lens, thereby producing a highly functional “flat”
lens.
Figure 2.22 shows the Fresnel lens in a
automobile headlight. Many headlights use both the
reflective back of the headlight as well as a Fresnel
lens in front to focus the light into a compact beam.
Inexpensive converging Fresnel lenses are often used
as page magnifiers (Figure 2.23). If the orientation of
the ridges in the Fresnel lens is reversed, it becomes a

Figure 2.20: Fresnel’s lighthouse “lens” was
actually a system of prisms and lens portions that
emulated the properties of a converging lens
without having the heaviness of a traditional glass
lens.
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diverging lens (Figure 2.24). These are often seen
attached to the back window of an RV in order to get
a wider-angle view of the area behind the vehicle. In
both applications, a flat lens, with all the refracting

properties of a conventional lens is desired. These
kinds of lenses look perfectly flat, but a quick run of
your fingernails over the surface reveals the telltale
“Fresnel ridges.”

Figure 2.23: The inverted, real image produced
by this page magnifier shows that it is a
converging Fresnel lens. When held close to a
page of text, it behaves like a magnifying glass,
producing enlarged, virtual images. (Photo by
Kelly Bertenthal, Class of 2010.)

Figure 2.22: The Fresnel lens ridges on the front of
this headlight are clearly visible. As Fresnel lenses
do at lighthouses, this lens helps to focus the light
into a concentrated beam. (Photo by David Lapp.)

Figure 2.24: If the orientation of the ridges in the
Fresnel lens is reversed, it becomes a diverging
lens. These are often seen attached to the back
window of an RV in order to get a wider-angle
view of the area behind the vehicle.
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THE THIN LENS EQUATION

I

Lens Equation Conventions

COULD NEVER be a history teacher. I
would have to memorize too much – too
many events, dates, and names. No, my poor
memory is much more suited to studying and
teaching physics. Now those who haven’t
studied physics and who only know it by the
bad rap it gets for supposedly being too hard for the
average person to understand say, “Yeah, right.” But
it’s true. And a classic illustration of this is the lens
equation. The person who struggles with math might
say, after looking at the heading of this section, “Not
another equation.” It really does double duty though.
This one equation applies to both converging lenses
and diverging lenses. You may remember that the
mirror equation pulled the same double duty,
applying to both concave and convex mirrors. It gets
better. The lens equation not only looks like the
mirror equation … it is the mirror equation – no
difference. So this one equation applies to both types
of curved mirrors and to both types of lenses. One of
the very compelling things about studying physics is
that the more you look at nature, the more symmetry
you see, linking things that previously were thought
to be unrelated.
When this equation was used for mirrors,
important conventions were necessary to distinguish
between the two types of mirrors and the positions of
the image. The same is true when the equation is now
used for lenses. Let’s review the equation and the
modified conventions for use with lenses.

• Focal Length
Converging Lens ⇒ positive focal length
Diverging Lens ⇒ negative focal length

• Image Distance
Opposite side of lens as the object (real image)
⇒ positive image distance
Same side of lens as the object (virtual image)
⇒ negative image distance.

Example
A diverging lens of 0.75 m focal length is held so that
the image of a chair appears to be 0.40 m from the
lens. How far from the lens is the chair?

Solution:
• Identify all givens (explicit and implicit) and
label with the proper symbol.
- The focal length is given explicitly as 0.75 m,
but since it is a diverging lens, f = -0.75 m.
- The image distance is given explicitly as
0.40 m, but since it is a virtual image (because
it is a diverging lens), di = -0.40 m.
Given: f = -0.75 m
di = -0.40 m

1
1
1
=
+
f do di

• Determine what you’re trying to find.
but it can also be expressed as:

f =

€

€

d €d

o i

do + di

h
M= i
h€o

or d o =

fd i
di − f

di
h
= i
do €
ho

or d i =

The sense of “how far from the lens is the
chair” suggests that you’re looking for object
distance.

fd o
do − f
Find:

d
M= i
do

do

• Determine which of the equations for mirrors
will work for the givens you have and what
you want to find.
fd i
do =
works
di − f

There is a strong similarity between the concave
mirror and the converging lens and between the
€ and the diverging
€ lens. You probably
convex mirror
noticed that when doing the lens ray diagrams. All of
the unique properties of concave mirror images are
the same as those for converging lenses. The same is
true for the images produced by convex mirrors and
diverging lenses (both, for example, can only produce
virtual images).

€

• Do the calculations.
(−0.75m) ⋅ −( 0.40m) = 0.86m
fd i
do =
=
d i − f −0.40m − (−0.75m)

€
€
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OPTICAL DEVICES WITH
MULTIPLE LENSES
Galileo (1564–1642) built his first telescope in
1609 (a year after the Dutch had invented this
application of using two lenses together). His was a
major improvement, having a power of 8X. By the
end of the year, he had built one with a magnification
of 20X. Then, he turned it toward the night sky
(apparently the first person to do such a thing with a
telescope) and saw images no one had ever seen –
images that would seriously cripple the Aristotelian
idea of the earth being the center of the universe.
What Galileo saw in the night sky surprised and
delighted him. He saw that the moon had an irregular
surface (bad news for the Aristotelian-required
perfection of heavenly bodies). Then he noticed that
Venus had phases, like the moon. This combined
with his discovery that Jupiter had four moons
revolving around it, made it obvious that the earth
was clearly not the center of the universe. This was
the evidence Nicolaus Copernicus would have loved
to have in order to bolster the theory of a Suncentered solar system that he had proposed a century
earlier. But it was an abomination to the theology of
the Catholic Church, which was decidedly antiCopernican. Galileo’s aggressive defense of the suncentered universe eventually caused the church to
issue a decree in 1616 to “put an end to the spread of
the false doctrine of the immobility of the sun and the
mobility of the earth.” His unwillingness to abide by
the decree would lead to his being forced to publicly
renounce Copernicanism and being placed on house
arrest for the last nine years of his life. It took the
church until 1992 (350 years later) to admit its error.

Figure 2.25: Galileo, before the Inquisition on April
12, 1633, being forced to renounce the sun-centered
universe. His telescope had given him the evidence
necessary to refute the Aristotelian earth-centered
universe. Although he officially recanted his
position, as he rose from his knees legend has it that
he muttered softly, “Eppur si muove!” (“And yet it
moves,” referring to Earth.)
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Figure 2.26: A rare triple solar eclipse taken by
the Hubble Telescope. The three participating
moons were first discovered by Galileo in 1609
with the newly invented refracting telescope.
Galileo’s telescope was a system of two lenses.
It had an objective lens (the one pointing at the star)
that was converging and an eyepiece lens that was
diverging. When light from a planet moved through
the two lenses, it was refracted in a complicated
manner, resulting in the formation of one final
magnified image. However, to understand how two
lenses work together to produce one final image you
simply deal with one lens at a time. You can treat the
image formation as though it were a clunky (and
much simpler) process. Here’s how it works. Find the
image that the first lens would produce if it were by
itself. This image becomes the object for the next
lens. So, the process for determining image properties
from multiple lens systems is really no more difficult
than with single lenses, just longer.
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Find: di1, do2, di2
• Do the calculations.

Example
Two thin lenses, one a converging lens with a
12.0 cm focal length and the other a converging lens
with a 10.0 cm focal length, are placed 24.0 cm apart.
An object is placed 18.0 cm to the left of the 12.0 cm
lens (which is the closest lens). Determine the overall
magnification.

d i1 =

f1d o1
d o1 − f1

=

(12.0cm) ⋅ (18.0cm) = 36cm
18.0cm − 12.0cm

- The object distance to the first lens is given
explicitly as 18.0 cm.

Since the image produced by the first lens
becomes the object for the second lens, we
have to consider the distance between the two
lenses as well as the position of the image of
the first lens. Since the second lens is 24.0 cm
to the right of the first lens and the first image
is 36.0 cm to the right of the first lens, the
second “object” is 12.0 cm to the right of the
second lens. But since the light is moving from
left to right in this problem, the second object
is on the “wrong” side of the second lens. It is
therefore, a “virtual” object. Virtual objects are
always negative:

- The distance between the lenses is given as
24.0 cm

d o2 = d − d i1 = 24cm − 36cm = −12cm

€

Solution:
• Identify all givens (explicit and implicit) and
label with the proper symbol.

- The focal lengths are given explicitly as
12.0 cm and 10.0 cm.

Given: f1 =12.0 cm
do1 = 18.0 cm

f2 = 10.0 cm
d = 24.0 cm

€

• Determine what you’re trying to find.

d i1
d o1

f 2 d o2
d o2 − f 2

=

(10.0cm) ⋅ (−12.0cm) = 5.45cm
−12.0cm − 10.0cm

Finally,

The instructions are given explicitly to find the
overall magnification. In a multiple lens
system, the overall magnification is the
product of the magnifications of the individual
lenses. In this case, M = M 1 × M 2 =

d i2 =

×

€

d i2
d o2

€

€
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M=

d i1
d o1

×

d i2
d o2

=

36.0cm
18.0cm

×

5.45cm
−12cm

€

= 0.908

TOTAL INTERNAL REFLECTION

OPTICS

I

F SOMEONE ASKED you what it
means for a substance to be transparent
you would probably say something like,
“light is able to go through it.” And if
they asked you to give an example, you
might say water and glass are good
examples of transparent substances. So you
would probably be surprised to discover that
under the right conditions, materials like water
and glass are 100% opaque (see Figure 2.27).
The phenomenon illustrated in this photograph
is known as Total Internal Reflection. It only
occurs when light goes from a higher to lower
optical density. This is the circumstance in
Figure 2.27, where the light from the coins in
the bottom of the bowl is trying to go from
water to air (n = 1.52 to n = 1.0). When this is
the case, the refracted ray will always be bent
Figure 2.27: Light from coins in a water-filled bowl reflects
away from the normal and the angle of
from the underside of the water surface. The water-air
refraction will therefore always be greater than
boundary
acts as a perfect plane mirror. (Photo by Lucas
the angle of incidence. This means that when
Guilkey,
Class
of 2006.)
light moves from a substance of higher optical
density to one of lower optical density there
effective mirror than any household mirror you have.
will be some angle of incidence less than 90° that
Now let’s summarize:
leads to an angle of refraction that is equal to 90°.
That angle of incidence is called the critical angle of
• The Critical Angle is the angle of incidence
incidence. It is at that incident angle that absolutely
that leads to a 90° angle of refraction.
no light moves beyond the boundary separating the
• Total Internal Reflection will occur when
two (previously believed) transparent substances. The
the following two conditions are met:
light just moves along the surface separating the two
1.
Light must be moving from higher to
materials. And then if the light is incident at an angle
lower optical density.
greater than the critical angle, it will be reflected
2.
The incident angle must be greater
back into the higher optical density substance (see
than the critical angle.
Figures 2.28 – 2.30) – totally internally reflected!
That is a wild thought … that the boundary – the
• When Total Internal Reflection occurs, the
edge – between say glass and air can act as a far more
reflected angle equals the incident angle.

A piece of transparent
material in air with the
critical angle indicated.

Incident light approaching
at an angle less than the
critical angle. Refracted
light bends away from the
normal.
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Incident light approaching
at an angle equal to the
critical angle. Refracted
light moves along the
boundary between the two
substances.

Incident light approaching
at an angle greater than
the critical angle. Light is
totally internally reflected.

OPTICS

Figure 2.28: Light from a laser pointer is directed down into a tank of water and onto a CD-ROM. Four
reflections of the beam strike the water-air boundary, attempting to move from a higher to lower optical
density. The leftmost reflected beam strikes the boundary at an angle less than the critical angle. It only meets
one of the criteria for total internal reflection, so it refracts out. The other three beams strike at incident angles
greater than the critical angle and are therefore totally internally reflected. (Photo by Braden Hoyt, Class of
2008).
Therefore, the angle of incidence, ∠1, is the critical
angle, ic. Let’s use Snell’s Law:

n1 sin∠1 = n 2 sin∠2
⇒ n1 sini c = n 2 sin 90°
€

⇒ n1 sini c = n 2 (1)

€
€

⇒

sini c =

n2
n1

or

Figure 2.29: A green laser beam totally internally
reflects through a magnifying glass, much like
light through an optical fiber. (Photo by Oliver
Whitcroft, Class of 2009.)

€

CALCULATING THE CRITICAL
ANGLE

i c = sin−1

n2
n1

or, if the second substance is air (n = 1), then the
equation for the critical angle reduces to:

The critical angle of a
n2
∠2
particular substance is as
unique as its index of
n1
refraction. To calculate it,
∠1
you can use Snell’s Law.
The diagram to the right
shows a ray of light going
from a substance with an
index of refraction of n1 to one with an index of
refraction of n2. The angle of refraction, ∠2, is 90°.

€

i c = sin−1

1
n

where n is the index of refraction for first substance.
This means that you can easily find the critical angle
for light passing between two substances if you know
the €
indices of refraction of the two substances.
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Example
What is the critical angle for light passing from glass
(n = 1.50) to water (n = 1.33)

Solution

€

•

Identify all givens (explicit and implicit) and
label with the proper symbol.
Given:
n1 = 1.50
n2 = 1.33

•

Determine what you’re trying to find
Find:
ic

•

Determine which of the equations for refraction
will work for the givens you have and what you
want to find.
n
i c = sin−1 2 works and must be used because
n1
the second substance is not air.

•

Do the calculations
# 1.33 &
n
−1
i c = sin−1 2 = sin−1 %
( = sin ( 0.8867)
$ 1.5 '
n1
=

Figure 2.30: This wine glass is perched on the
railing of an upper story deck. Light from below
the wine glass totally internally reflects off the
bottom of the water in the glass, revealing the
deck below the railing. (Photo by Neils Rocine,
Class of 2006).

62.5°

€
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WHITE LIGHT DISPERSION

OPTICS

T

HERE’S A VERY impressive physicist
at the Exploratorium in San Francisco.
Paul Doherty is not only brilliant and
well versed in seemingly every area of
physics, he explains even the most
complicated and subtle phenomenon in
a way that makes it easy for anyone to understand.
Maybe that’s why he’s so popular. However, Paul
always ends each explanation or answer to a physics
question with the statement, “But it’s really more
complicated than that.” And that’s the way it always
is in physics. You think you understand it
completely, only to discover that there’s yet another
layer to peel away, revealing more sophistication that
you hadn’t considered. It’s that way with refraction
too.
Up until now you’ve understood that each
transparent material has a unique index of refraction.
Well yes, but, as Paul Doherty would say, it’s really
more complicated than that. For example, you’ve
learned that the index of refraction for water is 1.33.
But if you measured more carefully, getting to three
places past the decimal, you would find that the index
actually varied a bit from color to color. The table
below shows the indices of refraction for various
colors of crown, flint glass, and diamond.
Color

Crown glass

Flint glass

Diamond

Red
Yellow
Blue
Violet

1.515
1.517
1.523
1.533

1.622
1.627
1.639
1.663

2.407
2.417
2.436
2.465

Figure 2.31: The different indices of refraction
for different colors of light cause this crystal to
bend the various colors that make up white
sunlight into slightly different paths. This
difference in bending causes a separation of the
white light into the colors that you see here.

Table 2.2: Indices of refraction for different
colors of light in various transparent substances
Isaac Newton was the first to understand the
physics of this variable index of refraction. He was
fascinated and intrigued by light – so much that he
risked going blind to extend his observations beyond
what others had done. He would stare at the sun until
all pale colored objects appeared red, and darker
objects appeared blue. He would also slip objects
between his eye and eye socket as far back as he
could in order to change the shape of the retina so
that he could observe the colored circles that
appeared due to the pressure. He was the first to show
that the colors emerging from a prism were due to
differences in the index of refraction for each of those
colors within the prism. By taking a lens and
focusing these colors back together in a bright white
spot of light, he illustrated that white light was really
just the sum of all the colors in the spectrum.

Different indices of refraction mean that the
different colors will bend to different degrees.
Normally you don’t notice the difference because the
indices are really very close, but if you use a piece of
glass cut like the shape of a prism, the light bends in
a way that emphasizes the separation of colors.
White light dispersion is this separation of white
light into its component colors. It is the reason for the
beauty associated with prisms and little crystals hung
in sunny windows to catch and split up light. It (in
concert with total internal reflection) is also
responsible for the effect of rainbows. And it’s the
cause of major frustration for lens makers who have
no desire to see the beautiful color separation in their
camera, microscope, and telescope lenses.
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CHAPTER 3: PHYSICS OF THE EYE

I

N HER SONG, You’re So Vain,
Carly Simon sings, “… You had
one eye in the mirror as you
watched yourself go by…” Then
there’s Englebert Humperdink
singing “Can’t take my eyes off
of you.” And what both singers are trying
to convey is that the eye is a window – a
portal into the head that lets information
flood through. We have five senses to
perceive the universe outside our head,
but close your eyes and you shut out the
world much more completely than by
losing any of the other senses. The eye’s
lens is only one part of the awesome
visual process that ushers the outside
world on a one-way trip into the secret
world inside.

Ciliary
muscle

Vitreous
Humor

Aqueous
humor

Fovea

Iris
Optic
Nerve
Cornea

Retina

Lens
Suspensory
ligaments

THE VISUAL PROCESS

Choroid

Light originally enters through the
Sclera
pupil of the eye. The iris responds to the
level of light intensity, either closing
down or opening up to meet the demand
Figure 3.1: Top view of the eye with major components
for the amount of light necessary for
interface has been diminished almost completely.
optimal visual perception. The light entering the eye
Between the cornea and the lens, light passes through
is largely focused by the cornea. In fact, the cornea is
the aqueous humor, a clear liquid that maintains the
responsible for 80% of the focusing power of the eye.
cornea’s shape by fluid pressure. Maybe you know
It is interesting to note that the index of refraction of
someone with glaucoma, a malady that results from
the cornea is 1.34, very close to 1.33, the index of
too
much pressure on the cornea by the aqueous
refraction of water. Since these indices of refraction
humor.
If you’ve had an eye exam, you can probably
are almost identical, a person swimming underwater,
recall
having
a routine, painless, glaucoma test in
without goggles or a mask, sees only blurred images
which your cornea was anesthetized and the pressure
because the degree of focusing at the water-cornea
behind was mechanically measured by placing a
probe in direct contact with it. In about 2% of the
population over the age of forty, pressure behind the
cornea increases due to obstructions in the channels
through which fluid normally leaves the eye. This in
turn impedes the flow of blood in the eye. The
condition can be treated with medication or surgery.
Untreated, glaucoma leads to progressive loss of
vision and eventual blindness. However, it is easy to
detect early, even before symptoms of vision loss
occur.

THE LENS
Light is then refracted an additional 20% as it
passes through the lens. Its index of refraction of
1.386 to 1.406 is higher than both the aqueous humor
and the vitreous humor behind the lens. The lens is
not a single crystalline body, but rather, a mass of
tightly packed, transparent lens fibers. These lens
Figure 3.2: Pupil and iris exposed beneath the
partially folded back cornea of a cow’s eye.
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fibers are arranged in sheets of layers, much like the
skin on an onion. Because the lens is living tissue,
new layers are added throughout life. The
transparency of the lens depends on the regular
arrangement of lens fibers. Interference in the regular
growth pattern of the lens results in the formation of
abnormal lens fibers. Small, localized opaque regions
are common and usually not serious, but if the
opacity impedes vision, it is called a cataract. The
most common type of cataract, the senile cataract,
clouds the lens gradually until the entire lens is white
and opaque. Early intervention can be made with
glasses, but eventually the affected lens must be
removed. With the natural lens gone, its refractive
power must be replaced with an artificial lens implant
or an externally worn artificial lens. Although this
allows vision to be restored, it limits it in the sense
that there is only one region outside the eye on which
the eye can clearly focus.
The lenses you’ve dealt with have probably all
had a specific focal length. They have to, since
they’re solid and have a specific curvature. When you
want to focus a camera you have to move the lens
toward or away from the film, changing the image
distance to compensate for the specific object
distance of the object being photographed. The eye,
however, has a fixed image distance of about 1.7 cm,
so in order to focus on objects at varying object
distances, the focal length of the lens must change.
The ciliary muscles together with the suspensory
ligaments (fibers connected to the lens), act to
change the shape of the lens.

Imperfectly shaped eyes sometimes limit the
ability of the lens to fully focus on some visual field,
and corrective lenses must be used to achieve perfect
vision. For example, if the eye is too long, the lens
may not have the ability to project a focused image
fully back to the retina and instead, focuses the image
in front of it. This causes nearsightedness and glasses
or contacts with diverging lenses must be used to
spread incoming light just enough so that the lens
brings the rays back into focus perfectly on the retina.
Without glasses, some accommodation can be
achieved by squinting very hard, thereby physically
moving the front of the eye back toward the retina. If
the eye is too short, incoming rays do not have the
distance to fully converge and glasses or contacts
with converging lenses must be used. This condition
is known as farsightedness. Aging causes the lens to
lose some of its elasticity, which causes a
progressively longer “near point.” The near point is
the closest distance you can focus your eyes on
something. For children, the near point is about
25 cm. But in middle age the near point gets
uncomfortably long, leading people to hold books
and newspapers at arm’s length in order to read them.
At some point in time the near point is longer than
the arm, and the individual must get reading glasses
(converging lenses). This particular cause of
farsightedness affects all individuals who get old
enough.

Figure 3.4: Here, a cow’s eye lens is being used to
project a real image of a light bulb filament onto a
card. The card is acting as a projection screen,
like the retina does. Notice that the image of the
filament is inverted from the actual filament.
Figure 3.3: A cow’s eye lens with suspensory
ligaments still attached. The suspensory ligaments
act to change the shape of the lens, and thus, its
focal length.

THE RETINA
After passing through the lens, light will ideally
be focused on the retina. Between the lens and the
retina is the jelly-like vitreous humor, which
supports the retina against the back of the eye. Most
people are interested to learn that the tiny, oddly
shaped particles and squiggles they notice
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occasionally in their visual field are not illusions, but
actually exist. Most of us ignore these “floaters”
which are actually bits of cellular debris in the
vitreous humor, casting shadows on the retina. Some
claim they are unable to observe any, regardless of
how hard they try. With a bit of practice though, they
are easy to detect as they hover in the visual field,
lagging behind eye movements and overshooting
when the eye stops. Floaters tend to be more
abundant in older people who have accumulated
more of this debris. A marked increase in floaters is
often an indication of bleeding in the eye.
Light striking the back of the eye is detected by
photosensitive receptors in which a chemical reaction
leads to electrical information, which is transmitted,
via the optic nerve to the brain. There are up to
120,000,000 of these microscopic receptors, which
are of two types, rods and cones. The rods, which
dominate the surface of the retina, are used when
viewing objects in dim light. They are up to 1,000
times more sensitive to light than cones but cannot
detect color. So at night we are only able to see in
shades of gray because the level of light is only
enough to stimulate the rods. As the light level
increases, the cones are stimulated and begin to
dominate the process of light reception. There are
three different types of cones, each responding
strongly to a different portion of the visible spectrum.
The three respond broadly over the red, green, and
blue regions, with some overlap. The combination of
response allows for perception of color throughout
the visible spectrum, which extends from
4 x 10-7 – 7 x 10-7 m (400 nm – 700 nm).
There is a small area of the retina, the fovea,
where the concentration of cones is highest and rods
are completely absent. It is here that light is
continually focused when looking directly at an
object. The high concentration of cones allows for the
greatest possible visual detail. The region is so small
(about .25 mm, giving a 1.2° angle of perspective)
that the eyes must be moved in order to make out

detail even in the letters of a word on this page. At
the center of the fovea, the concentration of cones is
over 150,000 per square millimeter, but at only 10°
away from this center, the concentration drops to
only about 5,000 per square millimeter (a 97%
reduction)! If you were to only lose sight in this tiny,
tiny area of the fovea, you would be legally blind. It
is interesting to note that since rods are absent from
the fovea, we are effectively blind when looking
directly at an object in dim light. You can probably
recall experiencing the phenomenon of losing sight of
a star as you strain to look straight at it and then
finding it again as you look slightly away, letting the
image move out of the cone-rich fovea to the light
sensitive rods outside that area. An area of the retina,
which is sensitive to neither dim nor bright light is
where the optic nerve attaches. You can use a simple,
but effective activity to illustrate this. Figure 3.5
shows an X and a dot. Closing the left eye and staring
directly at the X with the right eye forces light from
the X into the fovea and light from the dot onto
another portion of the retina. At about 50 cm away,
light from the dot will fall on the optic nerve and the
dot will disappear from the periphery.
Visual perception is a function of the brain and
the rods and cones on the retina are connected by
nerve fibers, through the optic nerve, to the brain.
Each cone is connected by its own nerve fiber,
whereas several rods are connected to the same nerve
fiber. This explains the poorly defined images seen in
dim light, since individual nerve fibers may receive
input from many rods located in slightly different
positions on the retina.
The retina lies back against the choroid. It is
very fragile and really only attaches at one point – the
point where the optic nerve leaves the eye.
Elsewhere, it is held in place by the pressure from the
vitreous humor. That’s why it is possible to get a
detached retina. A non-invasive laser surgery can be
used to shine a beam through the lens and “weld” the
retina back into place.

x

Figure 3.5: Blind Spot Exercise
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the second pass and continue out of the eye, making
the eye appear to glow. In humans, the choroid is
black, absorbing all undetected photons and giving
the pupil its characteristic blackness. The exception
to this is the “red eyes” effect seen in some
photographs taken with flash photography. If the
flash is close to the camera lens/pupil axis, the great
abundance of light from the flash reflects off blood
vessels in the back of the eye, and red light streams
out the pupil toward the camera lens.

THE CHOROID
Beneath the retina is the choroid. The eyes of
many animals have choroids that are colorful and
reflective. Photons that do not interact with the retina,
strike the choroid. These stray photons are then
reflected back through the retina so that there is a
second chance for detection. This second chance
gives the animals far better night vision, but results in
less acute vision since the reflected photons can pass
through the retina in a slightly different position.
However, some reflected photons are not detected on

Figure 3.6: Light striking the choroids of sheep in a pen reflects back through the retina, giving the light a second
chance to be detected. This gives the sheep greater visual perception in dim light. The light that misses a rod or cone on
the reverse path through the retina continues out of the eye, making the eye appear to glow. (Photo by Aoife Duffy,
Class of 2007.)
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COLOR AND ACCOMODATION

M

Y FIRST AUTUMN in New
England, I had to do it. I had to
do the touristy thing and spend a
weekend driving through New
Hampshire and Vermont “leaf
peeping,” looking at the fall
colors. I’m glad I did it. There were vast valleys and
ranges of hills that were bathed in some of the richest
and most stunning combinations of colors I have ever
seen. I took picture after picture and collected dozens
of yellow, green, red, and orange leaves (and these
were only the smallest fraction of the scores of hues –
particular shade of colors – that made what I saw
seem dazzlingly surreal). But the dried leaves I
collected were not as impressive; nor were the many
photographs. I realized … you just had to be there.
But, there was not just at this unique geographical
location during this week or two. To be there was
also, and perhaps more importantly … to be inside
my mind. And that’s because the only place the fall
colors actually existed was in my mind.
Color is a construct of the mind – it’s a
psychological perception. In our minds we assign a
specific hue to each wavelength of visible light. In
the electromagnetic spectrum, with wavelengths
stretching from longer than kilometers to shorter than
billionths of a millimeter there is this tiny spread of
these wavelengths to which our retinas are sensitive.
Those with wavelengths ranging from 4 x 10-7 m (400
nm) to 7 x 10-7 m (700 nm) stimulate the rods on the
retina and one or more of its three types of cones.
There is nothing special about these colors; nothing
that makes a 450 nm photon blue or a
650 nm photon red. The 450 nm and 650 nm photons
differ only in their wavelengths. But the 450 nm
photon happens to stimulate the type of cone we refer
to as the “blue” cone and the 650 nm photon happens
to stimulate the type of cone we refer to as the “red”
cone.
The public is typically familiar with the idea that
color perception in humans is due to the presence of
the cones on the retina. The cones are routinely
distinguished as red, green, and blue. Most people are
surprised to learn that the three types of cones do not
come in equal numbers. 64% of the cones are of the
red variety, but only 2% of the cones are those
stimulated by blue light (although they are much
more sensitive to light than the red or green cones).
However, the brain always calculates the level of
light intensity from the sum of the red and green
signals, causing blue objects to generally appear
darker than other colors (maybe that’s why blue is
associated with cold things).

Now let’s consider the action of the cones more
closely. If the eye intercepts a 425 nm photon, the
blue cone is stimulated and an electrical impulse is
generated indicating the presence of the photon. Now
if a totally different photon, 475 nm, is intercepted,
the blue cone responds in exactly the same way – no
difference! The cone has absolutely no ability to
discriminate between the two different photons. Put
another way, the blue cones cannot begin to
distinguish between sky blue and navy blue. So how
is it, that with only three types of cones, we can
perceive the myriad of hues in the fall colors of the
White Mountains of New Hampshire? The answer is
in the combined response of the two other types of
cones. It’s the percentage response of two or three
types of cones that gives the perception of a specific
hue.
The graph below is designed to help you
understand the role of the rods and cones at a deeper
level. To simplify the following discussion, all the
maximum response levels of the different cones will
be treated as being equal. Remember though that,
while this doesn’t change the result of the discussion,
it isn’t true. As mentioned before, the blue response
is actually much higher than the other cones. And, the
response of the rods can be thousands of times higher
than the cones, depending on the wavelength of the
light being detected. It is clear from the graph that at
least one group of cones is misnamed. The cones
referred to as the red cones actually have their peak
response at 575 nm (yellow-green). It is also clear
that the cones do not respond to single wavelengths
of light, but rather to a range of wavelengths. So, for
example, if light with a wavelength of 500 nm enters

Figure 3.7: Cone and rod response vs. wavelength.
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the cones. This allows a person to have night vision
(visual sensitivity even in low light levels when the
cones are no longer sensitive enough to be
stimulated). But the sensitivity of either the rods or
the cones is dependent on the level of light intensity.
Everyone can recall times when they have left the
bright sunlight to go inside, only to find that inside
everything looks dark. It takes a few seconds for the
cones to adjust to the sensitivity necessary to
negotiate the darker environment. However, for the
rods this transition to highest sensitivity can take half
an hour. To put it more simply, if you lose your night
vision because of a blast of bright light, it will take
half an hour to get it back.

AFTER IMAGES
You’ve probably had the experience of looking
at something very bright, like a light bulb, and then
after looking away, seeing a dark “after image” of the
thing you were looking at. Try it now. Find some
bright, white object to look at (not the Sun). Stare at
it for about five seconds and then look at a blank
piece of white paper. After you stare at the paper for
a moment, you should see a dark image in the same
shape as that of the bright object you were viewing.
When you looked at the bright object, you were
stimulating the cones on the retina where the light
from the object was focused. Staring at the object for
several seconds caused those cones to get fatigued –
they got a little worn out. When you stared down at
the white paper afterwards all the cones on your
retina were stimulated (both fatigued and not
fatigued). But the ones that were fatigued were
unable to respond as well as the other ones, so you
got less of a signal from the fatigued cones. The
cones that were not fatigued gave you information
about much of the light reflecting from the page. The
missing information from the fatigued cones gave
you the shape of the thing you were looking at, but
it’s really not an image since it results from missing
information rather than from a light-created image.
The phenomenon of the after image provides a
way to test the idea that there are three varieties of
cones. You can also use it to experiment with color
mixing and to understand the idea of primary and
secondary colors. On the inside front cover of this
book there are three colored circles centered around a
black dot. Try a little experiment. Under bright light,
stare at the black dot in the center of the three circles
for about ten seconds. Then look down at the blank
white area below the circles. After a moment you
should notice three colored after images. But the
colors are not red, green, and blue. In the position
where red was, the after image is cyan (kind of
turquoise). The after image in the position of green is
magenta (kind of purple), and the after image in the
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the eye, all three types of cones are stimulated.
(Drawing a vertical line up from 500 nm will show
how strongly each of the types of cones is
stimulated.)
This, by the way, is the key to understanding
color discrimination. When the brain is sent
information about a particular color of light, it gets
three numbers, the responses from each of the three
types of cones. The blue cone, for example, gives its
peak response at 443 nm and only about half that
response if the light has a wavelength of 500 nm. But
the brain doesn’t see the lower response as 500 nm
wavelength light. It simply perceives lower intensity
light with a wavelength somewhere between 400 nm
and 575 nm. The only way the color can be
discriminated is by looking at the combined relative
response of the three types of cones. Let’s say you
look at some light that stimulates your red and blue
cones equally, but the green cones are stimulated at
about twice that level. The only wavelength that
gives that combination of response is about 510 nm
(see dotted lines on Figure 3.7). When that
combination is registered in the brain, you get the
perception of a particular hue of cyan. This incredibly
precise and accurate process enables you to perceive
up to a 150 different pure hues and up to a million or
more distinct colors (combinations of hue, saturation,
and brightness).
Looking at the Figure 3.8, helps to show the
difference in light sensitivity between rods and cones
as well as the peak sensitivity for the rods compared
to the cones. The cone line is the combined response
of the three types of cones. The first thing to notice is
that the vertical scale is not linear, but logarithmic.
This means that at 500 nm the rods are over 1000
times more sensitive than the combined response of

Wavelength (nm)
Figure 3.8: Combined cone vs. rod response vs.
wavelength.
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position of blue is yellow. The explanation for the
production of these colors is similar to the
explanation of the first after image experiment you
did. When you stared at the black dot, light from the
red circle stimulated (and then fatigued) the red cones
on a portion of the retina. When you looked down at
white light from the blank paper, all the cones were
stimulated, but in the portion of the retina where the
red cones were fatigued, only the green and blue
cones were giving a strong signal. The combination
of the green and blue signals gave you the perception
of cyan. Light from the green circle fatigued green
cones on a different portion of the retina, so that
when this different portion was stimulated with white
light, the stronger signals from the red and blue cones
gave the perception of magenta. Finally, the portion
of the retina that was fatigued by the blue light could
then only provide strong signals from the red and
green cones, giving the perception of yellow.
So now we can generalize a bit. When you
looked down at the blank paper, it was mostly white
except for the after images. That suggests that when
all three types of cones are stimulated (but not
fatigued) you get the perception of white light:

Likewise:

red + blue = magenta
or

white - green = magenta
and

red + green = yellow
or

white - blue = yellow
Red, green, and blue are known as primary
colors, whereas cyan, magenta, and yellow are
known as secondary colors.

VISUAL ACCOMMODATION
Without my glasses or contact lenses, I can’t
even make out the big “E” on the eye charts anymore.
I used to have perfect vision though. Most of us are
born with perfect vision. That is, we can focus on
distant objects out to infinity and on close objects up
to about 25 cm. So in the perfect eye, the focal length
of the lens will change so that it can project an image
at 1.7 cm (the surface of the retina) when the object
distance is anywhere from 25 cm to infinity. Figure
3.9 shows two eyes, each focusing on a red star. One
star is in the distance and the other is very close.
Look at the angles between the rays coming from
each star. For the very close one, the angle is much
larger. That means that when the eye looks at the
close up star the focusing power of the lens must be
stronger – it must be a converging lens with more
curvature, giving it a greater focal length. Looking at
the more distant star, the lens must be flatter. For
distance vision, the ciliary muscles relax on the lens,
allowing it to flatten out, but then when something
close up is viewed, these muscles change the shape of
the lens to be more curved.

red + green + blue = white
But if only the green and blue cones are stimulated,
then you get the perception of cyan.

green + blue = cyan
or

white - red = cyan

Figure 3.9: Light entering the eye from a distant object subtends a smaller
angle than light entering the eye from a close-up object. The lens must
therefore be flatter when viewing a distant object and have more curve
when viewing close-up objects so that in either case, the image produced by
the lens is formed at the same image distance, the back of the eye.
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When a person has imperfect vision the problem
can be due to a variety of reasons. People with
myopia (nearsightedness) see objects up close better
than objects in the distance. This is either because the
cornea has too much curve or the eye is simply too
long. Regardless of the reason, the effect is that,
when light enters the eye from a distant object, the
lens produces an image in front of the retina rather
than on its surface. By the time the light reaches the
retina, the image is a blur (Figure 3.10a). To cure this
condition, the person wears either glasses or contacts
that are diverging lenses (Figure 3.11). These lenses
diverge the incoming light a bit before it reaches the
cornea, causing the image to move further back to the
retina (Figure 3.10b). Those with perfect distance
vision can only guess at what it is like for the person
with myopia. Figure 3.12 illustrates both the problem
with myopia and the benefit that the corrective lens
provides.

Figure 3.12: The myopic eye produces images in
front of the retina, causing blurry perception.
Wearing diverging lenses with the correct
prescription extends the image formation to the
retina, giving the sharp resolution seen here.
(Photo by Jeeheh Choi, Class of 2008).
Figure 3.11: The eyeglasses shown
here are intended to be used by a
person with myopia. Note that the
smaller virtual images formed of the
girls in the background illustrate
that these are diverging lenses. Photo
by Nick Sohn, Class of 2009.

Myopia (Nearsightedness)

Figure 3.10a: The nearsighted eye focuses too strongly, causing images of distant objects
to be formed in front of the retina.

Figure 3.10b: Wearing diverging lenses diverges incoming light before reaching the
cornea, causing the image to move further back to the retina.
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The opposite of myopia is hyperopia
(farsightedness). The farsighted person sees objects
in the distance better than close up objects. As light
enters the eye from a close-up object, the ciliary
muscles work to increase the curvature of the lens.
However due to a cornea that is either too flat or an
eye that is too short, the lens cannot sufficiently
converge the light to form an image on the retina.
Instead, the image would be produced behind the eye
if the back of the eye were gone (Figure 3.13a). To
cure this condition, the person wears either glasses or
contacts that are converging lenses. These lenses
converge the incoming light a bit before it reaches the
cornea, causing the image to move closer in onto the
retina (Figure 3.13b).
Another type of farsightedness is presbyopia
(literally, “old eyes”). We all get presbyopia if we
live long enough. It’s the result of an aging lens. The
lens continues to add transparent layers throughout

life, ultimately causing the lens to become less
flexible. Thus, when trying to focus on close-up
objects, the ciliary muscles are increasingly less
successful at achieving the maximum curvature of the
lens. The extreme curvature that was possible earlier
in life is impossible with the less flexible lens. At
maximum focusing strength, the older lens will
always be a flatter one, making the formation of an
image on the retina impossible if the light is coming
from a close up object. It happens to all of us, usually
beginning in our forties. The first symptom is the
inability to read really fine print, because to do so
usually requires the reader to have the print close to
the perfect near point (25 cm). You’ll often get a
glimpse of age denial from older people who claim to
still have perfect vision, but hold the newspaper … at
arm’s length. The solution is still converging lenses.
The much cheaper “off the shelf” reading glasses are
often quite adequate.

Hyperopia (Farsightedness)

Figure 3.13a: The farsighted eye focuses too weakly, causing images of distant objects
too be formed behind the retina.

Figure 3.13b: Wearing converging lenses converges incoming light before reaching the
cornea, causing the image to move closer, onto the back of the retina.
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“If I were not a physicist, I would probably be a musician. I
often think in music. I live my daydreams in music. I see my
life in terms of music.”
– Albert Einstein

SECTION 2
WAVES

A

SK MOST PEOPLE
to define what a
wave is and they get
a mental image of a
wave at the beach.
And if you really press them for
an answer, they’re at a loss. They
can describe what a wave looks
like, but they can't tell you what
it is. What do you think?
If you want to get energy from one place
Most people think of the ocean when asked to define or
to another you can do it by transferring it
describe a wave. The recurring tumult is memorable to
with some chunk of matter. For example, if
anyone who has spent time at the beach or been out in the
you want to break a piece of glass, you don’t
surf. But waves occur most places and in many different
have to physically make contact with it
forms, transferring energy without transferring matter.
yourself. You could throw a rock and the
energy you put into the rock would travel on
small group that you detect as heat (infrared). The
the rock until it gets to the glass. Or if a police officer
others are totally undetectable. But they’re there.
wants to subdue a criminal, he doesn't have to go up
and hit him. He can send the energy to the criminal
WAVES, SOUND, AND THE EAR
via a bullet. But there’s another way to transfer
Another type of wave is a sound wave. As small
energy – and it doesn’t involve a transfer of matter.
in energy as a tidal wave is large, we usually need an
The other way to transfer energy is by using a wave.
ear to detect these. Our ears are incredibly awesome
A wave is a transfer of energy without a
receptors for sound waves. The threshold of hearing
is somewhere around 1x10-12 Watts/meter2. To
transfer of matter. If you and a friend hold onto
understand this, consider a very dim 1-watt nightboth ends of a rope you can get energy down to her
light. Now imagine that there were a whole lot more
simply by moving the rope back and forth. Although
people on the planet than there are now – about 100
the rope has some motion, it isn’t actually transferred
times more. Assume there were a global population
to her, only the energy is transferred.
of 1 trillion (that’s a million million) people. If you
Streaming through the place you’re in right now
split the light from that dim bulb equally between all
is a multitude of waves known as electromagnetic
those people, each would hold a radiant power of
waves. Their wavelengths vary from so small that
1x10-12 Watts. Finally, let’s say that one of those
millions would fit into a millimeter, to miles long.
people spread that power over an area of one square
They’re all here, but you miss most of them. The
meter. At this smallest of perceptible sound
only ones you’re sensitive to are those in the small
intensities, the eardrum vibrates less distance than the
group that stimulates your eyes (visible light) and a
diameter of a hydrogen atom! Even though it’s so
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small an amount of power
that you can hardly
conceive of it, if you have
good hearing, you could
detect a sound wave with
that small amount of
power. That’s not all. You
could also detect a sound
wave a thousand times
more powerful, a million
times more powerful, and
even a billion times more
powerful. And, that’s
before it even starts to get
painful!
I have a vivid fifth
grade memory of my
good friend, Norman.
Norman was blind and the
first and only blind person
I ever knew well. I sat
next to him in fifth grade
and watched amazed as
he banged away on his
The ear (this one belongs to Monika Abedin, Class of 1999) is an astonishing
Braille
typewriter.
I
receptor for sound waves. At the smallest of perceptible sound intensities, the
would ask him questions
eardrum vibrates less distance than the diameter of a hydrogen atom! If the
about what he thought
energy in a single 1-watt night-light were converted to acoustical energy and
colors looked like and if
divided up into equal portions for every person in the world, it would still be
he could explain the
audible to a person with normal hearing.
difference between light
and dark. He would try to
always think first of Norman. He’s helped me to
educate me about music beyond top-40 Pop, because
understand how sophisticated the world of sound
he appreciated and knew a lot about jazz. But when it
really is.
came to recess, we parted and went our separate ways
What about when more than one wave is present
– me to the playground and him to the wall outside
in the same place? For example, how is it that you
the classroom. No one played with Norman. He
can be at a symphony and make out the sounds of
couldn’t see and so there was nothing for him on the
individual instruments while they all play together
playground. About once a day I would look over at
and also hear and understand a message being
Norman from high up on the jungle gym bars and he
whispered to you at the same time you detect
would be smacking one of those rubbery creepy
someone coughing five rows back? How do the
crawlers against the wall. He would do it all recess …
sound waves combine to give you the totality as well
every recess. I still marvel at how much Norman
as the individuality of each of the sounds in a room?
could get out of a simple sound. He didn’t have sight
We will answer these questions as we pursue an
so he had to compensate with his other senses. He got
understanding of waves, sound, music, and finally,
so much out of what I would have considered a very
musical instruments.
simplistic sound. For him the world of sound was
rich and diverse and full. When I think of sound, I
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CHAPTER 4: WAVES AND SOUND

W

AVES COME IN two basic
styles, depending on their type
of vibration. Imagine laying a
long slinky on the ground and
shaking it back and forth. You
would make what is called a
transverse wave (see Figure 4.1). A transverse wave
is one in which the medium vibrates at right angles to
the direction the energy moves. If instead you pushed
forward and pulled backward on the slinky, you
would make a compressional (or longitudinal)
wave (see Figure 4.2). These kind of waves cause the
medium to vibrate in the same direction as the energy
in the wave.
Certain terms and ideas related to waves are
easier to visualize with transverse waves, so let’s start
by thinking about the transverse wave you could
make with a slinky. Imagine taking a snapshot of the
wave from the ceiling. It would look like Figure 4.3.
Some wave vocabulary can be taken directly from the
diagram. Other vocabulary must be taken from a
mental image of the wave in motion:

Figure 4.1: A transverse wave moves to the right
while the medium vibrates at right angles, up and
down (photo by Natalie Carmen, Class of 2006).

Figure 4.2: A compressional wave moves to the
right while the medium vibrates in the same
direction, left to right (photo by Natalie Carmen,
Class of 2006).
Crest

Wavelength
Amplitude

Trough

Rest
position

Wavelength

Amplitude

Figure 4.3: Wave vocabulary
vocabulary
CREST: The point at which there is the greatest
positive distance from the rest position.

AMPLITUDE (A): The distance from the rest
position to either the crest or the trough. The
amplitude is related to the energy of the wave. As the
energy grows, so does the amplitude. This makes
sense if you think about making a more energetic
slinky wave. You’d have to swing it with more
intensity, generating larger amplitudes. The
relationship is not linear though. The energy is
actually proportional to the square of the amplitude.
So a wave with amplitude twice as large actually has
four times more energy and one with amplitude three
times larger actually has nine times more energy.

TROUGH: The point at which there is the greatest
negative distance from the rest position.
WAVELENGTH (λ): The distance from crest to
adjacent crest or from trough to adjacent trough or
from any point on the wave medium to the adjacent
corresponding point on the wave medium.
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The rest of the vocabulary requires getting a
mental picture of the wave being generated. Imagine
your foot about halfway down the distance of the
slinky’s stretch. Let’s say that three wavelengths pass
your foot each second.

molecules to vibrate against, there would be no way
to carry the energy of the vibrating speaker to a
waiting ear. It would be silent. Sound requires a
medium in order to exist. It is a mechanical wave.
Electromagnetic waves are a class of waves that
require no medium. These waves are created by
accelerating charged particles. Imagine being able to
hold onto a single electron and shake it back and
forth. Shaking it back and forth would be accelerating
it. This accelerating electron would create an
electromagnetic wave. If you could shake it back and
forth with a frequency of 740,000 Hz (740 kHz), you
would produce a radio wave (this one is specifically
used by the AM radio station KCBS out of San
Francisco). If you could shake it with a frequency of
5 × 1014 Hz , you would produce a visible light wave
with a greenish color. At one end of the spectrum are
the long wavelength (~103 m), low frequency
(~105 Hz) radio waves. At the other end of the
spectrum are the short wavelength (~10-12 m), high
frequency (~1020 Hz) gamma rays. In between are the
somewhat arbitrary designations of (going from
longer to shorter wavelengths) microwaves, infrared
waves, visible light waves, ultraviolet waves, and
x-rays (see Figure 4.4). The names are reasonably
familiar to most people, but few understand how
closely they are related.

FREQUENCY (f): The number of wavelengths to
pass a point per second. In this case the frequency
would be 3 per second. Wave frequency is often
spoken of as “waves per second,” “pulses per
second,” or “cycles per second.” However, the SI unit
for frequency is the Hertz (Hz). 1 Hz = 1 per second,
so in the case of this illustration, f = 3 Hz.
PERIOD (T): The time it takes for one full
wavelength to pass a certain point. If you see three
wavelengths pass your foot every second, then the
time for each wavelength to pass is 1/3 of a second.
Period and frequency are reciprocals of each other:
€

T=

1
f

and

f =

1
T

SPEED (v) Average speed is always a ratio of
distance to time, v = dt . In the case of wave speed, an

€
€ would be wavelength, λ. The
appropriate
distance
corresponding time would then have to be the period,
T. So the wave speed becomes:
€

v=

λ
T

or

SIMILARITIES AND DIFFERENCES
BETWEEN WAVES IN THE
ELECTROMAGNETIC SPECTRUM

v = λf

All of the waves in the “electromagnetic
spectrum” travel at the 3.0 × 10 8 ms , the speed of
light. Indeed, they could all be called light, but we
have grown used to calling only a narrow band of the
spectrum “light” – the range over which our eyes are
€ difference however, between the
sensitive. The only
microwaves that reheat a leftover dinner, the
ultraviolet waves that produce that golden tan, and
the x-rays that allow a noninvasive peek inside the
body is the wavelength of the electromagnetic wave.
They all behave like transverse waves when
traveling, can be absorbed by matter, and are
produced by accelerating charged particles. They all
obey the laws of reflection and refraction and they
need no medium to move from place to place.
However, we tend to focus on the differences of the
various manifestations of the electromagnetic
spectrum rather than their similarities. Let’s consider
those differences.
Radio waves are the longest in the
electromagnetic spectrum. They range from about a
meter in wavelength to millions of meters in
wavelength. These very large wavelengths have the

MECHANICAL VS.
E€LECTROMAGNETIC WAVES

Mechanical€waves are waves that require a
medium in order to exist. The slinky waves referred
to previously are mechanical waves – without the
slinky, the slinky wave could not be produced. Other
common mechanical waves are water waves (they
need the medium of water), earthquake waves (they
need the medium of the Earth), and sound waves. We
normally listen to sound waves in the air, so the
required medium for sound waves is normally air.
However, most people have tried to talk underwater
before and heard of people putting their ears on a
train track to listen for the approach of a train, so the
medium for sound can also be liquid or solid. For
most people, the necessity of a medium for sound
waves isn’t as obvious as that for slinky and water
waves, but consider what would happen if you were
to blast music from a speaker in an environment
where the air had been removed. The speaker cone
would vibrate back and forth, but with no air
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lowest frequencies in the electromagnetic spectrum.
There are several frequency subdivisions, from Super
Low Frequency (SLF) to Ultra High Frequency
(UHF). The lower range includes waves that are
highly reflected and refracted by the ionosphere and
can
therefore
be
used
for
international
communications. These waves extend up through
AM radio waves, which is why it is sometimes
possible to pick up the broadcast from one of these
stations from hundreds of miles away. The upper
range of these frequencies includes those used to
carry information broadcast by FM radio, television
and cell phones.
Microwaves are sometimes grouped with radio
waves because of their use in broadcasting
information. However, these centimeter to meter-long
wavelengths have the unique property of being very
readily absorbed by water, sugars, and fats. In 1946
Dr. Percy Spencer of Raytheon Corporation made a
curious observation. He was testing a new vacuum
tube that produced microwave wavelengths, when he
noticed that a candy bar inside his shirt pocket had
melted. Thinking that the source of energy was from
the vacuum tube, he tried putting an egg near the
tube. It heated up quickly and then … exploded. The
hot yolk gave him the idea that this particular
wavelength could be used to quickly heat food. And,
this radiation was reflected by metal. Thus was the
birth of the microwave oven. However, it was 30
years before the invention was commonly used in
most households.
Infrared (IR) waves have wavelengths between
microwaves and visible light. Between a micrometer
and a millimeter (10-6 m and 10-3 m), these waves can
be felt as radiant heat. You feel them when you stand
in front of a fire, some snakes use infrared sensors to
locate warm prey in total darkness, and the military
uses infrared goggles to locate the warm bodies of the
enemy at night.

Visible light waves occupy a very narrow band
of wavelengths. Electromagnetic waves from
4 x10-7 m to 7 x 10-7 m happen to stimulate the retina
of the eye. Throughout the vast range of
electromagnetic wavelengths, it is only within this
exceptionally narrow band that we visually
experience all that we have ever seen. All the
photographs ever taken and paintings ever painted
use radiation within this tiny range. With all that
richness of image and color, try to imagine how
much richer the experience might be if our retinas
were sensitive to twice or ten times as wide a band of
wavelengths.
Ultraviolet (UV) light has a wavelength of
about 10-8 m - 10-7 m. This wavelength is absorbed by
the lens in the eye and is linked to cataracts. This
makes it a very good idea to wear UV absorbing
sunglasses – better that the sunglasses absorb the
radiation than the eye. But melanocytes in the skin
also absorb UV radiation, producing both tans and
sunburns. And, although the atmosphere does an
excellent job of absorbing UV from the Sun, the use
of sunscreens is important to provide the additional
protection necessary to absorb even more UV. Even
the little UV that gets through the atmosphere and
absorbed by unprotected skin will cause premature
aging and skin cancer.
X rays and Gamma rays have the smallest
wavelengths (<10-8 m). They also have the greatest
energies and can penetrate most deeply into matter.
While UV can penetrate the skin, x rays can penetrate
the body. This makes them great for providing
noninvasive views of the body. But that high energy,
when it interacts with living tissue can destroy it and
cause cancers. Gamma rays are the highest energy
waves in the electromagnetic spectrum, produced in
the cores of stars and in the decays of radioactive
nuclei.

Figure 4.4: The
electromagnetic spectrum.
Though most people make
distinctions between the
various waves in the
spectrum, they are all
created in the same manner
and they all travel at the
speed of light, 3.0 × 10 8 ms .
They vary only in
wavelength, frequency, and
energy.
€
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simply the sum of the individual wave amplitudes at
that point (see Figure 4.5). Figure 4.6 illustrates both
of these aspects. In the top scene, two wave pulses
move toward each other. In the third scene, the two
pulses have reached the same spot in the medium and
the combined amplitude is just the sum of the two. In
the last scene, the two wave pulses move away from
each other, clearly unchanged by their meeting in the
second scene.

WAVE INTERFERENCE
It’s intriguing that at a lively party with everyone
talking at once, you can hear the totality of the
“noise” in the room and then alternately distinguish
and concentrate on the conversation of one person.
That is because of the effects of interference. You
observed these effects in the Introduction to Waves
Labette. When two pulses on the same side of the
slinky met, the overall amplitude of the combined
pulse grew larger. But then the two pulses came out
of the meeting looking the same as they had before
encountering each other. This is due to an interesting
phenomenon of waves called superposition. Wave
superposition occurs when two or more waves move
through the same space in a wave medium together.
There are two important aspects of this wave
superposition. One is that each wave maintains its
own identity and is unaffected by any other waves in
the same space. This is why you can pick out an
individual conversation among all the voices in the
region of your ear. The second aspect is that when
two or more waves are in the same medium, the
overall amplitude at any point on the medium is

Figure 4.5: The presence of two wave crests in the
same location illustrates the wave interference
and superposition. Note the larger amplitude of
the combined crests (photo by Lucas Guilkey,
Class of 2006).

Figure
4.6:
Wave
superposition. Note in
the third drawing that
the wave shape is
simply the arithmetic
sum of the amplitudes
of each wave. Note also
in the bottom drawing
that the two waves have
the same shape and
amplitude as they had
before
encountering
each other.
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SOUND WAVES

I

F A TREE falls in the forest
and there’s no one there to
hear it, does it make a sound?
It’s a common question that
usually evokes a philosophical
response. I could argue yes or
no convincingly. You will be able to
too later on. Most people have a very
strong opinion one way or the other.
The problem is that their opinion is
usually not based on a clear
understanding of what sound is.
I think one of the easiest ways to
understand sound is to look at
something that has a simple
mechanism for making sound. Think
about how a tuning fork makes sound.
Striking one of the forks causes you
to immediately hear a tone. The
tuning fork begins to act somewhat
like a playground swing. The
playground swing, the tuning fork,
and most physical systems will act to
restore themselves if they are stressed
from their natural state. The “natural
state” for the swing, is to hang
Figure 4.7: The energy of the vibrating tuning fork violently splashes
straight down. If you push it or pull it
water from the bowl. In the air, the energy of the tuning fork is
and then let go, it moves back towards
transmitted through the air and to the ears.
the position of hanging straight down.
However, since it’s moving when it
effect, stresses itself. This causes another attempt to
reaches that point, it actually overshoots and, in
restore itself and the movement continues back and
forth until friction and air resistance have removed all
the original energy of the push or pull. The same is
true for the tuning fork. It’s just that the movement
(amplitude) is so much smaller that you can’t visibly
see it. But if you touched the fork you could feel it.
Indeed, every time the fork moves back and forth it
smacks the air in its way. That smack creates a small
compression of air molecules that travels from that
point as a compressional wave. When it reaches your
ear, it vibrates your eardrum with the same frequency
as the frequency of the motion of the tuning fork.
You mentally process this vibration as a specific
tone.

A sound wave is nothing more than a
compressional wave caused by vibrations.

Figure 4.8: The front of a speaker cone faces
toward three burning candles. Sound is generated
when an electric signal causes the speaker cone to
move in and out, pushing on the air and creating a
compressional wave. The ear can detect these
waves. Here these vibrations can be seen as they
cause the candle flames to be blown away from
the speaker cone. (Photo by Brice Tuttle, Class of
2007.)

Next time you have a chance, gently feel the surface
of a speaker cone (see Figure 4.8). The vibrations you
feel with your fingers are the same vibrations
disturbing the air. These vibrations eventually relay
to your ears the message that is being broadcast. So,
if a tree falls in the forest and there’s no one there to
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hear it, does it make a sound? Well … yes, it will
certainly cause vibrations in the air and ground when
it strikes the ground. And … no, if there’s no one
there to mentally translate the vibrations into tones,
then there can be no true sound. You decide. Maybe
it is a philosophical question after all.

recording the event reaches your eyes virtually
instantly. So if the sound takes half a second more
time than the light, you’re half the distance sound
travels in one second (172 meters) from the batter.
Next time you’re in a thunderstorm use this method
to estimate how far away lightning is striking.
Since the speed of sound is relatively slow
(compared to light anyway), it is possible to discern
the reflection of a sound wave – its echo – from the
production of that sound wave even if the reflecting
surface is close. Think of the speed of sound as very
roughly 300 m/s in air. If you yell toward a sound
reflecting surface that is only 15 m away, the total
distance the sound travels before its reflection
reaches you is 30 m. So the time that it takes for you
to hear the echo is:

CHARACTERIZING SOUND
All sound waves are compressional waves
caused by vibrations, but the music from a symphony
varies considerably from both a baby’s cry and the
whisper of a confidant. All sound waves can be
characterized by their speed, by their pitch, by their
loudness, and by their quality.
The speed of sound is fastest in solids
(almost 6000 m/s in steel), slower in liquids (almost
1500 m/s in water), and slowest in gases. We
normally listen to sounds in air, so we’ll look at the
speed of sound in air most carefully. In air, sound
travels at:

distance = speed × time ⇒ d = vt
⇒t=

€
"
m /s%
v = 331 ms + $ 0.6
'Temperature
#
°C &

One tenth of a second isn’t a very long time, but in
this case, it’s long enough to distinguish the original
€ from the echo. Echoes are a lot more fun when
sound
the distance to the point of reflection is far away. If
the distance were ten times farther than in the
example above (one and a half times the length of
football field), then it would take a full second for the
echo to return. But echoes are also an important tool
that can be used to determine distance. Ships use
SONAR (SOund NAvigation and Ranging) to
determine depth of water (see Figure 4.9).

The part to the right of the “+” sign is the temperature
€factor. It shows that the speed of sound increases by
0.6 m/s for every increase in 1°C. So, at 0° C, sound
travels at 331 m/s (about 740 MPH). But at room
temperature (about 20°C) sound travels at:

v = 331

€

d
30m
=
= 0.1s
v 300 ms

m /s%
m "
+ $ 0.6
'( 20°C )
°C &
s #
m
= 343
s

Figure
4.9:
SONAR (SOund
NAvigation
and
Ranging) involves
measuring the time
for an echo to
return from the
bottom of a body
of
water
to
determine
the
depth of water.

(This is the speed you should
assume€if no temperature is given.)

It
was
one
of
aviation’s
greatest
accomplishments on Oct. 14, 1947 when Chuck
Yeager flew his X-1 jet at Mach 1.06, exceeding the
speed of sound by 6%. Regardless, that’s a snail’s
pace compared to the speed of light. Sound travels
through air at about a million times slower than light,
which is the reason why we hear sound echoes but
don’t see light echoes. It’s also the reason we see the
lightning before we hear the thunder. The lightningthunder effect is often noticed in big stadiums. If
you’re far away from a baseball player who’s up to
bat, you can clearly see the ball hit before you hear
the crack of the bat. You can consider that the light
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The speed of sound in water is approximately 1,500
m/s, so if the echo from a SONAR signal takes 1.0 s
to return to the ship, the depth of the water in that
place is:
1sec
d = vt ⇒ d = 1500 ms ×
= 750m
2

to produce). The consonants are left with only
5% to go around for all of them. But it is
mostly the consonants that give speech its
intelligibility. That is why many older people
will say, ‘I can hear people talking. I just can't
understand what they are saying.’”
One important concept in music is the octave – a
doubling in frequency. For example, 40 Hz is one
octave higher than 20 Hz. The ear is sensitive over a
frequency range of about 10 octaves: 20 Hz → 40 Hz
→ 80 Hz → 160 Hz → 320 Hz → 640 Hz →
1,280 Hz → 2,560 Hz → 5,120 Hz → 10,240 Hz →
20,480 Hz. And within that range it can discriminate
between thousands of differences in sound frequency.
Below about 1,000 Hz the Just Noticeable
Difference (JND) in frequency is about 1 Hz (at the
loudness at which most music is played), but this
rises sharply beyond 1,000 Hz. At 2,000 the JND is
about 2 Hz and at 4,000 Hz the JND is about 10 Hz.
(A JND of 1 Hz at 500 Hz means that if you were
asked to listen alternately to tones of 500 Hz and
501 Hz, the two could be distinguished as two
different frequencies, rather than the same). It is
interesting to compare the ear’s frequency perception
to that of the eye. From red to violet, the frequency of
light less than doubles, meaning that the eye is only
sensitive over about one octave, and its ability to
discriminate between differences in the spectrum is
only about 125 colors. The ear is truly an amazing
physical receptor, not only in its frequency range, but
also in its ability to accommodate sounds with vastly
different loudness.
The loudness of sound is related to the
amplitude of the sound wave. Most people have some
recognition of the decibel (dB) scale. They might be
able to tell you that 0 dB is the threshold of hearing
and that the sound on the runway next to an
accelerating jet is about 140 dB. However, most
people don’t realize that the decibel scale is a
logarithmic scale. This means that for every increase
of 10 dB the sound intensity increases by a factor of
ten. So going from 60 dB to 70 dB is a ten-fold
increase, and 60 dB to 80 dB is a hundred-fold
increase. This is amazing to me. It means that we can
hear sound intensities over 14 orders of magnitude.
This means that the 140 dB jet on the runway has a
loudness of 1014 times greater than threshold. 1014 is
100,000,000,000,000 – that’s 100 trillion! It means
our ears can measure loudness over a phenomenally
large range. Imagine having a measuring cup that
could accurately measure both a teaspoon and 100
trillion teaspoons (about 10 billion gallons). The ear
is truly an amazing receptor! However, our
perception is skewed a bit. A ten-fold increase in

Notice that the time is divided by two because it only
takes half the total time to reach the bottom of the
€ body of water. Optometrists now also routinely use
the SONAR principle to measure the thicknesses of
their patients’ corneas in an attempt to better predict
their risk of getting glaucoma.
The pitch of sound is the same as the
frequency of a sound wave. The perfect, young
human eardrum can detect wave frequencies between
20 Hz and 20,000 Hz. (Sounds below 20 Hz are
classified as subsonic; those over 20,000 Hz are
ultrasonic). However, many older people, loud
concert attendees, and live combat soldiers lose their
ability to hear higher frequencies. The good news is
that the bulk of most conversation takes place well
below 2,000 Hz. The average frequency range of the
human voice is 120 Hz to approximately 1,100 Hz
(although a baby’s shrill cry is generally 2,000 3,000 Hz – which is close to the frequency range of
greatest sensitivity … hmm, interesting). Even
telephone frequencies are limited to below 3400 Hz.
But the bad news is that the formation of many
consonants is a complex combination of very high
frequency pitches. So to the person with high
frequency hearing loss, the words key, pee, and tea
sound the same. You find people with these hearing
losses either lip reading or understanding a
conversation by the context as well as the actual
recognition of words. Neil Bauman, a hearing expert
at www.hearinglosshelp.com, offered the following
information:
“Vowels are clustered around the frequencies
between about 300 and 750 Hz. Some
consonants are very low frequency, such as j,
z, and v – at about 250 Hz. Others such as k, t,
f, s, and th are high frequency sounds and
occur between 3,000 and 8,000 Hz. All of
these consonants are voiceless ones and are
produced by air hissing from around the teeth.
Most people, as they age, begin losing their
hearing at the highest frequencies first and
progress downwards. Thus, the above
consonant sounds are the first to be lost. As a
result, it is most difficult to distinguish
between similar sounding words that use these
letters. Furthermore, the vowels are generally
loud (they use about 95% of the voice energy
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loudness doesn’t sound ten times louder. It may only
sound twice as loud. That’s why when class-cheering
competitions are done at school rallies, students are
not very excited by the measure of difference in
loudness between a freshmen class (105 dB) and a
junior class (115 dB). The difference is only 10 dB. It
sounds perhaps twice as loud, but it’s really 10 times
louder. (Those lungs and that confidence grow a lot
in two years!)
The quality of sound or timbre is the
subtlest of all its descriptors. A trumpet and a violin
could play exactly the same note, with the same pitch
and loudness, and if your eyes were closed you could
easily distinguish between the two. The difference in
the sounds has to do with their quality or timbre
(pronounced
“tam-brr”).
The
existence
of
supplementary tones, combined with the basic tones,
doesn’t change the basic pitch, but gives a special
“flavor” to the sound being produced. Sound quality
is the characteristic that gives the identity to the
sound being produced.

The equation that relates sound intensity to
sound intensity level is:

L = 10 log

L ≡ The number of decibels I2 is greater than I1
I2 ≡ The higher sound intensity being compared
€
I1 ≡ The lower sound intensity being compared
Remember, I is measured in Watts / meter 2 . It is
like the raw power of the sound. The L in this
equation is what the decibel difference is between
these two. In normal use, I1 is the threshold of
€
hearing, 1× 10−12 Watts / meter 2 . This means that the
decibel difference is with respect to the faintest sound
that can be heard. So when you hear that a busy
intersection is 80 dB, or a whisper is 40 dB, or a class
€
cheer is 105 dB, it always assumes that the
comparison is to the threshold of hearing, 0 dB. (“80
dB” means 80 dB greater than threshold). Don’t
assume that 0 dB is no sound or total silence. This is
simply the faintest possible sound a human with
perfect hearing can hear. Table 4.1 provides decibel
levels for common sounds.

DETAILS ABOUT DECIBELS

€

I2
I1

It was mentioned earlier that the sensitivity of
the human ear is phenomenally keen. The threshold
of hearing (what a young perfect ear could hear) is
1× 10−12Watts / meter 2 . This way of expressing sound
wave amplitude is referred to as Sound Intensity (I).
It is not to be confused with Sound Intensity Level
(L), measured in decibels (dB). The reason why
loudness is routinely represented in decibels rather
than Watts / meter 2 is primarily because the ears
don’t hear linearly. That is, if the sound intensity
doubles, it doesn’t sound twice as loud. It doesn’t
really sound twice as loud until the Sound Intensity is
€
about ten times greater. (This is a very rough
approximation that depends on the frequency of the
sound as well as the reference intensity.) If the sound
intensity were used to measure loudness, the scale
would have to span 14 orders of magnitude. That
means that if we defined the faintest sound as “1,” we
would have to use a scale that went up to
100,000,000,000,000 (about the loudest sounds you
ever hear). The decibel scale is much more compact
(0 dB – 140 dB for the same range) and it is more
closely linked to our ears’ perception of loudness.
You can think of the sound intensity as a physical
measure of sound wave amplitude and sound
€
intensity level as its psychological measure.

Source of sound

Sound
Intensity
Level (dB)

Sound
Intensity ( W2 )
m

Threshold of hearing
Breathing
Whispering
Talking softly
Loud conversation
Yelling
Loud Concert
Jet takeoff

0
1 × 10−12
€
20
1 × 10−10
40
1 × 10−8
60
€
1 × 10−6
80
€
1 × 10−4
100
€
1 × 10−2
120
€
1
140
€
100
€
Table 4.1: Decibel levels for typical sounds
€
€
If you make I2 twice as large as I1, then
ΔL ≅ 3dB . If you make I2 ten times as large as I1,
then ΔL = 10dB . These are good reference numbers
to tuck away:

€

2 × Sound Intensity ≅ +3dB

10 × Sound Intensity = +10dB
€

€
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These two relationships are excellent for making
quick approximations that don’t require the use of the
decibel equation. The following two examples
illustrate the use of these approximations.

Example
The muffler on a car rusts out and the decibel level
increases from 91 dB to 113 dB. How many times
louder is the leaky muffler?

1. What is the decibel level of a sound 80
times louder than 72 dB?

The “brute force” way to do this problem would be to
start by using the decibel equation to calculate the
sound intensity both before and after the muffler rusts
out. Then you could calculate the ratio of the two. It’s
easier though to recognize that the decibel difference
is 22 dB and use that number in the decibel equation
to find the ratio of the sound intensities directly:

Think of “80 times louder” in terms of products of
the factors in the approximations:

×80 = ×2 × 2 × 2 ×10

L = 10 log

For each x2 there is a 3dB increase and for each x10
there is€a 10 dB increase. Therefore:

I2
I1

I
I
22dB
= 10 log 2 ⇒ 2.2 = log 2
€
I
I
1

1

×2 × 2 × 2 ×10 ⇒ + 3dB + 3dB + 3dB +10dB = +19dB

€

Notice I just dropped the dB unit. It’s not a real unit,
just kind of a placeholder unit so that we don’t have
€
to say, “The one sound is 22 more than the other
sound.” and have a strange feeling of “22 … what?”

So the new decibel level is 72 dB + 19 dB = 91 dB.

2. How many times louder is 101 dB than
75 dB?

10 2.2 =

Think of the difference in decibel levels as sums of
the factors in the approximations:

€

I2
⇒ I 2 = 10 2.2 I1 ⇒ I 2 = 158I1
I1

So the muffler is actually 158 times louder than
€
before it rusted out.

101dB − 75dB = 26dB = 10dB +10dB + 3dB + 3dB

€

For each +10 dB increase there is a x10 increase in
loudness and for each +3 dB increase there is a x2
increase in loudness. Therefore:

Another factor that affects the intensity of the
sound you hear is how close you are to the sound.
Obviously a whisper, barely detected at one meter
could not be heard across a football field. Here’s the
way to think about it. The power of a particular sound
goes out in all directions. At a meter away from the
source of sound, that power has to cover an area
equal to the area of a sphere (4πr2) with a radius of
one meter. That area is 4π m2. At two meters away
the same power now covers an area of
4π(2 m)2 = 16π m2, or four times as much area. At
three meters away the same power now covers an
area of 4π(3 m)2 = 36π m2, or nine times as much
area. So compared to the intensity at one meter, the
intensity at two meters will be only one-quarter as
much and the intensity at three meters only one-ninth
as much. The sound intensity follows an inverse
square law, meaning that by whatever factor the
distance from the source of sound changes, the

10dB +10dB + 3dB + 3dB ⇒ ×10 ×10 × 2 × 2 = × 400
So 101 dB is actually 400 times louder than 75 dB.

€

The following example illustrates how to rigorously
use the decibel equation.
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Power = Intensity × sphere area

intensity will change by the square of the reciprocal
of that factor. Table 4.2 illustrates this effect.

%
W (
2
⇒ P = '1× 10−2 2 * 4 π ( 2.5m) = 0.785 W
&
m )

[

Distance
from sound
source (m)

Sound
Intensity

1

( )
W
m2

Sound
Intensity Level
(dB)

100

2

€

100
22
100
42

4

= 25

114

= 6.25

111

100
10 2

10 €

100
0.5 2

0.5 €

120

=1

100

= 400

126

€
€

Now let’s calculate the power output from the
information at 6.0 m away:

$
W '
P = & 0.174 × 10−2 2 ) 4 π (6.0m) 2 = 0.785 W
%
m (

[

€

Table 4.2:€Examples of the inverse square law
effect on sound intensity and level.
€

(

€

m

6.0 m away?
The distance from the source of sound is greater by a
6.0
factor of
= 2.4 . So the sound intensity is
2.5
1
= 0.174 . The new sound
decreased by
(2.4) 2
intensity
is:
€

(

−2 W
m2

€

)(0.174) = 1.74 ×10

)

(

P1 = P2 ⇒ ( I1) 4 πr12 = ( I 2 ) 4 πr2 2

If the sound intensity of a screaming baby were
1× 10−2 W2 at 2.5 m away, what would it be at

€ 1×10

]

It’s the same of course, because the power output
depends on the baby, not the position of the observer.
This means we can always equate the power outputs
that are measured at different locations:

Example

€

]

⇒

)

I1 r1 2 = I 2 r2 2

FREQUENCY
RESPONSE OVER THE
€
AUDIBLE RANGE
We hear the lower frequencies as low pitches
and the higher frequencies as high pitches. However,
our sensitivity varies tremendously over the audible
range. For example, a 50 Hz sound must be 43 dB
before it is perceived to be as loud as a 4,000 Hz
sound at 2 dB. (4,000 Hz is the approximate
frequency of greatest sensitivity for humans with no
hearing loss.) In this case, we require the 50 Hz
sound to have 13,000 times the actual intensity of the
4,000 Hz sound in order to have the same perceived
intensity! Table 4.3 illustrates this phenomenon of
sound intensity level versus frequency. The last
column puts the relative intensity of 4,000 Hz
arbitrarily at 1 for easy comparison with sensitivity at
other frequencies.

−3 W
m2

Another way to€look at this is to first consider
that the total power output of a source of sound is its
sound intensity in Watts / meter 2 multiplied by the
area of the sphere that the sound has reached. So, for
example, the baby in the problem above creates a
sound intensity of 1×10−2W / m 2 at 2.5 m away. This
€
means that the total power put out by the baby is:

€
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Frequency
(Hz)

Sound
Intensity
Level
(dB)

Sound
Intensity

( )
W
m2

Another issue with frequency response of the ear
has to do with age. We tend to lose our ability to
perceive the highest frequencies of sound the older
we get. A middle-aged person may only be able to
perceive up to about 15,000 Hz. This has led to an
interesting technology – the Mosquito. This is a high
frequency (>18,000 Hz) sound-producing device
used by shop owners in malls to discourage loitering
teens. It works! Teens have a strong negative reaction
to the tone, but adults can’t hear it. An interesting
technology that developed shortly after (and in
response to) the Mosquito Teen Repellant was the
Mosquito Ring Tone. Teens can hear it, but adults
(including parents and teachers) can’t. You can read
more about Mosquito devices at:
http://www.compoundsecurity.co.uk/index.html

Relative
Sound
Intensity

43
13,000
2.0 × 10−8
30
625
€ 1.0 × 10−9
19
49
7.9 × 10−11
−11
11
8.1
1.3×
10
€
10
6.3
1.0 × 10−11
€
−12
8
3.9
6.3
×
10
€
−12
3
1.3
2.0
×
10
€
−12
2
1
1.6
×
10
€
−12
7
3.1
5.0
×
10
€
8
3.9
6.3 × 10−12
€
−11
11
8.1
1.3×
10
€
−10
20
62.5
1.0
×
10
€
22
100
1.6 × 10−10
€
−9
31
810
1.3
×
10
€
Table 4.3: Sound€ intensity and sound intensity
level required to€ perceive sounds at different
frequencies to be€equally loud. A comparison of
relative sound intensities arbitrarily assigns
4,000 Hz the value of 1.
50
100
200
500
1,000
2,000
3,000
4,000
5,000
6,000
7,000
8,000
9,000
14,000

Figure 4.10: The Mosquito is a high frequency
sound-producing device used to deter teen
loiterers in malls. The 18,000+ Hz tone has no
effect on adults because their age-induced hearing
loss reduces their perception of high frequencies.
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THE DOPPLER EFFECT

A

TRAIN BLOWS its whistle as it
1,700 sound pulses per second in all directions. If you
passes by at a train crossing. A car
could see these pulses they would look circular
blares its horn as you mistakenly run
because the sound travels the same speed in all
a stop sign at an intersection. You
directions, like Figure 4.11 illustrates:
pull over as an ambulance
passes you with its siren
wailing. You probably remember from
Figure 4.11: The sound
experience that the sound of the whistle, horn,
waves produced by a
or siren changes as it passes you or as you
stationary source consist of
pass by it. Certainly, the loudness will change
concentric
spheres.
All
(louder when closer). But the more subtle
observers therefore hear the
change is in the frequency, or pitch. This
same frequency.
change in frequency is due to the Doppler
Effect and it occurs whenever a source of
sound is moving relative to an observer. So,
the source can be moving toward or away
from a stationary observer, the observer can
Now if the police car starts moving to the right,
be moving toward or away from a stationary source,
during the time between pulses, it will have moved
or both source and observer can be moving. The
forward a bit and the space between the previous
change in pitch is not just a “perceived” change, but
pulse and the new one will be different than when the
rather, a true change. And it gets stranger than that.
police car was stationary. The space between pulses
Let’s say you’re at the corner of a city block and you
will be smaller in front of the car and greater behind
have a friend at the next corner. A police car with a
the car, as Figure 4.12 illustrates.
1,700 Hz siren moves past your corner and
toward the corner your friend is at. Now
Figure 4.12: The sound waves
imagine that at the moment the police car is
produced by a moving source
midway between the two of you, meters
consist of spheres that are
record the frequency that you hear, the
bunched up in front of the
frequency your friend hears, and the
source and spread out behind
frequency heard by the police officer driving
the source. Observers in front
the car. The police officer would say that the
of and behind the source
frequency of the siren is 1,700 Hz, you
therefore no longer agree
would say the frequency is lower than 1,700
about the value of the
Hz, and your friend would say the frequency
frequency.
is higher than 1,700 Hz. And … you would
all be absolutely right! How can the siren
produce three simultaneous
frequencies unique to each
observer? Well, it doesn’t.
It always produces just the
1,700 Hz frequency (the
one heard by the police
officer, traveling with the
siren). The motion of the
siren toward and away
from the other two
observers creates the other
two frequencies.
Let’s think about it a
bit more carefully. If the
police car were at rest, then
when the siren was
Figure 4.13: The Doppler Effect in water. Ben Ritter and David Kalk (Class of
operating it would put out
2004) let water drops fall from a moving eyedropper in order to produce this
photo. Note the shorter wavelengths at the bottom of the photo.
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Now let’s look at the numbers.

The previous example only dealt with the source
of sound moving. Imagine now that the police car
kept its siren on, but stopped moving. The observers
could still experience the Doppler Effect if they
started running, one towards the police car and the
other away from the police car. Without doing the
numbers, let’s just think about this case. The observer
running towards the police car would hear all the
siren pulses he would have heard if he hadn’t been
moving but now since he’s moving toward the siren,
he will intercept some additional pulses. Remember,
more pulses in the same period of time means a
higher frequency. The guy running away from the
siren has the opposite experience. He misses out on
some siren pulses he would have caught if he had
stayed still. So he hears a lower frequency.

Period of the siren’s sound wave:

T=

1
1
=
= 0.000588s
f 1, 700Hz

Speed of sound during the experiment:

€

340 m/s (I’m defining this)

Wavelength of the siren’s sound wave:

λ=

v 340m / s
=
= 0.20m
f 1, 700Hz

If the police car is moving at 30 m/s (about 60
mph) then, in the time between the siren pulses
€ s), the siren moves 0.018 m toward or away
(0.00058
from each of the two observers at the street corners.
So the pulses produced by the siren are bunched up
or spread out depending on if the siren is approaching
or moving away from the observer. The observer in
front of the police car gets the pulses that are
bunched up. That means that in the same period of
time, he will receive more siren pulses than the
observer in back of the police car. More pulses per
second means a higher frequency. Let’s look at the
numbers again. The two observers would measure the
siren wavelengths and frequencies as follows:

CALCULATING DOPPLER
EFFECTED FREQUENCIES
It’s not hard to calculate the frequency you
would hear in any situation where the source of
sound is moving, the observer is moving, or both are
moving. The following equation is versatile enough
for all possible situations:

f"= f

v ± vo
v  vs

Wavelength (as measured by observer in front)
f´ = Frequency the observer hears

λ = 0.20m − 0.018m = 0.182m

€

Frequency (as measured by observer in front)

€

f =

vo = Speed of the observer of the sound
vs = Speed of the source of the sound

λ = 0.20m + 0.018m = 0.218m

Because the equation is so versatile, you have to
be very careful to spell out all the details of the
specific physical situation. “Spelling out” these
details means choosing the proper signs in the
numerator and the denominator. To do this you have
to think logically about the physical situation. Let’s
look at an example:

Frequency (as measured by observer in back)

€

f =

= Actual frequency of the source

v = Speed of sound (you may have to
calculate this based on the air
temperature.)

v 340m / s
=
= 1,870Hz
λ 0.182m

(higher than the actual 1,700 Hz)
€
€
Wavelength
(as measured by observer in back)

€

f

v 340m / s
=
= 1,560Hz
λ 0.218m

(lower than the actual 1,700 Hz)
€
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WHEN THE SOURCE OF SOUND
MOVES FASTER THAN THE SOUND

Example
On a day when the speed of sound is 350 m/s, a
police car with a 2,000 Hz siren and a speed of
35 m/s chases a car moving at 50 m/s. What
frequency does the driver of the car hear?

It’s not like it took much convincing to get real,
real low when I learned to do the “low crawl” in the
U.S. Army’s Basic Training at Fort Leonard Wood,
Missouri. To do it correctly, your body has the lowest
possible profile as you literally slither across the
ground. In addition to the barking negative
reinforcement of the drill sergeant in charge, there
was live fire passing over my head. That’s right – real
bullets just above me. Like I said: It’s not like it took
much convincing to get real, real low when I learned
to do the “low crawl.” But what stands out from that
experience are the sounds I heard. It wasn’t just the
blast from each shot fired, but also a “crack” as the
bullet passed by overhead. I understand now that the
“cracks” were actually mini-sonic booms from the
supersonic bullets.
Throughout the early days of military flight there
had been much speculation about what might happen
to a jet that flew faster than the speed of sound.
Shortly after World War II maximum jet speeds
increased to about 80% the speed of sound and the
military pilots who flew at these speeds would
experience severely rough rides because of shock
waves that built up on the wings. Some thought that
reaching the speed of sound was physically
unattainable and others believed that the plane would
break up if it were to actually become supersonic.
Regardless of the danger, the air force needed to find
a way to go fast without the buffeting that the jets at
that point in time were experiencing. So a special jet,
the X-1, was built and Captain Chuck Yeager was
chosen to be its test pilot. The X-1 did not take off
under its own power, but was flown up to flying
altitude by a B-29 and then released (see Figure
4.14). Once released, the X-1 used rocket engines to

The speed of sound and the frequency of the source
are given explicitly. The police car has the siren, so
it’s the source. The car being chased is hearing the
siren (and hopefully heeding it), so it is the observer.
So now we can translate:
Given: f = 2,000 Hz
v = 350 m/s
vo = 50 m/s, moving away from the source.
vs = 35 m/s, moving toward the observer
(Even though the police car is losing ground and the
gap is widening, it is still moving toward the observer
because it is pointed in the observer’s direction.)
So now we’re this far:

$ 350 m ± 50 m '
s
s )
f " = 2,000Hz × &&
m
m)
% 350 s  35 s (
Going any further requires some logic. Let’s assume,
for a moment, that the siren were stationary and only
€ observer were moving. Since he’s moving away
the
from the siren his perception would be that the
frequency of the siren was lower than 2,000 Hz. For
this reason, I’ll subtract his speed in the numerator,
making the overall number in the parentheses
smaller. This would lead to a smaller doppler effected
frequency. Now assume that only the source is
moving, but the observer is stationary. Since the
motion of the source is towards the observer, the
perception of the observer would be that the
frequency of the siren was higher than 2,000 Hz. For
this reason, I’ll subtract the source speed in the
denominator, making the overall number in the
parentheses greater. When both these ideas are
considered together, the equation becomes:

% 350 m − 50 m (
s
s *
= 1, 905Hz
f " = 2,000Hz × ''
m
m *
& 350 s − 35 s )

€

This lower-than-the-true-frequency makes sense
€ faster than the source,
because the observer is moving
so the effect of the observer’s motion will be more
significant than that of the source. And remember,
the observer’s motion would, by itself, cause the
frequency to decrease.

Figure 4.14: The X-1 being flown to its flying
altitude under the bomb bay of a B-29.
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give itself full thrust at any altitude (something
conventional jets were unable to do). The X-1 didn’t
land conventionally either. Yeager was instructed to
fly it until his liquid oxygen fuel was completely
exhausted. Then, gliding down to the desert floor,
Yeager would touch down at speeds of close to 200
mph. Yeager was a brave guy, flying the X-1 one or
two times a week, collecting data and pushing the
envelope of this plane’s abilities to an unknown fate.
Well, the X-1 program was enormously successful
and on Oct. 14, 1947 Yeager succeeded in pushing
the plane to Mach 1.06 (1.06 times the speed of
sound).
Along with the successful breaking of the sound
barrier came the familiar sonic boom, an inevitable
byproduct of moving through the air at supersonic
speeds. When the plane moves through the air faster
than the speed of sound, there is no audible evidence
of the plane’s approach to an observer in front of it.
After all, it’s moving faster than the sound it’s
producing. Remember that in the case of the moving
police car, the waves in front of the car were bunched
up. Now all the sound waves the supersonic plane
produces and the air that it pushes away are forced
into a high-pressure shock wave, as illustrated in the
Figure 4.15.

As this shock wave passes over the earth the
quick and large change in pressure rattles buildings in
its wake and is perceived as a “boom” to those who it
passes over. But it isn’t just from planes that have
been made to fly faster than the speed of sound.
Many bullets travel faster than the speed of sound.
Figure 4.16 shows the shock waves produced by a
supersonic bullet. However, the small size of the
bullet (compared to a plane) causes much less air to
be pulled along in the shock wave. This means that
the sonic boom of the bullet is more like a sonic
“crack.” (Be concerned whenever you hear gunfire,
but dive for cover if you hear the crack of the bullets
– those are the close ones.)
You’ve created sonic cracks yourself if you’ve
ever snapped a towel. In the snapping of a towel or
the cracking of a whip, as the end of the towel or
whip changes direction, the tip momentarily moves
faster than the speed of sound, causing a little sonic
crack of a small object exceeding the speed of sound.

Figure 4.16: The bullet pictured here is exceeding
the speed of sound. This causes the air that it is
passing through to be pulled into a small shock
wave. As this shock wave passes by, the quick and
large change in air pressure causes those in the
vicinity to experience a small sonic “crack.”

THE DOPPLER EFFECT AND THE
COSMOS
The Doppler Effect works for all types of waves
– even light waves. This has made it possible for
cosmologists to estimate the distance to very most
remote galaxies – indeed, to the edge of the universe.
As it turns out, the universe is expanding, and the
more distant galaxies are moving away from our own
Milky Way Galaxy at higher speeds than the closer
galaxies. (Think of the universe expanding from the
Big Bang like an expanding balloon. If we are at one
point on the balloon, then the parts of the balloon
closest to us move away from us more slowly than

Figure 4.15: Shock waves produced by an X-15
moving through the air at supersonic speed. The
top photo is 3.5 times the speed of sound (Mach
3.5) and the bottom photo is Mach 6. Read more
at: http://www.hq.nasa.gov/office/pao/History/SP60/ch-5.html
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say a point on the opposite side of the balloon.)
Edwin Hubble (the Hubble Telescope is named after
him) discovered a link between the speed at which a
galaxy moves away from us and how far away the
galaxy is. That is, if we know how fast the galaxy is
moving, then it’s easy to calculate how far away it is.
Here’s where the Doppler Effect comes in. The light
we see coming from galaxies has very specific colors.
It has to do with what is called the emission spectra
of atoms. An atom, when heated hot enough, will
glow with colors that are unique to that atom. The
colors are really “fingerprints” for the atom.
Hydrogen, for example, produces very prominent red,
green, and violet colors in the visible spectrum.
These colors are known as spectral lines, or spectra.
In the unit on Modern Physics, we’ll look at these
spectra. I pick Hydrogen as an example because it is
the most common element in the universe and the
primary fuel used for the thermonuclear reactions that
give stars their shine. You should be able to look at
any galaxy and see these hydrogen spectral lines.
And you do … sort of. The red is a little deeper red
and the green and violet are shifted to the red (lower
frequency) part of the spectrum. In fact, no matter
where you look in the night sky, the spectral lines are
generally “red-shifted.” The Doppler Effect tells us
that this means virtually all galaxies are moving away
from us. Doing the numbers gives us a recession
speed for any galaxy. That, combined with the
Hubble Constant, gives us a specific distance to any
point in the universe. You can read more about the
Hubble Constant, red shifts, and the size of the
universe at:
http://hyperphysics.phy-astr.gsu.edu/hbase/astro/hubble.html
Not only has the Doppler Effect allowed
astronomers to observe that the universe is
expanding, it has also led to one of the most vexing
problems in modern cosmology. The expansion of
the universe is understandable given the theory of the
Big Bang, but the expansion should be slowing down
because of the combined gravitational forces of all
the matter in the universe. In fact, it is not slowing.
The expansion is actually increasing! This is a very
big deal. The most accepted explanation for the
accelerating expansion of the universe is the
existence of some sort of … dark energy (“dark”
because its nature is unknown and it has never been
observed). If this sounds a bit like science fiction to
you, you’re not alone. Some cosmologists believe
that a more likely explanation for the observed
accelerated expansion is that Einstein’s Theory of
Gravitation isn’t complete or that it may have errors
at very large scales (although all tests of his theory
have verified it to extraordinarily high levels of
precision and accuracy).
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Christian Andreas Doppler (1803-1853)
Christian Doppler was always a sensitive person.
His fragile health prevented him from becoming a
stonemason like his father and let him pursue his
passion and talent for science. He approached
physics with sensitivity as well. Although his
highly intuitive and clever approaches led to his
invention of interesting optical devices and laid the
groundwork for the Doppler Effect, he often came
across as less logical than his counterparts, and this
drew disrespect from his students and
condescension from his colleagues. It didn’t help
that he was considered poor at mathematics! He
first published what is now called the Doppler
Effect or Doppler Principle in an 1842 paper. The
phenomenon relates the frequency of a source to its
velocity relative to an observer. Doppler initially
intended the principle to apply to light, but revised
his theory in 1846, a year after Buys Ballot verified
the principle as it applied to sound. Ballot had a
group of trumpeters on train pass a group of
stationary trumpeters on a platform. They all blew
the same note at the same time, but as the train
passed the station, and the two groups could be
heard together, it was clear that the frequencies of
their notes were not the same. Doppler’s poor
health eventually overcame him, and he died of
tuberculosis in Vienna at only fifty years of age—
leaving science the benefits of his keenly sensitive
mind.
(Biography by Sarah Schwartz, Class of 2010)

WA
ESS
VE
AV

CHAPTER 5: MUSICAL SOUND

D

O YOU LIKE
the point where music becomes
music? No, I guess
noise a bit differently. Perhaps it’s
a better question is,
based on what we listen to most or
what kind of music
on the generation we grow up in or
do you like? I
… make a break from. But we need
don’t think anyone
to be careful about being cavalier as
dislikes music. However, some
I was just now when I talked about
parents consider their children’s
“pleasing” sounds. John Bertles of
“music” to be just noise. Likewise,
Bash the Trash® (a company that
performs with musical instruments
if the kids had only their parent’s
they make from recycled materials:
music to listen to, many would
http://www.bashthetrash.com/) was
avoid it in the same way they avoid
quick to caution me when I used the
noise. Perhaps that’s a good place
word “pleasing” to describe musical
to start then – the contrast between
sound. Music that is pleasing to one
music and noise. Is there an
person may not be pleasing to
objective,
physical
difference
others. Bertles uses the definition of
between music and noise, or is it
intent rather than pleasing when
simply an arbitrary judgment?
The “rap” of the highly popular
discussing musical sound. He gives
After I saw the movie 8 Mile,
Snoop Dogg is amazing music to
the example of a number of cars all
the semi-autobiographical story of
some and unbearable noise to
blaring their horns chaotically at an
the famous rapper Eminem, I
others. What is the distinction
intersection. The sound would be
recommended it to many people …
between the sounds defined as
considered noise to most anyone.
but not to my mother. She would
music and those defined as
But the reason for the noise is not so
have hated it. To her, his music is
noise?
much the origin of the sound, but the
just noise. However, if she hears an
lack of intent to organize the sounds of the horns. If
old Buddy Holly song, her toes start tapping and
someone at the intersection were to direct the car
she’s ready to dance. But the music of both of these
horns to beep at particular times and for specific
men would be considered unpleasant by my late
periods, the noise would evolve into something more
grandmother who seemed to live for the music she
closely related to music. And no one can dispute that
heard on the Lawrence Welk Show. I can appreciate
whether it’s Eminem, Buddy Holly, Lawrence Welk,
all three “artists” at some level, but if you ask me,
or Bob Dylan, they all create(d) their particular
nothing beats a little Bob Dylan. It’s obviously not
recorded sounds with intent.
easy to define the difference between noise and
music. Certainly there is the presence of rhythm in
the sounds we call music. At a more sophisticated
level there is the presence of tones that combine with
other tones in an orderly and ... “pleasing” way.
Noise is often associated with very loud and grating
sounds – chaotic sounds which don’t sound good
together or are somehow “unpleasant” to listen to.
Most would agree that the jackhammer tearing up a
portion of the street is noise and the sound coming
from the local marching band is music. But the
distinction is much more subtle than that. If music
consists of sounds with rhythmic tones of certain
frequencies then the jackhammer might be
considered a musical instrument. After all, it
pummels the street with a very regular frequency.
And if noise consists of loud sounds, which are
unpleasant to listen to, then the cymbals used to
punctuate the performance of the marching band
might be considered noise. I suppose we all define
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the way you hold your mouth and whistle again, this
time at a different pitch. Going back and forth
between these two tones would produce a cadence
that others might consider musical. You could
whistle one pitch in one second pulses for three
seconds and follow that with a one second pulse of
the other pitch. Repeating this pattern over and over
would make your tune more interesting. And you
could add more pitches for even more sophistication.
You could even have a friend whistle with you, but
with a different pitch that sounded good with the one
you were whistling.
If you wanted to move beyond whistling to
making music with other physical systems, you could
bang on a length of wood or pluck a taut fiber or
blow across an open bamboo tube. Adding more
pieces with different lengths (and tensions, in the
case of the fiber) would give additional tones. To add
more complexity you could play your instrument
along with other musicians. It might be nice to have
the sound of your instrument combine nicely with the
sound of other instruments and have the ability to
play the tunes that others come up with. But to do
this, you would have to agree on a collection of
common pitches. There exist several combinations of
common pitches. These are the musical scales.

“There are two means of refuge from
the miseries of life: music and cats.”
– Albert Schweitzer

BEGINNING TO DEFINE MUSIC
Music makes us feel good, it whisks us back in
time to incidents and people from our lives; it rescues
us from monotony and stress. Its tempo and pace jive
with the natural rhythm of our psyche.
The simplest musical sound is some type of
rhythmical beating. The enormous popularity of the
stage show Stomp http://www.stomponline.com/ and
the large screen Omnimax movie, Pulse
http://www.Pulsethemovie.com/ gives evidence for
the vast appreciation of this type of music. Defining
the very earliest music and still prominent in many
cultures, this musical sound stresses
beat over melody, and may in fact
include no melody at all. One of the
reasons for the popularity of rhythmonly music is that anyone can
immediately play it at some level, even
with no training. Kids do it all the time,
naturally. The fact that I often catch
myself spontaneously tapping my foot
to an unknown beat or lie in bed just a
bit longer listening contentedly to my
heartbeat is a testament to the close
connection between life and rhythm.
Another aspect of music is
associated with more or less pure tones
– sounds with a constant pitch. Whistle
very gently and it sounds like a flute
playing a single note. But that single
note is hardly a song, and certainly not a
melody or harmony. No, to make the
single tone of your whistle into a
musical sound you would have to vary
it in some way. So you could change

“Without music life would be a
mistake.”
– Friedrich Nietzsche
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RESONANCE, STANDING WAVES,
AND MUSICAL INSTRUMENTS
The next step in pursuing the physics of music
and musical instruments is to understand how
physical systems can be made to vibrate in
frequencies that correspond to the notes of the
musical scales. But before the vibrations of physical
systems can be understood, a diversion to the
behavior of waves must be made once again. The
phenomena of resonance and standing waves occur
in the structures of all musical instruments. It is the
means by which all musical instruments “make their
music.”
Why is it that eight-year-old boys have such an
aversion to taking baths? I used to hate getting in the
tub! It was perhaps my least favorite eight-year-old
activity. The one part of the bathing ritual that made
the whole process at least tolerable was … making
waves! If I sloshed back and forth in the water with
my body at just the right frequency, I could create
waves that reached near tidal wave amplitudes. Too
low or too high a frequency and the waves would die
out. But it was actually easy to find the right
frequency. It just felt right (see Figure 5.1). I thought
I had discovered something that no one else knew.
Then, 20 years later, in the pool at a Holiday Inn in
New Jersey with a group of other physics teachers, I
knew that my discovery was not unique. Lined up on
one side of the pool and with one group movement,
we heaved our bodies forward. A water wave pulse
moved forward and struck the other side of the pool.
Then it reflected and we waited as it traveled back
toward us, continued past us, and reflected again on
the wall of the pool right behind us. Without a word,
as the crest of the doubly reflected wave reached us,
we heaved our bodies again. Now the wave pulse had
greater amplitude. We had added to it and when it
struck the other side, it splashed up on the concrete,
drawing the amused and, in some cases, irritated
attention of the other guests sunning themselves
poolside. As a child pushes her friend on a
playground swing at just the right time in order to
grow the amplitude of the swing’s motion, we
continued to drive the water wave amplitude
increasingly larger with our rhythmic motion. Those
who were irritated before were now curious, and
those who were amused before were now cheering.
The crowd was pleased and intrigued by something
they knew in their gut. Most had probably rocked
back and forth on the seat of a car at a stoplight with
just the right frequency to get the entire car visibly
rocking. Many had probably experienced grabbing a
sturdy street sign and then pushing and pulling on it
at just the right times to get the sign to shake wildly.

Figure 5.1: Most everyone has had the experience
of making standing waves in a bathtub by
sloshing the water back and forth at just the
right frequency so that the amplitude grows to
the point where the water overflows the sides of
the tub.
They had all experienced this phenomenon of
resonance.
To understand resonance, think back to the
discussion of the playground swing and tuning fork
restoring themselves to their natural states after being
stressed out of those states. Recall that as the swing
moves through the bottom of its motion, it overshoots
this natural state. The tuning fork does too, and both
of the two will oscillate back and forth past this point
(at a natural frequency particular to the system) until
the original energy of whatever stressed them is
dissipated. You can keep the swing moving and even
increase its amplitude by pushing on it at this same
natural frequency. The same could be done to the
tuning fork if it were driven with an audio speaker
producing the fork’s natural frequency. Resonance
occurs whenever a physical system is driven at its
natural frequency (Figure 5.2). Most physical
systems have many natural frequencies. The street
sign, for example can be made to shake wildly back
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Figure 5.2: The boy jumping on the playground bridge, at its “natural
frequency,” causes the bridge to resonate in a standing wave condition. He
produces an antinode (marked “A”) at the spot where he jumps. Another
antinode is marked, as well as the node (marked “N”) between them. Note
that the pile of dirt placed on the node is undisturbed by the wave motion.
(Photo by Christina Moloney, Class of 2004.)

Figure 5.3: The girl pushes
on the street sign at the
same frequency as the
natural
vibrational
frequency of the sign,
causing it to resonate at a
large amplitude (photo by
Elsa Pearson, Class of
2009).

amplitude until the pulses
against the air become
audible. Soldiers are told to
“break step march” when
moving across small bridges so that if the frequency
of their march happens to be the natural frequency of
the bridge, they won’t
cause a standing wave
in the bridge, creating
the same kind of
resonance as in the
singing wine glass. A
standing wave in a flat
metal plate can be
created by driving it at
one of its natural
frequencies at the
center of the plate.
Sand poured onto the
plate will be unaffected
by and collect at the
nodes of the standing
wave, whereas sand at
the antinodes will be
bounced off, revealing
an image of the
standing wave (see
Figure 5.5).

and forth (Figure 5.3) with a low fundamental
frequency (first mode) or with a higher frequency of
vibration, in the second mode. It’s easier to
understand how musical instruments can be set into
resonance by thinking about standing waves.
Standing waves occur whenever two waves with
equal frequency and wavelength move through a
medium so that the two perfectly reinforce each
other. In order for this to occur the length of the
medium must be equal to some integer multiple of
half the wavelength of the waves. Usually, one of the
two waves is the reflection of the other. When they
reinforce each other, it looks like the energy is
standing in specific locations on the wave medium,
hence the name standing waves (see Figure 5.4).
There are parts of the wave medium that remain
motionless (the nodes) and parts where the wave
medium moves back and forth between maximum
positive and maximum negative amplitude (the
antinodes). Standing waves can occur in all wave
mediums and can be said to be present during any
resonance. Perhaps you’ve heard someone in a
restaurant rubbing a finger around the rim of a
wineglass, causing it to sing. The “singing” is caused
by a standing wave in the glass that grows in
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Figure 5.4: Two time-lapse photographs of different standing waves created on a string of Christmas lights,
showing the nodes and antinodes present. The “standing wave” is so named because it appears that the energy in
the wave stands in certain places (the antinodes). Standing waves are formed when two waves of equal frequency
and wavelength move through a medium and perfectly reinforce each other. In order for this to occur the length
of the medium must be equal to some integer multiple of half the wavelength of the waves. In the case of the top
standing wave, the medium is one wavelength long (2 half wavelengths). In the case of the bottom standing wave,
the medium is one and a half wavelengths long (3 half wavelengths). Nodes and antinodes in the top standing
wave are indicated with an “N” or “A.” (Photos by Krister Barkovich and Henry Richardson, Class of 2007.)

Figure 5.5: A flat square metal plate is driven in two of its resonance modes. These photographs show each of
the resulting complicated two-dimensional standing wave patterns. Sand poured onto the top of the plate
bounces off the antinodes, but settles into the nodes, allowing the standing wave to be viewed. The head of a
drum, when beaten, and the body of a guitar, when played, exhibit similar behaviors.
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Resonance caused the destruction of the Tacoma
Narrows Bridge on November 7, 1940 (see Figure
5.6). Vortices created around its deck by 35 - 40 mph
winds resulted in a standing wave in the bridge deck.
When its amplitude reached five feet, at about
10 AM, the bridge was forced closed. The amplitude
of motion eventually reached 28 feet. Most of the
remains of this bridge lie at the bottom of the
Narrows, making it the largest man-made structure
ever lost to sea and the largest man-made reef.
Since the collapse of the Tacoma Narrows
Bridge, engineers have been especially conscious of
the dangers of resonance caused by wind or
earthquakes. Paul Doherty, a physicist at the
Exploratorium in San Francisco, had this to say about
the engineering considerations now made when
building or retrofitting large structures subject to
destruction by resonance:

Just envision the classic Physics experiment
where different length pendulums are hung
from a common horizontal support. Measured
periodic moving of the support will make only
one pendulum swing depending on the period
of the applied motion. If all the pendulums had
the same oscillation you could get quite a
motion going with a small correctly timed
force application. Bridges and buildings now
rely on irregular distributions of mass to help
keep the whole structure from moving as a unit
that would result in destructive failure. Note
also on the Golden Gate the secondary
suspension cable ‘keepers’ (spacers) are
located at slightly irregular intervals to detune
them. As current structural engineering
progresses more modifications of the bridge
will be done. The new super bridge in Japan
has hydraulically movable weights that can act
as active dampeners. What is earthquake (or
wind) safe today will be substandard in the
future.”

“The real world natural frequency of large
objects such as skyscrapers and bridges is
determined via remote sensor accelerometers.
Buildings like the Trans-America Pyramid and
the Golden Gate Bridge have remote
accelerometers attached to various parts of the
structure. When wind or an earthquake
‘excites’ the building the accelerometers can
detect the ‘ringing’ (resonant oscillation) of
the structure. The Golden Gate Bridge was
‘detuned’ by having mass added at various
points so that a standing wave of a particular
frequency would affect only a small portion of
the bridge. The Tacoma Narrows Bridge had
the resonance extend the entire length of the
span and only had a single traffic deck which
could flex. The Golden Gate Bridge was
modified after the Narrows Bridge collapse.
The underside of the deck had stiffeners added
to dampen torsion of the roadbed and energyabsorbing struts were incorporated. Then
mass additions broke up the ability of the
standing wave to travel across the main cables
because various sections were tuned to
different oscillation frequencies. This is why
sitting in your car waiting to pay the toll you
can feel your car move up and down when a
large truck goes by but the next large truck
may not give you the same movement. That
first truck traveling at just the right speed may
excite the section you are on while a truck of
different mass or one not traveling the same
speed may not affect it much. As for the
horizontal motion caused by the wind, the
same differentiation of mass elements under
the roadbed keeps the whole bridge from
going resonant with Æolian oscillations.

The collapse of the Tacoma Narrows Bridge is
perhaps the most spectacular example of the
destruction caused by resonance, but everyday there
are boys and girls who grab hold of street sign poles
and shake them gently – intuitively – at just the right
frequency to get them violently swaying back and
forth. Moreover, as mentioned previously, all musical
instruments make their music by means of standing
waves.
To create its sound, the physical structure of
musical instruments is set into a standing wave
condition. The connection with resonance can be
seen with a trumpet, for example. The buzzing lips of
the trumpet player create a sound wave by allowing a
burst of air into the trumpet. This burst is largely
reflected back when it reaches the end of the trumpet.
If the trumpet player removes his lips, the sound
wave naturally reflects back and forth between the
beginning and the end of the trumpet, quickly dying
out as it leaks from each end. However, if the
player’s lips stay in contact with the mouthpiece, the
reflected burst of air can be reinforced with a new
burst of air from the player’s lips. The process
continues, creating a standing wave of growing
amplitude. Eventually the amplitude reaches the point
where even the small portion of the standing wave
that escapes the trumpet becomes audible. It is
resonance because the trumpet player adds a “kick of
air” at the precise frequency (and therefore also the
same wavelength) of the already present standing
sound wave.
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The Tacoma Narrows Bridge on November 7, 1940.
Workers on the construction of the bridge had
referred to it as “Galloping Gertie” because of the
unusual oscillations that were often present. Note
nodes at the towers and in the center of the deck. This
is the second mode.

Vortices around its deck caused by winds of 35 – 40
mph caused the bridge to begin rising and falling up
to 5 feet, forcing the bridge to be closed at about 10
am. The amplitude of motion eventually reached 28
feet.

The bridge had a secondary standing wave in the first
mode with its one node on the centerline of the bridge.
The man in the photo wisely walked along the node.
Although the bridge was heaving wildly, the amplitude
at the node was zero, making it easy to navigate.

At 10:30 am the oscillations had finally caused the
center span floor panel to fall from the bridge. The
rest of the breakup occurred over the next 40
minutes.

Figure 5.6: The Tacoma Narrows Bridge collapse (used with permission from University of Washington Special
Collection
Manuscripts).
You
can
read
more
about
this
and
view
additional
photos
at:
http://www.lib.washington.edu/specialcoll/exhibits/tnb/
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INTRODUCTION TO MUSICAL INSTRUMENTS

I

F YOU DON’T play a musical instrument,
it’s humbling to pick one up and try to create
something that resembles a melody or tune. It
gives you a true appreciation for the musician
who seems to become one with his
instrument. But you certainly don’t have to be
a musician to understand the physics of music or the
physics of musical instruments. All musicians create
music by making standing waves in their instrument.
The guitar player makes standing waves in the strings
of the guitar and the drummer does the same in the
skin of the drumhead. The trumpet blower and flute
player both create standing waves in the column of
air within their instruments. Most kids have done the
same thing, producing a tone as they blow over the
top of a bottle. If you understand standing waves you

can understand the physics of musical instruments.
We’ll investigate three classes of instruments:
• Chordophones (strings)
• Aerophones (open and closed pipes)
• Idiophones (vibrating rigid bars and pipes)
Most musical instruments will fit into these three
categories. But to fully grasp the physics of the
standing waves within musical instruments and
corresponding music produced, an understanding of
wave impedance is necessary.

“Music should strike fire from the
heart of man, and bring tears from the
eyes of woman.”
– Ludwig Van Beethoven
Figure 5.7:
Chordophones are
musical instruments in
which a standing wave is
initially created in the
strings of the
instruments. Guitars,
violins, and pianos fall
into this category.

Figure 5.8: Aerophones
are musical instruments
in which a standing wave
is initially created in the
column of air within the
instruments. Trumpets,
flutes, and oboes fall into
this category.

Figure 5.9: Idiophones
are musical instruments
in which a standing wave
is initially created in the
physical structure of the
instruments. Xylophones,
marimbas, and chimes
fall into this category.
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standing wave of air moving through the inside of the
tuba. How is this wave reflected when it encounters
the end of the tuba? The answer is that wave
reflection occurs regardless of how big the
impedance change is or whether the new impedance
is greater or less. The percentage of reflection
depends on how big the change in impedance is. The
bigger the impedance change, the more reflection
will occur. When the wave inside the tuba reaches the
end, it is not as constricted – less rigid, so to speak.
This slight change in impedance is enough to cause a
significant portion of the wave to reflect back into the
tuba and thus participate in and influence the
continued production of the standing wave. The part
of the wave that is not reflected is important too. The
transmitted portion of the wave is the part that
constitutes the sound produced by the musical
instrument. Figure 5.10 illustrates what happens
when a wave encounters various changes in
impedance in the medium through which it is
moving.

MUSICAL INSTRUMENTS AND
WAVE IMPEDANCE
The more rigid a medium is, the less effect the
force of a wave will have on deforming the shape of
the medium. Impedance is a measure of how much
force must be applied to a medium by a wave in order
to move the medium by a given amount. When it
comes to standing waves in the body of a musical
instrument, the most important aspect of impedance
changes is that they always cause reflections.
Whenever a wave encounters a change in impedance,
some or most of it will be reflected. This is easy to
see in the strings of a guitar. As a wave moves along
the string and encounters the nut or bridge of the
guitar, this new medium is much more rigid than the
string and the change in impedance causes most of
the wave to be reflected right back down the string
(good thing, because the reflected wave is needed to
create and sustain the standing wave condition). It’s
harder to see however when you consider the

A.

B.

C.

D.

Before

After

Before

After

Before

After

Before

After

Figure 5.10: Wave pulse encountering medium with different impedance
A. Much greater impedance ⇒ Inverted, large reflection.
B. Slightly greater impedance ⇒ Inverted, small reflection.
C. Much smaller impedance ⇒ Upright, large reflection.
D. Slightly smaller impedance ⇒ Upright, small reflection.
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related to the fundamental frequency in a simple way,
but in other instruments (like stringed and wind
instruments) the overtones are related to the
fundamental frequency “harmonically.”
When a musical instrument’s overtones are
harmonic, there is a very simple relationship between
them and the fundamental frequency. Harmonics are
overtones that happen to be simple integer multiples
of the fundamental frequency. So, for example, if a
string is plucked and it produces a frequency of
110 Hz, multiples of that 110 Hz will also occur at
the same time: 220 Hz, 330 Hz, 440 Hz, etc. will all
be present, although not all with the same intensity. A
musical instrument’s fundamental frequency and all
of its overtones combine to produce that instrument’s
sound spectrum or power spectrum. Figure 5.11
shows the sound spectrum from a flute playing the
note G4. The vertical line at the first peak indicates its
frequency is just below 400 Hz. In the musical scale
used for this flute, G4 has a frequency of 392 Hz.
Thus, this first peak is the desired G4 pitch. The
second and third peaks are also identified with
vertical lines and have frequencies of about 780 Hz
and 1,170 Hz (approximately double and triple the
lowest frequency of 392 Hz).

MODES, OVERTONES, AND
HARMONICS
When a desired note (tone) is played on a
musical instrument, there are always additional tones
produced at the same time. To understand the
rationale for the development of consonant musical
scales, we must first discuss the different modes of
vibration produced by a musical instrument when it is
being played. It doesn’t matter whether it is the
plucked string of a guitar, or the thumped key on a
piano, or the blown note on a flute, the sound
produced by any musical instrument is far more
complex than the single frequency of the desired
note. The frequency of the desired note is known as
the fundamental frequency, which is caused by the
first mode of vibration, but many higher modes of
vibration always naturally occur simultaneously.
Higher modes are simply alternate, higher
frequency vibrations of the musical instrument
medium. The frequencies of these higher modes are
known as overtones. So the second mode produces
the first overtone, the third mode produces the second
overtone, and so on. In percussion instruments, (like
xylophones and marimbas) the overtones are not

784 Hz
1176 Hz

Relative Power (dB)

392 Hz

0

1

2

3

4

5

Frequency (kHz)
Figure 5.11: The “sound spectrum” of a flute shows the frequencies present when the G4 note is played.
The first designated peak is the desired frequency of 392 Hz (the “fundamental frequency”). The next
two designated peaks are the first and second “overtones.” Since these and all higher overtones are
integer multiples of the fundamental frequency, they are “harmonic.” (Used with permission. This and
other sound spectra can be found at http://www.phys.unsw.edu.au/music/flute/modernB/G4.html)
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This lowest frequency occurring when the G4 note is
played on the flute is caused by the first mode of
vibration. It is the fundamental frequency. The next
two peaks are the simultaneously present frequencies
caused by the second and third modes of vibration.
That makes them the first two overtones. Since these
two frequencies are integer multiples of the lowest
frequency, they are harmonic overtones.
When the frequencies of the overtones are
harmonic the fundamental frequency and all the
overtones can be classified as some order of
harmonic. The fundamental frequency becomes the
first harmonic, the first overtone becomes the
second harmonic, the second overtone becomes the
third harmonic, and so on. (This is usually
confusing for most people at first. For a summary,
see Table 5.1.) Looking at the Figure 5.11, it is easy
to see that there are several other peaks that appear to
be integer multiples of the fundamental frequency.
These are all indeed higher harmonics. For this flute,
the third harmonic is just about as prominent as the
fundamental. The second harmonic is a bit less than
either the first or the third. The fourth and higher
harmonics are all less prominent and generally follow
a pattern of less prominence for higher harmonics
(with the exception of the eighth and ninth
harmonics). However, only the flute has this
particular “spectrum of sound.” Other instruments
playing G4 would have overtones present in different
portions. You could say that the sound spectrum of
an instrument is its “acoustical fingerprint.”
Mode of
vibration

Frequency name
(for any type of
overtone)

Frequency name
(for harmonic
overtones)

First

Fundamental

First harmonic

Second

First overtone

Second harmonic

Third

Second overtone

Third harmonic

Fourth

Third overtone

Fourth harmonic

TIMBRE – SOUND “QUALITY”
If your eyes were closed, it would still be easy to
distinguish between a flute and a piano, even if both
were playing the note G4. The difference in intensities
of the various overtones produced gives each
instrument a characteristic sound quality or timbre
(“tam-brrr”), even when they play the same note.
This ability to distinguish is true even between
musical instruments that are quite similar, like the
clarinet and an oboe (both wind instruments using
physical reeds). The contribution of total sound
arising from the overtones varies from instrument to
instrument, from note to note on the same instrument
and even on the same note (if the player produces
that note differently by blowing a bit harder, for
example). In some cases, the power due to the
overtones is less prominent and the timbre has a very
pure sound to it, like in the flute or violin. In other
instruments, like the bassoon and the bagpipes, the
overtones contribute much more significantly to the
power spectrum, giving the timbre a more complex
sound.

A CLOSER LOOK AT THE
PRODUCTION OF OVERTONES
To begin to understand the reasons for the
existence of overtones, consider the guitar and how it
can be played. A guitar string is bound at both ends.
If it vibrates in a standing wave condition, those
bound ends will necessarily have to be nodes. When
plucked, the string can vibrate in any standing wave
condition in which the ends of the string are nodes
and the length of the string is some integer number of
half wavelengths of the mode’s wavelength (see
Figure 5.12). To understand how the intensities of
these modes might vary, consider plucking the string
at its center. Plucking it at its center will favor an
antinode at that point on the string. But all the odd
modes of the vibrating string have antinodes at the
center of the string, so all these modes will be
stimulated. However, since the even modes all have
nodes at the center of the string, these will generally
be weak or absent when the string is plucked at the
center, forcing this point to be moving (see Figure
5.12). Therefore, you would expect the guitar’s sound
quality to change as its strings are plucked at
different locations.
An additional (but more subtle) explanation for
the existence and intensity of overtones has to do
with how closely the waveform produced by the
musical instrument compares to a simple sine wave.
We’ve already discussed what happens when a
flexible physical system is forced from its position of
greatest stability (like when a pendulum is moved

Table 5.1: Names given to the frequencies of
different modes of vibration. The overtones are
“harmonic” if they are integer multiples of the
fundamental frequency.
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from its rest position or when the tine of a garden
rake is pulled back and then released). A force will
occur that attempts to restore the system to its former
state. In the case of the pendulum, gravity directs the
pendulum back to its rest position. Even though the
force disappears when the pendulum reaches this rest
position, its momentum causes it to overshoot. Now a
new force, acting in the opposite direction, again
attempts to direct the pendulum back to its rest
position. Again, it will overshoot. If it weren’t for
small amounts of friction and some air resistance, this
back and forth motion would continue forever. In its
simplest form, the amplitude vs. time graph of this
motion would be a sine wave (see Figure 5.13). Any
motion that produces this type of graph is known as
simple harmonic motion.
Not all oscillatory motion is simple harmonic
motion. In the case of a musical instrument, it’s not
generally possible to cause a physical component of
the instrument (like a string or reed) to vibrate as
simply as true simple harmonic motion. Instead, the
oscillatory motion will be a more complicated
repeating waveform (Figure 5.14). Here is the “big
idea.” This more complicated waveform can always
be created by adding in various intensities of waves
that are integer multiples of the fundamental
frequency. Consider a hypothetical thumb piano tine
vibrating at 523 Hz. The tine physically cannot
produce true simple harmonic motion when it is
plucked. However, it is possible to combine a 1,046
Hz waveform and a 1,569 Hz waveform with the
fundamental 523 Hz waveform, to create the
waveform produced by the actual vibrating tine. (The
1,046 Hz and 1,569 Hz frequencies are integer
multiples of the fundamental 523 Hz frequency and
do not necessarily have the same intensity as the
fundamental frequency.) The total sound produced by
the tine would then have the fundamental frequency
of 523 Hz as well as its first two overtones.

String center

mode 1

mode 2

mode 3

mode 4

mode 5
Figure 5.12: The first five modes of a vibrating
string. Each of these (and all other higher modes)
meets the following criteria: The ends of the string
are nodes and the length of the string is some
integer number of half wavelengths of the mode’s
wavelength. The red dashed line indicates the center
of the string. Note that if the center of the string is
plucked, forcing this spot to move, modes 2 and 4
(and all other even modes) will be eliminated since
they require a node at this point. However, modes 1,
3, and 5 (and all other odd modes) will all be
stimulated since they have antinodes at the center of
the string.
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Figure 5.13: The sine wave pictured here is the
displacement vs. time graph of the motion of a
physical system undergoing simple harmonic
motion.

Figure 5.14: The complicated waveform shown
here is typical of that produced by a musical
instrument. This waveform can be produced by
combining the waveform of the fundamental
frequency with waveforms having frequencies that
are integer multiples of the fundamental
frequency.
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The remainder of this section provides
visualization for the timbre of a variety of musical
instruments. Each figure provides two graphs for a
particular instrument. The first graph is a histogram
of the power spectrum for that musical instrument.
The first bar on the left is the power of the
fundamental frequency, followed sequentially by the
power of each of the overtones. Be careful when
comparing the relative strength of the overtones to
the fundamental and to each other. The scale of the
vertical axis is logarithmic. The top of the graph
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represents 100% of the acoustic power of the
instrument and the bottom of the graph represents
80 dB lower than full power ( 10−8 less power). The
second graph is a superposition of the fundamental
wave together with all the overtone waves. Three
cycles are shown in each case. Notice that where
€
graphs for the same instrument are shown that this
acoustical fingerprint varies somewhat from note to
note – the bassoon almost sounds like a different
instrument when it goes from a very low note to a
very high note.
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Figure 5.15: E5 played on the violin. Note the dominance of the fundamental frequency. The most powerful
overtone is the 1st, but only slightly more than 10% of the total power. The higher overtones produce much
less power. Of the higher overtones, only the 2nd overtone produces more than 1% of the total power. The
result is a very simple waveform and the characteristically pure sound associated with the violin.
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Figure 5.16: F3 played on the clarinet. Note that although all harmonics are present, the 1st, 3rd, 5th, and 7th
harmonics strongly dominate. They are very nearly equal to each other in power. This strong presence of
the lower odd harmonics gives evidence of the closed pipe nature of the clarinet. The presence of these four
harmonics in equal proportion (as well as the relatively strong presence of the 8th harmonic) creates a very
complex waveform and the clarinet’s characteristically “woody” sound.

1
10

-

1
100

-

1
1000

-

1
10000

-

10−5 -

10−6 10−7 10−8 -

Figure 5.17: B4 played on the bagpipe. There is a strong prominence of odd harmonics (through the 7th).
This is a hint about the closed pipe nature of the bagpipe’s sound production. The 3rd harmonic (2nd
overtone) is especially strong, exceeding all other mode frequencies in power. Not only is the third harmonic
more powerful than the fundamental frequency, it appears to have more power than all the other modes
combined. This gives the bagpipe its characteristic harshness.
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Figure 5.18: F2 played on the bassoon. Note that the fundamental frequency produces far less than 10% of
the total power of this low note. It’s also interesting to note that the first five overtones produce more power
than the fundamental. This weak fundamental combined with the dominance of the first five harmonics
creates a very complex waveform and the foghorn-like sound of the bassoon when it produces this note.
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Figure 5.19: B4 played on the bassoon. The power spectrum is much different for this high note played on
the same bassoon. Over two octaves higher than the note producing the power spectrum in Figure 5.17, the
first two harmonics dominate, producing almost all the power. The third and fourth harmonics produce far
less than 10% of the total power and all the remaining higher harmonics produce less than 1% combined.
The result is a simple waveform with an almost flute-like sound.

84

€
€
€
€
€

Fraction of total power

WA
ESS
VE
AV

€
€
€
€
€

€
€
€

1
100

-

1
1000

-

1
10000

-

10−5 -

10−6 10−7 -

Figure 5.20: Bb3 played on the trumpet. Like the F2 note on the bassoon, the fundamental frequency here
produces less than 10% of the total power of this low note. Also like the bassoon’s F2, the first five overtones
here not only produce more power than the fundamental, but they each individually produce more than
10% of the total power of this note. There are significant similarities between the two power spectra, but the
seeming subtle differences on the power spectra graph become far more obvious when either comparing the
two waveform graphs or listening to the notes.
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Figure 5.21: D5 played on the trumpet. The fundamental frequency and the first two overtones dominate the
power spectrum, with all three contributing over 10% of the total power. The next five harmonics all
contribute above 1% of the total power. However, even with the much greater prominence of the 3rd
through 7th overtones, when compared to the bassoon’s B4 note, the waveform graphs of the trumpet D5 and
the bassoon B4 are surprisingly similar.
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THE PHYSICS OF MUSICAL SCALES

T

HE PHOTOGRAPH OF the piano
keyboard in Figure 5.22 shows several
of the white keys with the letter C
above them. The keys are all equally
spaced and striking all the white keys
in succession to the right from any one
C key to the next C key would play the familiar
sound of “Do – Re – Mi – Fa – So – La – Ti – Do.”
That means every C key sounds like “Doe” in the
familiar singing of the musical scale.
The reason for the equally spaced positioning of
the C’s is that there is a repetition that takes place as
you move across the piano keyboard – all the C keys
sound alike, like “Doe.” And every white key
immediately to the right of a C key sounds like
“Ray.” So if you want to understand the musical
scale, you really only need to look at the relationship
between the keys in one of these groupings from C to
C (or from any key until the next repeated key).
The particular frequencies chosen for the musical
scale are not random. Many keys sound particularly

C4

D4

C5

E4

F4

C6

G4

C7

A4#/B4b 466.16 Hz

D4#/E4b 311.13 Hz

C4

G4#/A4b 415.30 Hz

C3

F4#/G4b 369.99 Hz

C2

C4#/D4b 277.18 Hz

C1

good when played together at the same time. To help
show why certain pitches or tones sound good
together and why they are chosen to be in the scale,
one grouping of notes has been magnified from the
photograph of the piano keyboard. The eight white
keys (from C4 to C5) represent the major diatonic
scale. The black keys are intermediate tones. For
example, the black key in between D4 and E4 is
higher frequency (sharper) than D4 and lower
frequency (flatter) than E4. This note is therefore
known synonymously as either “D4 sharp” (D4#) or
“E4 flat” (E4b). Including these five sharps or flats
with the other eight notes gives the full chromatic
scale. The frequency of the sound produced by each
of the keys in this chromatic scale (as well as for the
first white key in the next range) is shown on that
key. It will help to refer back to this magnified
portion of the keyboard as you consider the
development of the musical scale.

A4

B4

C5

261.63 Hz 293.66 Hz 329.63 Hz 349.23 Hz 392.00 Hz 440.00 Hz 493.88 Hz 523.25 Hz

Figure 5.22: The repeating nature of the musical scale is illustrated on a piano keyboard.
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frequency, exactly one diapason higher, as the first
and last notes in the musical scale. We know the
diapason as the “octave.” If you sing the song,
Somewhere Over the Rainbow, the syllables Somewhere differ in frequency by one octave. As
mentioned above, frequencies separated by one
octave not only sound good together, but they sound
like each other. So an adult and a child or a man and
a woman can sing the same song together simply by
singing in different octaves. And they’ll do this
naturally, without even thinking about it.
The next step in the development of the musical
scale is to decide how many different tones to
incorporate and how far apart in frequency they
should be. If a certain frequency and another one
twice as high act as the first and last notes for the
scale, then other notes can be added throughout the
range. There should be enough intermediate notes so
that when using the scale, music can be interesting
and complex. However, too many intermediate notes
could make musical instruments very difficult to play
or manufacture (think of the keys on a piano or the
frets on a guitar). Two reasonable constraints are that
the frequencies chosen will be evenly spaced and that
they will sound good when played together.

“The notes I handle no better than
many pianists. But the pauses between
the notes – ah, that is where the art
resides.”
– Arthur Schnabel
CONSONANCE BETWEEN PAIRS OF
FREQUENCIES
If two sound frequencies are played at the same
time, and the combined sound is unpleasant, the
frequencies are said to be dissonant. The opposite of
dissonance is consonance – pleasant sounding
combinations of frequencies. Most people would find
the simultaneous sounding of a 430 Hz tuning fork
with a 440 Hz tuning fork to be dissonant. However,
if the 430 Hz tuning fork were replaced with an
880 Hz tuning fork, the combined sound would be
perfect consonance. Not only that, but the 880 Hz
tuning fork would sound like the 440 Hz tuning fork.
This is an interesting phenomenon – that two
different frequencies can sound the same if the ratio
of the frequencies is two to one. Imagine sounding a
440 Hz tuning fork and a 441 Hz tuning fork, one
right after the other. The two would sound very
similar because their frequencies are almost identical,
but not exactly the same. If you continued to sound
the 440 Hz tuning fork with others of increasingly
higher frequency, the difference between the two
would become more obvious. You would notice that
for most pairs of frequencies the combined sound
would be dissonant. However, there would be
occasional pairs of frequencies that were consonant –
especially when the second tuning fork reached
880 Hz. Now, if you continued with the 440 Hz
tuning fork and let the other increase beyond 880 Hz,
you would get the sense that you were starting over
again. Try it on a piano sometime. As you start from
a low “C” and go to higher frequencies by striking
every white key, you will repeat the “Do – Re – Mi –
Fa – So – La – Ti – Do” scale over and over. Every
successive “C” you encounter is twice the frequency
of the previous one.
So doubling the frequency of one tone always
produces a second tone that sounds good when
played with the first. The Greeks knew the interval
between these two frequencies as a diapason
(literally “through all”). 440 Hz and 880 Hz sound
not only very good together, but they also sound the
same. And as the frequency of the 880 Hz tone is
increased to 1760 Hz, it sounds the same as when the
frequency of the 440 Hz tone is increased to 880 Hz.
This feature has led widely different cultures to
historically use one arbitrary frequency and another

Constraints for Choosing
Frequencies for a Musical Scale
• The first frequency is
arbitrary (but must be
audible and in the frequency
range of desired music).
• The last frequency is twice
the frequency of the first.
• There must be enough
intermediate frequencies for
music to be complex.
• The frequencies should be
fairly evenly spaced.
• There should be consonance
when different frequencies
are played together.
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dissonance. One of the primary
dissonance is the existence of “beats.”

CONSONANCE AND SMALL
INTEGER FREQUENCY RATIOS

One way to tune a guitar is to compare the
frequencies of various combinations of pairs of the
guitar strings. It’s easy to tell whether two strings are
different in frequency by as little as a fraction of
1 Hz. And, it’s not necessary to have a great ear for
recognizing a particular frequency. This type of
tuning is dependent on the type of wave interference
that produces beats. In the same way as two slinky
waves will interfere with each other, either
reinforcing each other in constructive interference
or subtracting from each other in destructive
interference, sound waves moving through the air
will do the same. With sound waves from two
sources (like two guitar strings or two notes in a
musical scale), constructive interference would
correspond to a sound louder than the two
individually and destructive interference would
correspond to a quieter sound than either, or perhaps
… absolute silence (if the amplitudes of the two were
the same). Figure 5.24 attempts to illustrate this. Two
tuning forks with slightly different frequencies are
struck at the same time in the same area as a listening
ear. The closely packed black dots in front of the
tuning forks represent compressions in the air caused
by the vibrations of the forks. These compressions
have higher than average air pressure. The loosely
packed hollow dots in front of the tuning forks
represent “anti-compressions” or rarefactions in the
air, also caused by the vibrations of the forks. These
rarefactions have lower than average air pressure.
When the top tuning fork has produced 17
compressions, the bottom has produced 15. If the
time increment for this to occur were a tenth of a
second, a person listening to one or the other would
hear a frequency of 170 Hz from the top tuning fork
and 150 Hz from the bottom tuning fork. But
listening to the sound from both tuning forks at the
same time, the person would hear the combination of
the two sound waves, that is, their interference.
Notice that there are regions in space where
compressions from both tuning forks combine to
produce an especially tight compression, representing
a sound amplitude maximum – it’s especially loud
there. There are other locations where a compression
from one tuning fork is interfering with a rarefaction
from the other tuning fork. Here the compression and
the rarefaction combine to produce normal air
pressure – no sound at all. At locations in between
these two extremes in interference, the sound
amplitude is either growing louder or quieter. You
can see in the bottom of the diagram that there is a
rhythm of sound intensity from loud to silent to loud.

L2

Figure 5.23: A monochord. The movable bridge
turns its one vibrating string into two vibrating
strings with different lengths but the same tension.
So a frequency of 1,000 Hz sounds good when
sounded with 2,000 Hz:
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1,000 Hz also sounds good when sounded with
1,500 Hz:
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as well as when sounded with 1,333 Hz
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BEATS AND DISSONANCE

The Greek mathematician, Pythagoras, is
credited with determining a condition that leads to
the consonance of two frequencies played together.
He experimented plucking strings with the same
tension, but different lengths. This is easy to do with
a monochord supported by a movable bridge (see
Figure 5.23). He noticed that when two strings (one
twice as long as the other) were plucked at the same
time, they sounded good together. Of course he
didn’t know anything about the difference in the
frequencies between the two, but he was intrigued by
the simplicity of the 2:1 ratio of the lengths of the
two strings. When he tried other simple ratios of
string lengths (2:1, 3:2, and 4:3) he found that he also
got good consonance. We now know that if the
tension in a string is kept constant and its length is
changed, the frequency of sound produced when the
string is plucked will be inversely proportional to its
change in length – twice the length gives half the
frequency and one-third the length gives three times
the frequency.
L1

reasons

# 1, 333 4 &
≅ (.
%
$ 1, 000 3 '

More will follow concerning why the small integer
ratio for frequencies leads to consonance, but first
€ understand what conditions might lead to
you have to
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This is the phenomenon of beats. In the tenth of a
second that the diagram portrays there are two full
cycles of this beating, giving a beat frequency of
two per tenth of a second or 20 Hz. The ear would
perceive the average frequency of these two tuning

forks, 160 Hz, getting louder and quieter 20 times per
second (note that this beat frequency is the
difference in the frequency of the two tuning
forks).

Compression

Silent

Rarefaction

Loud

Loud

Silent

Figure 5.24: Beats. The two tuning forks have slightly
different frequencies. This causes the sound waves
produced by each one to interfere both constructively
and destructively at various points. The constructive
interference causes a rise in the intensity of the sound
and the destructive interference causes silence. This
pattern continues repeatedly, causing the phenomenon of
beats. The drawing to the left gives an easier to visualize
representation using transverse waves.
Beats will always occur when two tones with
similar frequencies, f1 and f2, are sounded in the same
space. The beat frequency is due to their interference.
This increase and decrease of perceived sound
intensity causes a throbbing sensation. The perceived
frequency is the average of the two frequencies:

f perceived =

f1 + f 2
2

The beat frequency (rate of the throbbing) is the
difference of the two frequencies:
€
f beat = f1 − f 2

€
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The beat frequency obviously decreases as the
two frequencies causing the beats get closer to each
other. Finally, the beat frequency disappears when
the two frequencies are identical. This is why it is so
easy to tune two guitar strings to the same frequency.
You simply strum both strings together and then tune
one until no beat frequency is heard. At that point,
the two frequencies are the same. That’s great for
tuning guitars, but can be annoying and unacceptable
in music. This is not to say that having beats in music
is always bad. Some musical cultures actually
appreciate the presence of beats and the richness that
they bring. Even Western ears can appreciate the
beats typically heard when bells are rung. However,
in Western music, the notes in the musical scale are
considered dissonant when beats are heard.
Therefore, in building a musical scale with Western
preferences in mind, notes must be chosen to
minimize or eliminate conditions that would lead to
beats.

addition to the desired note that is played. Therefore,
an effort must be made to ensure that, like the
fundamental frequencies, these overtones don’t lie in
the same critical band either. It is because the effects
of these overtones must be considered as well as the
fact that in most musical instruments these overtones
are harmonic (integer multiples of the fundamental
frequency) that the small integer ratio rule leads to
consonance. The examples that follow illustrate this
idea.

MUSICAL INTERVALS
Looking at a piano keyboard, you could think of
a musical interval as a span from one note in the scale
to another (a player would have to reach from one
“C” to the next in order to play the octave interval).
A musician with a good ear could tell what the
musical interval is by simply listening to the
difference in pitch between the two notes. However,
a physicist would judge the interval by the ratio of
frequencies of the two notes. Applying these three
ideas to the octave interval, the pianist sees the
interval spanning from the beginning to the end of the
scale, the musician hears the interval as two notes
that have different frequency, but sound essentially
the same, and the physicist sees the interval as a
frequency ratio of two to one. There are classic
musical intervals other than the octave that you have
probably heard of. They all have the sound of being
numbered – the “fifth,” the “fourth,” and the “major
third,” for example. These “numbered” intervals have
their origin in the classic C major (Do – Re – Mi)
scale. On the piano, this would mean going from one
“C” to the next, but only striking the white keys. (The
“major” means skipping the black keys if it’s a C
major scale – more about that in a little bit.) Starting
with “C” as the first key, “D” is the second, “E” is
the third, and “F” is the fourth key. So, going from
“C” up to “F” is going from the first key up to the
fourth key – a musical “fourth.” Going from “C” to
“E” would be a “major third.” The “major”
distinction is because moving beyond “D” could be
done by going to just the black key in between the
“D” and “E” key. Going to the black key would be a
“minor third.” So the classic numbered intervals can
be understood as starting with “C” and counting the
number of white keys that you advance. If a black
key is intermediate, you simply count it as a “minor”
step (see Figure 5.25). Table 5.2 summarizes the
characteristics of some classic musical intervals.

Example
If two people stood near each other and whistled, one
with a frequency of 204 Hz and the other with a
frequency of 214 Hz, what would people near them
hear?
The observers would hear a pitch that was the
average of the two frequencies, but beating at a
frequency equal to the difference of the two
frequencies:
Given: f1 = 204 Hz
f2 = 214 Hz
Find:

The perceived and beat frequencies

f perceived =

f1 + f 2 204Hz + 214Hz
=
= 209Hz
2
2

f beat = f1 − f 2 = 204Hz − 214Hz = 10Hz

€
€

The observers would hear the frequency of
209 Hz getting louder and softer 10 times per second.

Unfortunately, choosing frequencies to include
in the musical scale is more complicated than simply
making sure pairs of chosen frequencies don’t lie
within the same critical band. Recall that musical
instruments always produce many overtones in
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Musical
Interval

Frequency
span

Subjective
sound

Frequency
ratio

Octave

C ⇒C

SOME-WHERE over the rainbow

2 :1

Fifth

C ⇒G

TWINKLE-TWINKLE little star

3:2

Fourth

C⇒F

HERE-COMES the bride

4 :3

Major third

C⇒E

Oh SU-SANNah

C⇒A

MY-BONnie lies over …

€

€

Major sixth

€

Table 5.2: Classic musical intervals

1
C

€
€

€

€

€

€

2
C#Db

€

D#Eb

D

3

4

E

F

5
F#Gb

G

5:4
5:3

6
G#Ab

A

A#Bb

7

8

B

C

Octave
Major sixth
Minor sixth
Fifth
Fourth
Major third
Minor third

Figure 5.25: Classic musical intervals in the “C major” scale

• Ease of transposing (being able to shift all the
notes of a piece of music up or down in pitch
without changing the essence of the piece).
• Ability to produce the classic consonant
musical intervals.

THE EQUAL TEMPERED MUSICAL
SCALE
You should now be able to verify two things
about musical scales: they are closely tied to the
physics of waves and sound and they are not trivial to
design. Many scales have been developed over time
and in many cultures. The simplest have only four
notes and the most complex have dozens of notes.
Here we will only examine the Equal Tempered
Scale.
The Equal Tempered scale attempts to provide a
scale with the following conditions:

“Equal tempered” means that the interval between
(or ratio of the frequencies of) any two adjacent
notes is the same. This addresses the issue of
transposing. If every smallest interval (also known as
the semitone or half step) has the same frequency
ratio, then on the 12-tone Equal Tempered scale (see
Figure 5.26) the jump from “C” to “F” (a five
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semitone increase) would sound the same as from
“E” to “A” (another five semitone increase). If a
musical piece starting with “C” were deemed to be
too low, and you wanted to start with “A” instead, it
could be done easily by simply moving each note up
by five semitones (black keys included here).
Earlier when we talked about the C major scale,
we ignored the black keys … but not because they
are any less important than the white keys. In fact, on
the equal tempered scale, the interval between any
black key and the white key next to it is the same as
the interval between “E” and “F” or between “B” and
“C” (the only pairs of white keys not separated by
black keys). This means that the interval between “E”
and “F” is the same as between “F” and “F#.” You
might wonder why there is even a distinction then. It
turns out that when you sing the scale “Do – Re – Mi
– Fa – So – La – Ti – Do” and you start with a “C,”
you would not use any of the notes produced by a
black key. Few, if any, non-musicians sense that
there are smaller intervals between “Mi” and “Fa”
and between “Ti” and “Do” than between the other
notes in the scale. Do you notice the difference when
you sing the scale? Try it. If you decide to sing the
“Do – Re – Mi” scale but start with any other note
than “C,” you run into a problem if you don’t have
the black keys. This is because the familiar scale has
two double intervals, followed by a single interval,
followed by three double intervals, followed by a
single interval. So to sing the familiar scale starting
with “D,” you would sing the notes D – E – F# – G –
A – B – C# – D. To get the correct progression of
intervals, you can see that some notes produced by
the black keys would have to be used.
Most people think too simplistically about how
to create a 12-tone equal tempered scale. It is not as
obvious as it may seem at first glance. It is not the
same as taking the frequency interval between two
C’s and dividing it by 12. This would not lead to the
condition that two adjacent frequencies have the
same ratio.

Instead, it means that multiplying the frequency of a
note in the scale by a certain number gives the
frequency of the next note. And multiplying the
frequency of this second note by the same number
gives the frequency of the note following the second,
and so on. Ultimately, after going through this
process twelve times, the frequency of the thirteenth
note must be an octave higher – it must be twice the
frequency of the first note. So if the multiplier is “r,”
then:

r ⋅r ⋅r ⋅r ⋅r ⋅r ⋅r ⋅r ⋅r ⋅r ⋅r ⋅r = 2
⇒

r12 = 2

⇒

r = 12 2 = 1.05946

€

Example

€

The note, D, is two semitones higher than C. If C6 is
1046.5 Hz, what is D7 on the Equal Temperament
Scale?

Solution:
• Think about the problem logically in terms of
semitones and octaves.
D7 is one octave above D6, so if D6 can be
found then its frequency just needs to be
doubled. Since D6 is two semitones higher
than C6, its frequency must be multiplied twice
by the Equal temperament multiplier.
• Do the calculations.
1. D6 = 1046.5Hz × (1.05946) 2
= 1174.7Hz
€

⇒ D 7 = 2D 6 = 2(1174.7)Hz

€

= 2349.3Hz
€

or alternately
€

D7 = 1046.5Hz × (1.05946)14

For example:

= 2349.3Hz

13/12 13
14 /12 14
13 14
=
but
=
and
≠
12 /12 12
13/12 13
12 13

€
€

€
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This is only 0.1% different from 1.5 or 3/2 (the
perfect fifth). So in the 12-tone Equal Temperament
scale, musical fifths are achievable and quite good.
The seventh semitone above any note in the scale will
be close to a perfect fifth above it. That means C still
sounds good with the G above it, but D# also sounds
just as good when played with the A# above it (see
Figure 5.26).
The next best sounding combination, the perfect
fourth, occurs when two notes played together have a
frequency ratio of 4/3. The classic musical fourth is
from “C” to “F,” which is a five semitone difference
in this equal tempered scale. Raising the 12-tone
Equal Tempered interval to the 5th power gives:

EQUAL TEMPERED SCALE
SUMMARY
At the beginning of this section, it was stated that
in addition to providing a scale that allowed for ease
of transposing notes, one of the goals of the equal
tempered scale was to provide the classic consonant
intervals. Because of their nature, all equal tempered
scales lead to perfect transposing. However,
depending on the number of intervals chosen, the
scale may or may not have consonant intervals. You
might wonder how good the intervals on the 12-tone
Equal Tempered scale are. The answer is … good, as
long as there are multiples of the smallest interval
that are equal to or very close to the small integer
ratios shown in Table 5.2. Let’s check the interval
from “C” to “G.” This is the classic musical fifth. On
this equal tempered scale, “G” is seven semitones
higher than “C.” To find the size of the interval, we
have to raise the 12-tone Equal Tempered interval
(1.05946) to the 7th power:

(1.05946)

7

(1.05946)

5

= 1.335

This is less than 0.4% different from a perfect fourth.
This means that musical fourths are also achievable
€ good. The fifth semitone higher than any
and quite
note will be higher by a virtual perfect fourth (see
Figure 5.26).

= 1.498

€

C

C#Db

D

D#Eb

E

F

F#Gb

G

G#Ab

A

Octave
Perfect Fifth
Perfect Fifth
Perfect Fourth

Perfect Fourth

Figure 5.26: The chromatic scale with various consonant musical intervals
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FREQUENCIES OF THE 12-TONE EQUAL TEMPERED SCALE (Hz)
C0 16.352
17.324
D0 18.354
19.445
E0 20.602
F0 21.827
23.125
G0 24.500
25.957
A0 27.500
29.135
B0 30.868
C1 32.703
34.648
D1 36.708
38.891
E1 41.203
F1 43.654
46.249
G1 48.999
51.913
A1 55.000
58.270
B1 61.735
C2 65.406
69.296
D2 73.416
77.782
E2 82.407
F2 87.307
92.499
G2 97.999
103.83
A2 110.00
116.54
B2 123.47

C3 130.81
138.59
D3 146.83
155.56
E3 164.81
F3 174.61
185.00
G3 196.00
207.65
A3 220.00
233.08
B3 246.94
C4 261.63
277.18
D4 293.66
311.13
E4 329.63
F4 349.23
369.99
G4 392.00
415.30
A4 440.00
466.16
B4 493.88
C5 523.25
554.37
D5 587.33
622.25
E5 659.26
F5 698.46
739.99
G5 783.99
830.61
A5 880.00
932.33
B5 987.77

C6 1046.5
1108.7
D6 1174.7
1244.5
E6 1318.5
F6 1396.9
1480.0
G6 1568.0
1661.2
A6 1760.0
1864.7
B6 1975.5
C7 2093.0
2217.5
D7 2349.3
2489.0
E7 2637.0
F7 2793.8
2960.0
G7 3136.0
3322.4
A7 3520.0
3729.3
B7 3951.1
C8 4186.0
4434.9
D8 4698.6
4978.0
E8 5274.0
F8 5587.7
5919.9
G8 6271.9
6644.9
A8 7040.0
7458.6
B8 7902.1
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CHORDOPHONES (STRINGED INSTRUMENTS)
C1
(Hz) 33

C2
65

C3
131

C4
262

C5
523

C6
1046

C7
2093

C8
4186

Cello
Viola
Violin
Harp

T

HE YEAR WAS 1969, the event was
Woodstock, one of the bands was The
Grateful Dead, the man was Jerry
Garcia, and the musical instrument he
used to make rock and roll history was
the guitar – a chordophone (stringed
instrument). Instruments in this class are easy to pick

out. They have strings, which either get plucked (like
guitars), bowed (like violins), or thumped (like
pianos). It includes all instruments whose standing
wave constraint is that at each end of the medium
there must be a node. Technically this includes
drums, but because of the two dimensional nature of
the vibrating medium, the physics becomes a lot
more complicated. We’ll just look at true strings.

“Words make you think a thought.
Music makes you feel a feeling. A
song makes you feel a thought.”
– E.Y. Harbug
THE FIRST MODE
The simplest way a string can vibrate in a
standing wave condition is with the two required
nodes at the ends of the string and an antinode in the
middle of the string (see Figure 5.27).

String length, L
λ

Figure 5.27: First mode of vibration. This is the
simplest way for a string to vibrate in a
standing wave condition. This mode generates
the fundamental frequency.

The Grateful Dead’s Jerry Garcia makes rock and
roll history with his guitar at the 1969 Woodstock
Festival.
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This is the first mode. The length of the string (in
wavelengths) is half a wavelength (see Figure 5.27).
That means that for the string length, L:

L=

It should be clear that higher tension, T, leads to
higher wave speed (see Figure 5.28), while higher
linear mass density, µ, leads to lower wave speed (see
Figure 5.29). The two factors have opposite effects
on the string’s wave velocity, v. This is clear in the
equation for string wave velocity:

1
λ ⇒ λ = 2L .
2

Now frequency, in general, can be found
using f = v / λ , so for the first mode of a stringed
€
instrument:

€

f1 =

v=

v
.
2L

T
µ

Recall the frequency for the first mode on a string is
€
this with the expression for
f1 = v / 2L . Combining
the string’s wave velocity, the fundamental frequency
of a stringed instrument becomes:

WAVE S€
PEEDS ON STRINGS
Wave speed on strings depends on two factors:€
the tension in the string and the “linear mass density”
of the string. Tightening or loosening the strings with
the tuners can change their tension. It takes more
force to pluck a taut string from its resting position.
And with more force acting on the taut string, the
more quickly it will restore itself to its unplucked
position. So, more tension means a quicker response
and therefore, a higher velocity for the wave on the
string.
The wave velocity can also be affected by the
“heaviness” of the string. Strictly speaking, it’s the
linear mass density of the string that causes this
effect. Linear mass density is the amount of mass per
kg
length of string (in m ). The greater this density, the
greater the overall mass of a particular string will be.
Most people have noticed that the strings on a guitar
vary in thickness. The thicker strings have greater
€ gives them more inertia, or resistance to
mass, which
changes in motion. This greater inertia causes the
thicker, more massive strings to have a slower
response after being plucked – causing a lower wave
velocity.

T
µ
f1 =
2L
This complicated looking equation points out three
€
physical relationships
that affect the fundamental
frequency of a vibrating string. Since string tension is
in the numerator of the equation, frequency has a
direct relationship with it – if tension increases, so
does frequency. However, since both linear mass
density and length are in denominators of the
equation, increasing either of them decreases the
frequency. The following graphic illustrates these
three relationships:

T↑ ⇒ f↑
µ↑ ⇒ f ↓
L↑ ⇒ f ↓

€
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THE SECOND MODE
Now lets look at the next possible
mode of vibration. It would be the
next simplest way that the string could
vibrate in a standing wave pattern with
the two required nodes at the end of
the string (see Figures 5.30 and 5.31).

String length, L
Figure 5.30: Second mode of
vibration. This is the next simplest
way for a string to vibrate in a
standing wave condition.
This
mode generates the first overtone.
Figure 5.28: Changing a string’s tension changes its frequency of
vibration. When a tuner either tightens or loosens a string on a violin
its frequency of vibration changes. The equation for the fundamental
frequency of a vibrating string, f1 = T / µ / 2L , shows the connection

(

)

between string tension and frequency. Since tension is in the
numerator of the square root, if it increases, so will the string’s
frequency.
€

Figure 5.29: Changing a string’s linear mass density, µ, changes its
frequency of vibration. Two strings with the same tension, but different
mass will vibrate with different frequency. The equation for the
fundamental frequency of a vibrating string, f1 = T / µ / 2L , shows the

(

)

connection between linear mass density and frequency. Since linear mass
density is in the denominator of the square root, if it increases, the
string’s frequency decreases. The thicker and heavier strings on the
€ frequency notes.
violin are the ones that play the lower
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Figure 5.31: A cello string vibrating in
the second mode. (Photo by Nicolas
Crummy, Class of 2005.)
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Bridge

We can figure out the frequency of the second mode
the same way as before. The only difference is that
the string length is now equal to the wavelength of
the wave on the string. So, for the frequency of the
second mode of a string:

T
µ
v
f =
⇒ f2 =
λ
L

T
µ
⇒ f2 =
2L

Nut

2

You should notice that this is exactly twice the
frequency of the first mode, f 2 = 2 f1 . And, when
€
you pluck the guitar string, both modes are actually
present (along with many even higher modes, as
discussed earlier).
€ same procedure, to show that
It is easy, using the
the frequency of the third mode of the string is:

Figure 5.32: The energy used to pluck the strings of the
guitar is transferred to the top of the guitar as the strings
vibrate against the bridge.
the blocks. With so little of its energy transmitted, the
string would simply vibrate for a long time,
producing very little sound. For the non-electric
stringed instrument to efficiently produce music, its
strings must couple to some object (with similar
impedance) that will vibrate at the same frequency
and move a lot of air. To accomplish this, the strings
of guitars, violins, pianos, and other stringed acoustic
instruments all attach in some fashion to a
soundboard. Figure 5.32 shows the strings of a guitar
stretched between the nut and the bridge. Figure 5.33
shows a magnified image of the bridge attachment to
the top of the guitar. As a string vibrates, it applies a
force to the top of the guitar, which varies with the
frequency of the string. Since the impedance change
between the string and the bridge is not so drastic as
that between the string and the concrete blocks, much
of the wave energy of the string is transmitted to the
bridge and guitar top, causing the vibration of a much
greater surface area. This, in turn, moves a
tremendously greater amount of air than the string
alone, making the vibration clearly audible.

T
µ
f3 =
2L
3

This means that f 3 = 3 f1. Continuing to develop the
frequencies of the higher modes would show the
€
same pattern, so we can make a general statement
about the “nth” mode frequency of a string vibrating
€
in a standing
wave condition:

T
µ
fn =
2L
n

€

or if you know the speed,

fn =

nv
2L

SOUND PRODUCTION €
IN
STRINGED INSTRUMENTS
If you were to remove a string from
any stringed instrument (guitar, violin,
piano) and hold it taut outside the window
of a moving car, you would find very little
resistance from the air, even if the car were
moving very fast. That’s because the string
has a very thin profile and pushes against
much less air than if you held a marimba
bar of the same length outside the car
window. If you stretched the string in
between two large concrete blocks and
plucked it, you would hear very little sound.
Not only would the string vibrate against
very little air, but also because of the huge
impedance difference between the string
and the concrete blocks, its vibrations
would transmit very little wave energy to

Figure 5.33: Tension from the stretched guitar strings causes a
downward force on the bridge, which moves the entire face of the
guitar at the same frequency as that of the strings. This larger
movement of air greatly amplifies the nearly inaudible sound of
the strings alone.
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Electric stringed instruments use a different
method for amplification. Try strumming an electric
guitar with its electric amplifier turned off and the
sound produced will be similar to that of the taut
string between the two concrete blocks. But turn on
the amplifier and the sound is dramatically increased.
The string of an electric guitar vibrates over the top
of up to three electromagnetic pickups (see Figure
5.34). The pickup consists of a coil of wire with a
magnetic core. As the string (which must be made of
steel) vibrates through the pickup’s magnetic field, it
changes the flux of the magnetic field passing
through the core. Since the flux changes at the same
frequency as the vibrating string, this becomes a
signal, which can be amplified through a loud
speaker. The string is not coupled directly to any
soundboard, and will thus vibrate for a far longer
time than that of its acoustic cousin.

Another feature of electric stringed instruments
is their ability to strongly alter the timbre of the
sound produced. This is because some or all of the
pickups can be chosen to produce a signal. Recall
that the first mode of the string has its one antinode
(and therefore, its motion) in the middle of the string.
The signal from the pickup closest to that point will
be the greatest. Higher modes have antinodes closer
to the bridge, with the highest modes closest to the
bridge. The signal from the pickups closest to the
bridge is therefore greater for these higher frequency
modes. So choosing to use only the pickups farthest
from the bridge emphasizes the lower frequencies.
Choosing to turn on the pickups closest to the bridge
will increase the percentage of overall sound coming
from the higher frequencies, “brightening” the sound.

Figure 5.34: The strings of an electric guitar vibrate over the top of up to three electromagnetic pickups. The
pickup consists of a coil of wire with a magnetic core. As the string (which must be made of steel) vibrates
through the pickup’s magnetic field, it changes the flux of the magnetic field passing through the core. Since
the flux changes at the same frequency as the vibrating string, this becomes a signal, which can be amplified
through a loud speaker.
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AEROPHONES (WIND INSTRUMENTS)
C1
(Hz) 33

C2
65

C3
131

C4
262

C5
523

C6
1046

C7
2093

C8
4186

Bb Tuba
Trombone
Trumpet
Bassoon
fF

fF
Clarinet
fF

Flute
fF

S

TANDING WAVES ARE created in the
column of air within wind instruments,
or aerophones. Most people have a more
difficult time visualizing the process of a
wave of air reflecting in a flute or
clarinet as opposed to the reflection of a
wave on the string of a guitar. On the guitar, for
example, it’s easy to picture a wave on one of its
strings slamming into the bridge. The bridge
represents a wave medium with obviously different
impedance than that of the string, causing a
significant reflection of the wave. It may not be as
obvious, but when the wave of air in a wind
instrument reaches the end of the instrument, and all
that lies beyond it is an open room, it encounters an
impedance change every bit as real as the change
seen by the wave on the guitar string when it reaches
the bridge. The openness beyond the end of the wind
instrument is a less constricted environment for the
wave (lower impedance), and because of this change
in impedance, a portion of the wave must be reflected
back into the instrument.
To initially create the sound wave within the
aerophone, the player directs a stream of air into the
instrument. This air stream is interrupted and
chopped into airbursts at a frequency within the
audible range. The interruption is accomplished by

vibrating one of three types of reeds: a mechanical
reed, a “lip reed,” or an “air reed.”

THE MECHANICAL REED
Instruments like the clarinet, oboe, saxophone,
and bagpipes all have mechanical reeds that can be
set into vibration by the player as he forces an air
stream into the instrument. Most of us have held a
taut blade of grass between the knuckles of our
thumbs and then blown air through the gaps on either
side of the grass blade. If the tension on the grass is
just right and the air is blown with the necessary
force, the grass will start shrieking. The air rushing
by causes a standing wave to be formed on the grass
blade, the frequency of which is in the audible range.
You can change the pitch of the sound by moving the
thumbs a bit so that the tension is varied.

Figure 5.35: A clarinet mouthpiece and reed. The
clarinet player causes the reed to vibrate up and
down against the mouthpiece. Each time the reed
lowers, creating an opening below the
mouthpiece, a burst of air from the player enters
100 the clarinet. The length of the clarinet largely
controls the frequency of the reed’s vibration.
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The mechanical reeds in wind instruments (see
Figure 5.35) can be set into vibration like the grass
blade, except that the length of the tube largely
governs the frequency of the reed.

is the mechanism that people use when they use their
lips to whistle a tune.
Regardless of the type of reed used, wind
instruments all create sound by sustaining a standing
wave of air within the column of the instrument. The
other major distinction between wind instruments is
whether there are two ends open (open pipes) or only
one end open (closed pipes).

LIP AND AIR REEDS
Not all wind instruments use a mechanical reed.
Brass instruments like the trumpet, trombone, and
tuba use a “lip reed” (see Figure 5.36). Although the
lips are not true reeds, when the player “buzzes” his
lips on the mouthpiece of the instrument, it causes the
air stream to become interrupted in the same way as
the mechanical reed. The same type of feedback
occurs as well, with low-pressure portions of the
sound wave pulling the lips closed and high-pressure
portions forcing the lips open so that another
interrupted portion of the air stream can enter the
instrument.

Figure 5.36: While the trumpet player’s lips are
not a true “reed,” when they buzz against the
mouthpiece, they provide the same frequency of
airbursts as a mechanical reed.

Figure 5.37: The “air reed.” A portion of the air
stream entering the recorder moves down the tube
and reflects back from its open end, as in the case
of other wind instruments. However, rather than
interrupting the air stream mechanically with a
mechanical reed or with the lips of the player, the
reflected air pulse itself acts as a reed. The low and
high-pressure portions of this sound wave in the
recorder interrupt the player’s air stream, causing
it to oscillate in and out of the instrument at the
same frequency as the standing sound wave.

The last method for interrupting the air stream of
a wind instrument is with an “air reed” (see Figure
5.37). As the player blows a steady air stream into the
mouthpiece of the recorder, the air runs into the sharp
edge just past the hole in the top of the mouthpiece.
The air stream gets split and a portion of the air
enters the recorder, moving down the tube and
reflecting back from its open end, as in the case of
other wind instruments. However, rather than
interrupting the air stream mechanically with a
wooden reed or with the lips of the player, the
reflected air pulse itself acts as a reed. The low and
high-pressure portions of this sound wave in the
recorder interrupt the player’s air stream, causing it to
oscillate in and out of the instrument at the same
frequency as the standing sound wave. Other wind
instruments that rely on the “air reed” include flutes,
organ pipes and even toy whistles. This, by the way,

OPEN PIPE WIND INSTRUMENTS
Recorders and flutes are both examples of open
pipe instruments because at both ends of the
instrument there is an opening through which air can
move freely. Since the air at both ends of the column
is relatively free to move, the standing wave
constraint for this class is that both ends of the air
column must be a displacement antinode.
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The simplest way for a column of air in an open
pipe to vibrate in a standing wave pattern is with the
two required antinodes at the ends of the pipe and a
node in the middle of the pipe (see Figure 5.38). This
is the first mode of vibration.

We can figure out the frequency of this second mode
the same way as before. The only difference is that
the pipe length is now equal to one wavelength of the
sound wave in the pipe. So for the frequency of the
second mode of an open pipe:

f =

Pipe length, L
Figure 5.38: First mode of vibration. This is
the simplest way for a column of air to
vibrate (in an open pipe) in a standing wave
condition. This mode generates the
fundamental frequency.

You should notice that, as with the modes of the
string, this is exactly twice the frequency of the first
€ mode, f = 2 f . It also leads to the same
2
1
generalization we made for the nth mode frequency
for a vibrating string. For the pipe open at both ends,
the frequency of the nth mode is:
€

fn =

The length of the pipe (in wavelengths) is 1/ 2λ
(think of it as two quarters joined at the ends).
Therefore:

€

€
The trumpet
and the clarinet are both examples
of closed pipe wind instruments, because at one end
the player’s lips prevent the free flow of air. Since the
air at the open end of the column is relatively free to
move, but is constricted at the closed end, the
standing wave constraint for closed pipes is that the
open end of the air column must be a
displacement antinode and the closed end must be
a node.

We can find the frequency like we did before by
using f = v / λ . Thus, for the first mode of an open
pipe instrument:

f1 =

nv sound
2L

CLOSED PIPE WIND INSTRUMENTS

€
1
L = λ ⇒ λ = 2L (same as for strings).
2

€

v
v
2v
⇒ f 2 = sound ⇒ f 2 = sound
L
L
2L

v
2L

The speed, v, of waves in the pipe is just the speed of
sound in air, much simpler than that for the string.
€ of a particular mode of an open pipe
The frequency
depends only on the length of the pipe and the
temperature of the air.
Now let’s look at the next possible mode of
vibration. It is the next simplest way that the column
of air can vibrate in a standing wave pattern with the
two required antinodes at the ends of the pipe (see
Figure 5.39).

Pipe length, L
Figure 5.39: Second mode of vibration. This
is the next simplest way for column of air to
vibrate (in an open pipe) in a standing wave
condition. This mode generates the first
overtone.

Figure 5.40: The Panpipe is a closed pipe
instrument popular among Peruvian musicians.
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The simplest way a column of air in a closed
pipe can vibrate in a standing wave pattern is with the
required antinode at the open end and the required
node at the closed end of the pipe (see Figure 5.41).
This is the fundamental frequency, or first mode.

We can figure out the frequency of this next
mode the same way as before. The pipe length is now
equal to 3/ 4 the wavelength of the sound wave in
the pipe:

L=

€

And the frequency of the next mode of a closed pipe
is:
€

Pipe length, L
Figure 5.41: First mode of vibration. This is
the simplest way for a column of air to
vibrate (in a closed pipe) in a standing wave
condition. This mode generates the
fundamental frequency.

f =

The length of the pipe (in wavelengths) is (1/ 4) λ .
So, for the first mode of a closed pipe:

L=

1
λ ⇒ λ = 4L
€
4

We can find the frequency as we did before by
using f = v / λ . Thus, for the first mode of a closed
€
pipe instrument:

€

f1 =

3
4
λ ⇒ λ= L
4
3

v sound
4L

v
v
3v
⇒ f = sound ⇒ f 3 = sound
4
λ
4L
L
3

You should notice a difference here between the
modes of strings and open pipes compared to the
€ modes of closed pipes. This second mode is three
times the fundamental frequency, or first mode. This
means that this second mode produces the third
harmonic. The second harmonic can’t be produced
with the standing wave constraints on the closed
pipe! This is actually true for all the even harmonics
of closed cylindrical pipes. However, if the closed
pipe has a conical bore or an appropriate flare at the
end (like the trumpet), the spectrum of harmonics
continues to be similar to that of an open pipe.
If we did the same procedure to find the
frequency of the third mode, we’d find that its
frequency is:

Now let’s look at the next possible mode of
vibration. It is the next simplest way that the column
€
of air can vibrate
in a standing wave pattern with the
required antinode at the open end and the required
node at the closed end of the pipe (see Figure 5.42).

f5 =

5v sound
4L

And, of course, since the even harmonics are not
possible with the closed pipe, this is the fifth
harmonic. €Now we can generalize for the nth
harmonic frequency:

fn =

nv sound
4L

This can be a little confusing because in the case of
strings and open pipes, the subscript in the equation
€ of both the mode of vibration and the
is the number
harmonic. Here, with closed pipes, the subscript
refers only to the harmonic. The number of the mode
n +1
. For example, the
for the closed pipe would be
2
fifth harmonic (n = 5) comes from third mode
" 5+ 1
%
= 3' .
$
# 2
&
€

Pipe length, L
Figure 5.42: Second mode of vibration. This is
the next simplest way for a column of air to
vibrate (in a closed pipe) in a standing wave
condition.
This mode generates the first
overtone.

€
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It is important to remember that whenever you
use the equation for open or closed pipes, the length,
L, is always the acoustic length. The end effect must
be added in before calculating the frequency. On the
other hand, if the equation is being used, with a
known frequency, to calculate the proper length of
pipe for that frequency, the calculated length will be
the acoustic length. The end effect will have to be
subtracted, in this case, to get the actual length of the
pipe.

THE END EFFECT
What has been said about open and closed pipes
so far can be thought of as a “first approximation.”
However, if we were to stop here, the notes played on
any aerophone you personally construct would be off.
A musician with a good ear would say that the notes
were all flat – all the frequencies would be too low.
The problem is with the open ends of these pipes.
When the standing wave in the column of air reaches
a closed end in a pipe, there is a hard reflection.
However, when the same standing wave reaches the
open end of a pipe, the reflection doesn’t occur so
abruptly. It actually moves out into the air a bit
before reflecting back (see Figure 5.43). This makes
the pipes acoustically longer than their physical
length. This “end effect” is equal to 61% of the radius
of the pipe. This end effect must be added to the
length of the closed pipe and added twice to the
length of the open pipe.

Example
Let’s say you wanted to make a flute from one-inch
PVC pipe. If the lowest desired note is C5 on the
Equal Temperament Scale (523.25 Hz), what length
should it be cut?

Solution:
•

Identify all givens (explicit and implicit) and
label with the proper symbol.
Given:
f1 = 523.25 Hz
n = 1 (Lowest frequency)
v = 343 m/s (no temperature given)
" 2.54cm %
r = ( 0.5inch)$
'
# 1inch &
= 1.27cm = .0127m

•

Determine what you’re trying to find.
€ is specifically asked for
Length
€
Find:
L

•

Do the calculations.
v
1. f1 =
2Lacoust.

Acoustic pipe length

Actual pipe length

End effect

Acoustic pipe length

⇒ Lacoust. =

€
Actual pipe length

€
End effect
Figure 5.43: The acoustic length of a pipe (the
length of the standing wave of air in the pipe) is
longer than the pipe’s actual length. This “end
effect” is equal to 61% of the radius of the pipe
and must be accounted for once with closed pipes
and twice with open pipes.

v
343m / s
=
2 f1 2 523.25 1
s

(

)

= 0.328m
2.

0.328 m is the desired acoustic length of
the pipe, which includes the end effect on
€ ends of the pipe. Therefore, the pipe
both
must be cut shorter than 0.328 m by two
end effects.
L phys. = Lacoust. − 2(end effect)

⇒ L phys. = 0.328m − 2(.61× .0127m)
€

= 0.312m

€
€
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CHANGING THE PITCH OF WIND
INSTRUMENTS

Figure 5.44: Each trumpet
valve has two paths through
which air can flow. When the
valve is not depressed, it allows
air to flow through the primary
tube. When the valve is
depressed, air
is
forced
through different chambers
that divert it through an
additional length of tube. This
additional length causes the
standing sound wave to be
longer and its frequency to be
lower.

In equations for both open and closed pipe wind
instruments, the variables that can change the
frequency are the number of the mode, the speed of
sound in air, and the length of the pipe. It would be
difficult or impossible to try to control the pitch of an
instrument by varying the temperature of the air, so
that leaves only the number of the mode and the
length of the pipe as methods for changing the pitch.
Some wind instruments, like the bugle, have a single,
fixed-length tube. The only way the bugle player can
change the pitch of the instrument is to change the
manner in which he buzzes his lips, and so change
the mode of the standing wave within the bugle. The
standard military bugle is thus unable to play all the
notes in the diatonic scale. It typically is used to play
tunes like taps and reveille, which only require the
bugle’s third through sixth modes: G4, C5, E5, G5. In
order to play all notes in the diatonic or chromatic
scale, the tube length of the wind instrument must be
changed. The trombone accomplishes this with a
slide that the player can extend or pull back in order
to change the length of the tube. Other brass
instruments, like the trumpet and tuba, accomplish
this change in length with valves that allow the air to
move through additional tubes (Figure 5.44), thereby
increasing the overall length of the standing wave
(Figure 5.45). Finally, the woodwinds change tube
length by opening or closing tone holes along the
length of the tube. An open hole on a pipe, if large
enough, defines the virtual end of the tube.
The three tubes lengthen the trumpet by an
amount that changes the resonant frequency by one,
two, or three semitones. By using valves in
combination, the trumpet can be lengthened by an
amount that changes the resonant frequency by four,
five, or six semitones.

MORE ABOUT WOODWIND
INSTRUMENTS
The woodwinds are so named because originally
they were mostly constructed from wood or bamboo.
Wood is still preferred for many modern woodwinds,
however metal is used in constructing flutes and
saxophones and plastic is used to make recorders. To
change the pitch of the woodwind, tone holes along
the side of the instrument are covered and uncovered
to produce the desired pitch. The simplest way to
look at the function of a tone hole is that, if it is open,
it defines the new end of the barrel of the instrument.
So, a single pipe can actually be turned into eight
different acoustic pipes by drilling seven holes along
the side of the pipe. The length of any one of these
eight virtual pipes would simply be the distance to
the first open hole (which the wave sees as the end of
the pipe). Consider making the placement of the
holes so that the standing waves produced had
frequencies of the major scale. If a tone were
generated in the pipe with all the holes covered and
then the holes were released one by one, starting with
the one closest to the actual end of the pipe and
working backward, the entire major scale would be
heard.

Figure 5.45: Pressing one or more of the trumpet’s three valves provides additional
tubing to lengthen the standing sound wave. This photo transformation of the
trumpet (courtesy of Nick Deamer, Wright Center for Innovative Science
Education) helps to visualize the role of each valve on the trumpet.
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Acoustic length

Acoustic length

Acoustic length

It’s not as easy as it sounds though. Choosing the
position of a hole, as well as its size, is not as trivial
as calculating the length of a pipe to produce a
particular frequency and then drilling a hole at that
point. Think about the impedance difference the
wave in the pipe experiences. It’s true that when the
standing wave in the instrument encounters an open
hole it experiences a change in impedance, but if the
hole were a pinhole, the wave would hardly notice its
presence. On the other hand, if the hole were as large
as the diameter of the pipe, then the wave would
reflect at the hole instead of the true end, because
there would be no difference between the two and the
hole would be encountered first. So the open hole
only defines the new end of the pipe if the hole is
about the same size as the diameter of the pipe. As
the hole is drilled smaller and smaller, the virtual (or
acoustic) length of the pipe approaches the actual
length of the pipe (see Figure 5.46). Structurally it’s
unreasonable to drill the holes as large as the
diameter. And, if the bore of the instrument were
larger than the fingers, then drilling large holes would
require other engineering solutions to be able to fully
plug the hole (see Figure 5.47).

Acoustic length

WA
ESS
VE
AV

Figure 5.46: A hole drilled on the side of a pipe
changes the acoustic length of the pipe. The larger
the hole, the closer the acoustic length will be to
the hole position.

Figure 5.47: From the recorder to the clarinet to the saxophone, tone holes go from small and
simple to small and complex to large and complex. As the instrument grows in length and
diameter, the tone holes get farther apart and grow in diameter. Compare the simple tone
holes of the recorder, which can be easily covered with the player’s fingers to the tone holes of
the saxophone, which must be covered with sophisticated multiple, large diameter hole closer
systems.
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IDIOPHONES (PERCUSSION INSTRUMENTS)
C1
(Hz) 33

C2
65

C3
131

C4
262

C5
523

C6
1046

C7
2093

C8
4186

Timpani
Marimba
Steel Pan (tenor)
fF

I

T’S PRETTY HARD to pass by a set of wind
chimes in a store and not give them a little
tap. And few of us leave childhood without
getting a child’s xylophone for a gift. The
sounds produced when pipes or bars are
tapped on their sides are fundamentally
different from the sounds produced by the
instruments in the previous two categories. That’s
because the frequencies of higher modes in vibrating
pipes and bars are not harmonic. Musical instruments
consisting of vibrating pipes or bars are known as
idiophones.

Xylophone

produces the fundamental frequency (see Figure
5.48).

Bar length, L
Figure 5.48: First mode of vibration. This is the
simplest way for a bar or pipe to vibrate
transversely in a standing wave condition with
both ends free. This mode generates the
fundamental frequency.

“Music should strike fire from the
heart of man, and bring tears from the
eyes of woman.”
– Ludwig van Beethoven

The mode of vibration, producing the next higher
frequency, is the one with four antinodes including
the ones at both ends. This second mode has a node
in the center and two other nodes at 0.132 L and
0.868 L (see Figure 5.49).

BARS OR PIPES WITH BOTH ENDS
FREE
In a bar whose ends are free to vibrate, a
standing wave condition is created when it is struck
on its side, like in the case of the marimba or the
glockenspiel. The constraint for this type of vibration
is that both ends of the bar must be antinodes. The
simplest way a bar can vibrate with this constraint is
to have antinodes at both ends and another at its
center. The nodes occur at 0.224 L and 0.776 L. This

Bar length, L
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Figure 5.49: Second mode of vibration. This is
the next simplest way for a bar or pipe to
vibrate in a standing wave condition with both
ends free. This mode generates the first
overtone.
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The mathematics used to describe this particular
vibration of the bar is complicated, so I’ll just present
the result.
If the bar is struck on its side, so that
its vibration is like that shown, the frequency of the
nth mode of vibration will be:

fn =

Where: v =

€

Material

Another type of
vibration for bars is
when one of the ends is
clamped, like in a
thumb piano. The free
end is struck or
plucked, leading to a
standing
wave
condition in which the
constraint is that the
clamped end is always
a node and the free
end is always an
antinode. The simplest
way the bar can vibrate
is with no additional nodes or antinodes beyond the
constraint. This produces the fundamental frequency
(see Figure 5.50).

πvK 2
m
8L2

the speed of sound in the material of
the bar (some speeds for common
materials are shown in Table 5.4)

Speed of sound, v

Pine wood
Brass

BARS OR PIPES WITH ONE END
FREE

( ms )

3300

€

3500

Copper

3650

Oak wood

3850

Iron

4500

Glass

5000

Aluminum

5100

Steel

5250

Table 5.4: Speed of sound for sound
waves in various materials.

Bar length, L
Figure 5.50: First mode of
simplest way for a bar
transversely in a standing
only one end free. This
fundamental frequency.

L = the length of the bar
m = 3.0112 when n = 1, 5 when n = 2,
7 when n = 3, … (2n + 1)
thickness of bar
for rectangular bars
K=
3.46
or
K=

€

(inner radius)2 + (outer radius)2
2

vibration. This is the
or pipe to vibrate
wave condition with
mode generates the

The next mode of vibration, producing the next
higher frequency, is the one with two antinodes and
two nodes including the node and antinode at each
end (see Figure 5.51).

for tubes

€

Bar length, L
A primitive idiophone with gourds of different
lengths acting as tuned resonators.

Figure 5.51: Second mode of vibration. This is
the next simplest way for a bar or pipe to
vibrate in a standing wave condition with only
one end free. This mode generates the first
overtone.
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The expression for the nth frequency of the
clamped bar looks identical to that of the bar with
free ends. The only difference is in the value of “m”.
If the bar is plucked or struck on its side, so that its
vibration is like that shown, the frequency of the nth
mode of vibration will be:

fn =

and dies out quickly as well, so it’s not really a
problem. The real concern is for the second mode
which is much more evident and persistent. The
second mode is not only inharmonic, it isn’t even
musically useful as a combination of consonant
intervals. This causes unmodified idiophones to have
less of a clearly defined pitch than harmonic
instruments. However, a simple modification can be
made to the bars of xylophones and marimbas to
make the second mode harmonic.
Figures 5.48 and 5.49 indicate that the center of
the transversely vibrating bar is an antinode in the
first mode and a node in the second mode. Carving
out some of the center of the bar makes it less stiff
and decreases the frequency of the first mode.
However, it has little effect on the second mode,
which bends the parts of the bar away from the
center. An experienced marimba builder can carve
just the right amount of wood from under the bars so
that the first mode decreases to one-quarter of the
frequency of the second mode (see Figure 5.52). The
xylophone maker carves away less wood, reducing
the frequency of the first mode to one-third the
frequency of the second mode. Both modifications
give the instruments tones that are clearly defined,
but the two octave difference between the first two
modes on the marimba gives it a noticeably different
tone than the xylophone’s octave-plus-a-fifth
difference between modes.

πvK 2
m
8L2

Where: m = 1.194 when n = 1, 2.988 when n = 2,
5 when n = 3, … (2n - 1)
And all other variables are defined
€
identically to those of the bar with free ends
equation.
As mentioned earlier, the frequencies of the
modes of transversely vibrating bars and pipes are
different from those of vibrating strings and air
columns in that they are not harmonic. This becomes
obvious when looking at the last two equations for
transverse vibration frequency of bars and pipes. In
both cases, f n ∝ m 2 , where fn is the frequency of the
nth mode and m is related to the specific mode. For
transversely vibrating bars and pipes with free ends:

€
52
72
f2
f3
=
=
2.76
=
= 5.40 .
and
f1 3.0112 2
f1 3.0112 2

€

TOWARD A “HARMONIC”
IDIOPHONE€

It was just shown that a transversely vibrating
bar with both ends free to move has a second mode
vibration frequency 2.76 times greater than that of the
first mode. The third mode has a frequency 5.40
times greater than that of the first mode. These are
obviously not harmonic overtones. However, the
third mode contributes very little of the overall power

Figure 5.52: The second mode of xylophone and
marimba bars is made harmonic by carving wood
from the bottom center of the bar. This lowers the
fundamental frequency of the marimba bars to
one-quarter the frequency of the second mode and
lowers the fundamental frequency of the xylophone
bars to one-third the frequency of the second mode.

“In most musical instruments the resonator is made of wood, while the actual
sound generator is of animal origin. In cultures where music is still used as a
magical force, the making of an instrument always involves the sacrifice of a living
being. That being’s soul then becomes part of the instrument and in times that
come forth the “singing dead” who are ever present with us make themselves
heard.”
- Dead Can Dance
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CHAPTER 6:
WAVE PHENOMENA

I

F YOU TAKE two pairs of polarizing
sunglasses and rotate the lens of one pair in
front of the lens in the other pair, at some
point you will block ALL light from passing
through (Figure 6.1)! That won’t happen with
ordinary sunglasses, but it happens with
polarizing sunglasses because of the properties of
polarized light. In the process of polarizing the light,
the lens blocks 50% of the light that enters it. So if
two polarizing lenses are used together, and both
have the ability to block 50% of the light entering
them, then it is possible to get the pair to block 100%.
Now even though no one has a problem with 50%
and 50% adding up to 100%, our experience with
sunglasses makes this simple sum seem unlikely
when applied to lenses. It seems more reasonable for
the second lens to just block 50% of the 50% that
gets through the first lens. And … that’s exactly what
conventional sunglass lenses do. You’re probably not
familiar with the wave phenomenon of Polarization.
Chances are that you don’t know much or anything
about diffraction (another wave phenomenon) either.
At this point, you do know a bit now about how
waves behave. Studying wave reflection, the Doppler
Effect, wave interference, and standing waves in
musical instruments has given you a foundation in
wave phenomena that allows you to appreciate waverelated topics. This chapter will give you a broader
understanding of waves with a look at some new
topics. We’ll also look at some wave phenomena that
you already have some exposure to, but at a deeper
and richer level. We’ll start by revisiting interference.
Antinodes

Nodes
Figure 6.2: The familiar standing wave on a slinky
or rope produces nodes that are points of
destructive wave interference.

Figure 6.1: Two polarizing sunglass lenses are
positioned to demonstrate their curious ability to
block 100% of the light that strikes them. What is
most curious is that the light is only totally blocked
when the lenses are in this particular orientation
with respect to each other.

REVISITING WAVE INTERFERENCE
From observations of waves on slinkies, you
already understand a little bit about wave
interference, but the subject is much richer than what
you’ve seen so far. When waves interfere on a slinky
or in a musical instrument, you know that it’s
possible to create a standing wave condition in which
there are stable nodes and antinodes (see Figure 6.2).
However, the presence of nodes and antinodes is not
limited to one-dimensional standing waves.
When two closely spaced wave sources produce
waves of the same frequency in a two-dimensional
medium (like the galoshes bobbing in the water of
Figure 6.3), the result is an interference pattern that
is characterized by nodes and antinodes. The most
obvious difference is that nodes and antinodes in the
interference pattern are not located at points on the
medium (like in the standing waves you’ve seen).
The nodes and antinodes of interference patterns, are
lines – hyperbolic lines. A quick glance at Figure 6.3
shows two feet creating waves as they move through
the water. A closer look shows lines in the wave
pattern (nodes) that are actually undisturbed water!
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Along these lines,
destructive
interference
between the waves
caused by each of
the two feet is
continuously
occurring.
The
rippled sections in
between the nodes
are where the
constructive
interference
is
occurring.
Antinodes
like
these (but caused
by radio waves
instead)
are
responsible
for
providing
the
Boeing
747
autopilot with the
information
it
needs to land the
big jet without the
aid of its human
counterpart.

Interference
pattern nodes

Figure 6.3: The two feet bouncing in the water act as same-frequency point sources,
creating a stable interference pattern with nodes and antinodes. (Photo by Lindsay
Yellen, Class of 2008.)
Constructive
Interference

UNDERSTANDING TWO
DIMENSIONAL WAVE
INTERFERENCE
Tap a stick repeatedly in the water of a pond and
you get what you’ve always come to expect … a
succession of circular waves. It makes sense, because
if the energy from the stick moves in all directions at
the same rate, then the shape of the wave front would
geometrically have to be a circle. But try tapping two
sticks simultaneously and close together and you
would see something very different. You would (if
you looked closely enough) see an interference
pattern (Figures 6.3 and 6.4). The pairs of outward
moving circular waves from the two sources combine
(or interfere) in a pattern that is absolutely motionless
and stable. The pattern consists of lines (actually
pairs of hyperbola) that represent regions of either
constructive interference (crests from one source
meeting crests from the other source) or destructive
interference (crests from one source meeting troughs
from the other source). The lines where constructive
interference occurs are called antinodes or maxima.
The lines where destructive interference occurs are
called nodes or minima.
To understand the physics of antinodes and
nodes, first consider that the two sources of waves
are separated by a bit. This means that when each of

Destructive
Interference

Figure 6.4: Two sources of waves placed close
together, and having the same frequency, will
produce a stable interference pattern with regions
of constructive and destructive interference.

them is producing waves, there will be points out
beyond the two sources where a wave from one
source has traveled a different distance than a wave
from the other. If the sources are in phase (in step
with each other, producing pulses at the same time),
then there will be points where the waves will no
longer be in step. If at one point they are out of step
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by a full wavelength, then they are really, back in
step. Crests are still aligned with crests and there
would be constructive interference at that point
(Figure 6.5). This would also be true if the waves
were out of step by two wavelengths (or any integer
number of whole wavelengths). However, if the
waves at one point were out of step by a half

Constructive
Interference

wavelength, then the crest of one would be in line
with the trough of the other and they would cancel
each other out. This would be a point of destructive
interference (Figure 6.5). This would also be the case
if the waves were out of step by one-and-a-half
wavelengths (or any number of odd half
wavelengths).

Destructive
Interference

Figure 6.5: If two sources of waves are separated by a bit when each of them is
producing waves, there will be points out beyond the two sources where a wave
from one source has traveled a different distance than a wave from the other.
Depending on the difference in distance traveled, the waves can interfere
constructively or destructively.

Wave interference is also responsible for the
colors you’ve seen in the oil on a rain-soaked
roadway or in the film of a soap bubble. Those colors
are due to thin film interference. In this case, the
waves are light waves and the sources of the waves
are the top and bottom of the film (see Figure 6.6).
When light strikes a thin film, a portion of the light
reflects and a portion of it enters the film. Some of
the light entering the film will reflect off the bottom
of the film. These two portions of the light, reflected
from the top and bottom of the film interfere either
constructively (to reinforce a particular color of light)
or destructively (to cancel a particular color of light).
In addition to producing the colors in soap bubbles
and oil slicks, optical engineers can use this
phenomenon to coat optical devices with thin films
that will selectively reflect or transmit particular
colors of light.

Incident light

Reflected light

Thin film

Air or substrate

Figure 6.6: When light strikes a thin film, a
portion of the light reflects and a portion of it
enters the film. Some of the light entering the
film will reflect off the bottom of the film. These
two portions of the light, reflected from the top
and bottom of the film interfere either
constructively (to reinforce a particular color of
light) or destructively (to cancel a particular
color of light).
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x ≡ the distance perpendicular from the middle
of the central antinode to the point on the
antinode.
d ≡ the distance between the centers of the
sources.

CALCULATING WAVELENGTH
FROM WAVE INTERFERENCE
PATTERNS
It may not be obvious at this point, but it turns
out that the spacing between the nodes and antinodes
is linked to the wavelength of the wave producing the
pattern. So measurements of the nodes or antinodes
can be used to calculate wavelengths. In order to
make these measurements, a point must first be
labeled on one of the antinodes. The location of this
point is somewhat arbitrary, but should be in the
center of the antinode and as far from the sources as
possible. Any antinode can be chosen. After the point
on the antinode is chosen, three measurements must
be made (see figure 6.7):

You also need to know the number of the antinode,
m, that the point is on. Antinodes are numbered from
the central antinode (m = 0), starting with m = 1.
Antinodes are counted as positive when going either
to the left or to the right of the central antinode. (The
point in Figure 6.9 is on m = 2.) You can use x and L
to calculate the angle, θ, shown in Figure 6.9. Then,
to calculate the wavelength, λ, of the wave, use the
following equation:

d sin θ = mλ

L ≡ the distance from a point midway between
the sources to the point on the antinode.

m=2

m=1

€

m=0

m =3

m =1

m=2
m=3

x

m =4

m =4

L

L

θ

S1

d

S2

Figure 6.7: Interference pattern measurements.
Universal Law of Gravity), he also investigated the
physics of light. He believed there was adequate
evidence to claim that the composition of light was
that of particles (corpuscles, he called them) rather
than waves – and so it was accepted. Well, not by
everybody. Over a century later, Thomas Young, a
physicist and a physician had a brilliant idea to
absolutely solve the problem of the true nature of
light. He figured that if light were a wave, then two
identical sources of light, placed closely enough
together, would have to form an interference pattern
(Figure 6.8). The nodes, in this case, would be dark

THOMAS YOUNG’S USE OF THE
INTERFERENCE PATTERN TO
PROVE THE WAVE NATURE OF
LIGHT
Isaac Newton was brilliant. It is said that he went
from having a basic knowledge of college freshman
math to being the most brilliant mathematician in the
world in … two years, and … self-taught! In addition
to his primary investigations of the physics of motion
(three Laws of Motion and his development of the
113
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regions where the light from one source cancelled the
light from the other source. So he brought a thin
sliver of light up to a card with two holes spaced very
closely together and then let the resulting light fall on
a distant screen. Oh, it must have been a glorious day,
and I know that he must have wished that Newton
were still alive to see the very simple experiment that
disproved Newton’s theory of light. Well, maybe
Young didn’t have that kind of “rub your nose in it”
personality, but I’m sure he was beside himself with
excitement when he saw the alternating bright and
dark spots on the screen onto which the light fell.
And, I’m almost positive that his immediate
inclination was to use the physics of interference
patterns to calculate the wavelength of the light from
the geometry of the interference pattern.

Thomas Young (1773-1829)
You could call Thomas Young a quick learner
– he learned to read at age two. He had a keen
interest in mathematics, foreign languages, and of
course, physics. He made significant contributions
to each of these fields during his lifetime.
As a medical doctor in London, Young turned
his focus to optics and light. Working with fellow
physicist Hermann von Helmholtz, Young
published a fundamental theory of color, which is
now called the Young-Helmholtz Theory. The
theory is based on the assumption that there are
three major color sensations – red, green, and blue,
and likewise three different groups of cones in the
retina. Other colors are seen when the cone cells
are stimulated in different combinations.
Continuing his study of optics, Young
considered the nature of light. He developed the
double slit experiment to prove the wave theory of
light. He used his new wave theory to explain the
colors of thin films (like bubbles) and calculated
the wavelengths of the seven colors recognized by
Newton. His wave theory also explained why light
waves are transverse, rather than longitudinal as
once thought.
After his work on optics, Young returned to
the study of languages, with a particular interest in
Egyptology. He studied the Rosetta Stone and
succeeded in providing a nearly perfect translation.
This was a major contribution in deciphering the
ancient Egyptian language.

Figure 6.8: Thomas Young’s visualization of two
sources of light waves interfering and causing
characteristic antinodes (bright regions) and
nodes (dark regions).

(Biography by Alex Altman, Class of 2005)
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THIN FILM INTERFERENCE

T

HIN FILM INTERFERENCE is
responsible for the colors seen in the
thin film of oil on a wet parking lot, or
in the pastel colors seen when viewing
a soap bubble in strong light. Optical
engineers have long used this wave
phenomenon to coat optical devices with thin films
that will selectively reflect or transmit particular
colors of light. Thin film interference is exactly what
the name implies. It is classic two-source
interference, except that the sources producing the
waves are not bobbers in water, or slits allowing light
through, but the top and bottom of the film that light
is passing through. Let’s use the example of the thin
film of oil on the water of the parking lot. As light
strikes the top surface of the oil, some of the light
will reflect off this top surface and some of the light
will refract into the oil film. The light refracting into
the oil will encounter the bottom of the film, where a
portion of it will reflect. The reflected light from the
bottom of the film can now rejoin the reflected light
from the top of the film. So the original light coming
down to the film has been converted into two
separate beams; the interference occurs between
these two beams. The beam reflecting off the bottom
of the film travels a greater distance as it approaches
your eyes, so now it’s out of step with the light
reflecting from the top of the film. The amount that
it’s out of step depends on how thick the film is. For
light striking the film in a direction parallel to the
normal, the two “sources” of light are out of step by
twice the thickness of the film (one for the path down
into the film and one for the reflected path up through
the film). Now, since different colors of light have
different wavelengths, if the two reflections of light
are out of step, they will be out of step differently for
different colors. For example, if the film thickness is
just right to give constructive interference for red
light, at that point in the film you would see red. If
the film thickness is just right to cause destructive
interference for green light you would see the
absence of green (magenta) in that part of the film.
This is the essence of thin film interference.
However, it is more complicated than this. The
interference also depends on the relative refractive
indices at each of the two surfaces. That effect
probably isn’t as obvious as the difference in path
length due to film thickness. Recall, the type of

Figure 6.9: Light reflecting off both the top and
bottom of a film of oil interferes causing the
colors characteristic of thin film interference.
reflection at the boundary of two wave media
(inverted or upright) depends on the relative rigidity
of the new medium. In the case of light reflecting at
the boundary between two transparent substances, the
index of refraction determines the rigidity. When
light travels from a lower to a higher index of
refraction, there is an inverted reflection (see Figure
6.10). So a wave crest would be reflected as a trough,
creating a phase shift of one-half wavelength. Now if
the light encounters a higher index of refraction at
both the top and the bottom of the film, then both
waves experience a phase shift and there is therefore
no relative shift (they’ve both changed by one half
wavelength). Encounters with a lower index of
refraction produce an upright reflection (crests reflect
as crests) and therefore, no phase shift. So the only
time these reflections become an issue is when one is
phase shifted and the other is not.
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n = 1.00

A
thin film

n = 1.00

B

n = 1.33

thin film

n = 1.50

n = 1.33
n = 1.00

Figure 6.10: When doing calculations for thin film interference, the index of refraction of the thin film
must first be compared to the indices of refraction of the materials above and below the film.
In case “A,” the thin film has a higher index than the air above it, but a lower index than the glass
below it. Since the light will be encountering a higher index at both surfaces, both reflections will be
like a closed-end reflection. The phase of the light will change in both reflections (crest to trough or
trough to crest), but since both phases change, the relative phase change is unchanged.
In case “B,” the thin film has a higher index than the air above it and a higher index than the air below
it. Since the light will be encountering a higher index at the top surface and a lower index at the
bottom surface, the top reflection will be like a closed end reflection and the bottom reflection will be
like an open-end reflection. The phase of the light will only change in the top reflection. This will cause
the two reflected waves to be out of phase by half a wavelength.

THIN FILM INTERFERENCE
CALCULATIONS
Now we’re almost ready to predict what color a
particular film will preferentially reflect (or restrict
from reflecting). Perhaps the desire might be to
calculate the proper thickness for a film to have in
order to reflect a particular color. There are varieties
of equations that will do the work for you, but it is
best to approach this conceptually:

Figure 6.11: The phenomenon of “Newton’s Rings” occurs
when thin film interference occurs in the air gap between
two pieces of glass.

1. Find phase difference due only to types of
reflections at each surface. (See Figure 6.10)
Look at the relative indices of reflection at each
of the surfaces. If the change is from lower to higher
index of refraction at both surfaces, or from higher to
lower index of refraction at both surfaces, then move
on – there will be no relative phase shift due to
reflections. Any change in path length for the two
beams of light will have to come from the film
thickness alone. If, however, there is a change from
higher to lower index of refraction at the top surface
and the opposite at the bottom surface or a change
from lower to higher index of refraction at the top
surface and the opposite at the bottom surface, then
there will be a one-half wavelength phase change
between the two beams. You must keep this
information in mind for later.

2.

Determine wavelength of light within the film.
This was not mentioned before, but, because of
refraction, the wavelength the light has in empty
space is not the wavelength it will have within the
film. Thus, the calculation for film thickness must
account for this issue. To calculate the wavelength
within the film, consider that on each side of the film
boundary, the frequency of the light must be the
same:
v film
v
f vacuum = f film ⇒ vacuum =
λ vacuum λ film

v film
v film
1
= λ vacuum
= λ vacuum
€⇒ λ film = λ vacuum v
c
n
vacuum

⇒ λ film =

€
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3. Decide film thickness based on the desire for
constructive or destructive interference.
This is the most deductive part of the whole
calculation. Make sure it makes sense.

Example
Light falls on a film of gasoline (n = 1.40) that is
floating on a puddle of water (n = 1.33). Find the
minimum thickness of the film in a spot that looks red
(λ = 630 nm).

a. If the idea is to see a particular color in a
thin film, then there must be constructive
interference for that particular color. You
want the phase shift between the two beams
to be a whole wavelength (actually any
number of whole wavelengths). If there has
already been a phase shift due to types of
reflections, then the extra path length taken
by the beam inside the film must be a half
wavelength, meaning that the film thickness
must be a quarter wavelength (because the
light must go down to the bottom of the film
and then back up again). If there has not been
a phase shift due to reflections, then the extra
path length taken by the beam inside the film
must be a whole wavelength, meaning that
the film thickness must be a half wavelength.

Solution:
• Identify all givens (explicit and implicit) and
label with the proper symbol.
- It doesn’t say what medium the light is coming
from as it passes into the oil, so we must
assume that medium is air (n1 = 1.0)
- The thin film is the gasoline (n2 = 1.40)
- The oil floats on water (n3 = 1.33)
- The wavelength of light in the air
= λair ≅ λvacuum = 630 nm
• Determine what you’re trying to find.
The sense of “spot that looks red” suggests
that you’re looking for film thickness that
produces constructive interference for red
light.

b. If the idea is to see the absence of a
particular color in a thin film, then there
must be destructive interference for that
particular color. You want the phase shift
between the two beams to be a half
wavelength (actually any odd number of odd
half wavelengths). If there has already been a
phase shift due to types of reflections, then
the extra path length taken by the beam inside
the film must be a whole wavelength,
meaning that the film thickness must be a half
wavelength. If there has not been a phase
shift due to reflections, then the extra path
length taken by the beam inside the film must
be a half wavelength, meaning that the film
thickness must be a quarter wavelength.

• Use the three-step process to find the film
thickness.
1. Find phase difference due only to types of
reflections at each surface.
At the top surface the light goes from n = 1.0
to n = 1.40. At the bottom surface the light
goes from n = 1.40 to n = 1.33. Since the
transitions are opposite (lower n to higher n
followed by higher n to lower n) there is a onehalf wavelength phase shift due only to the
types of reflection.
2. Determine wavelength of light within the
film.

λ film =

€

€
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λ vacuum 630nm
=
= 451nm
n
1.40

3. Decide film thickness based on the desire
for constructive or destructive interference.
The desire is for constructive interference,
meaning the two waves are out of phase by
one full wavelength. Since the different
reflections have the two waves already out of
phase by one-half wavelength, the one that
travels through the film must travel an
additional extra half wavelength. This is
possible if the film thickness is one-quarter
wavelength.
λ film 451nm
=
= 113nm
film thickness =
4
4
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POLARIZED LIGHT

T

AKE A TRIP to the sunglass store and
you’ll see an array of sunglasses
ranging from barely tinted to so dark
that no one could ever see your eyes
behind the lenses. There are mirrored
and colored lenses, UV-blocking lenses
and … polarizing lenses. These are the most
misunderstood types of sunglasses. You can’t get
especially dark or light ones. These lenses always
block exactly 50% of incoming light. This is due to
the phenomenon of wave polarization. If you take
two sets of polarizing lenses, one right in front of the
other, and then rotate one pair by 90° you will block
100% of the incoming light (see Figure 6.15)!
The ability of two polarizing sunglass lenses to
block 100% of the light striking them gives further
evidence that sound does not have a monopoly on
interesting wave behavior. The fact that light can be
polarized means that it is not only a wave, but it must
be transverse. Polarized light provides the technology
for those realistic 3-d movies and it means that
sunglasses can be produced to allow the transmission
of 50% of normal light, but 0% of the light reflected
from surfaces that cause glare. Finally, it gives the
person with no artistic talent the opportunity to create
beautiful art. Or perhaps it simply pushes the
definition of what art is and who the artist is to a new
and broader realm. The “art” produced with polarized
light is compelling enough to force us to reckon with
the question of whether art is a function of the artist,
the artist and the medium, or perhaps … just the
medium?
Conventional light (from a light bulb, candle, or
the Sun) is unpolarized. It’s like the light coming off
the surface of this page. Light is a transverse wave,
so if you could see the actual wave trains, they would
look like a rope being shaken to make a transverse
wave. Looking sideways at the wave would look like
this:

Notice that the plane of vibration is vertical.
Naturally occurring light is made up of waves that
have random planes of vibration. This type of light is
called unpolarized. A beam of unpolarized light
coming out of the paper toward you can be visualized
like this:

Figure 6.12: Unpolarized light is made up of
transverse waves that vibrate in more than one
plane of polarization.
If the vibration is in only one plane, the light is called
polarized. A beam of polarized light coming out of
the paper toward you might look like one of these:

Figure 6.13: Polarized light is made up of
transverse waves that vibrate in only one plane of
polarization.
For the remainder of this discussion, imagine the
unpolarized light as having two planes of vibration
(vertical and horizontal) and moving to the right
across the page. The arrow represents the vertical
plane of vibration and the dot represents the
horizontal plane of vibration.

This wave is moving to the right, but if you rotated it
90° so that it was coming out of the paper toward
you, it would look like this:

There are three methods to polarize light: by
Selective Absorption, by Reflection, and by Double
Refraction (also known as Birefringence).
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POLARIZATION BY
SELECTIVE ABSORPTION
Selective absorption is what
polarizing sunglasses do. A selective
absorber is a transparent material in
which long organic molecules have
been stretched out, all in the same
direction. Light vibrating in the
direction of the stretch is absorbed and
turned to heat. The remaining 50% of
the light, all vibrating perpendicular to
the plane of the stretched molecules,
passes through the absorber, yielding a
polarized beam (see Figure 6.14).
Figure 6.15 shows two polarizing
sunglass lenses, each with their
selective absorbing directions rotated
90° with respect to the other. Selective
absorbers absorb all the light vibrating
in one plane of vibration and allow all
the light to pass through if it vibrates in
a plane rotated by 90°. This is how two
polarizing sunglass lenses rotated at 90°
relative to each other can block all light
incident on them.
The special glasses you have to
wear to see the 3-d effect at 3-d movies
are selective absorbers. However,
unlike sunglasses that use selective
absorbers, these 3-d movie glasses have
the two lenses rotated at 90° with
respect to each other. When you put
them on and watch the movie, you’re
actually watching two movies being
projected at the same time, with the
images overlapping each other. Each of
the movie projectors projects polarized
light, but the planes of vibration for
each beam are rotated at 90°. This way,
the light from each movie goes into
only one eye. When the films are made,
the shots are taken from a slightly
different perspective. It’s just like when
you view anything with both eyes open.
Each eye sees its own slightly different
perspective, allowing you to perceive
the three dimensionality of whatever
you look at. The 3-d glasses give you
the same effect because each eye sees
its own movie, from a different
perspective.

Figure 6.14: A selective absorber is a transparent material in which
long organic molecules have been stretched out, all in the same
direction. Light vibrating in the direction of the stretch is absorbed
and turned to heat. The remaining 50% of the light, all vibrating
perpendicular to the plane of the stretched molecules, passes through
the absorber.

Figure 6.15: Selective absorbers absorb all the light vibrating in one
plane of vibration and allow all the light to pass through if it vibrates
in a plane rotated by 90°. This is how two polarizing sunglass lenses
(selective absorbers) rotated at 90° relative to each other can block all
light incident on them.
.
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POLARIZATION BY
REFLECTION

θ

Β

Polarization
by
reflection occurs naturally
when light strikes any
surface. The light vibrating
horizontally tends to be
reflected from the surface
and the light vibrating
vertically tends to be
refracted into the surface.
This is usually only a partial
polarization
though.
However, the reflected and
refracted rays are completely
polarized if the angle
between them is 90º. This
occurs perfectly when the
angle of incidence is at what
is called Brewster’s angle
(see Figure 6.16).
This natural polarization
Brewster’s Angle
is why polarizing sunglasses
are so effective at blocking
glare. Glare light is light that
is reflecting off some
surface, like a still lake or
the trunk lid of the car in
front of you. Now, since this
glare light has been anywhere from partially to fully
polarized, and its plane of vibration is horizontal,
then a pair of polarizing sunglasses can be especially
effective at blocking this light. As long as the lenses
are oriented to absorb all light vibrating in a
horizontal plane, up to 100% of the glare light will be
taken out. Figure 6.17 illustrates this phenomenon.

θ

Β

You can tell if a pair of sunglasses is truly polarizing
by simply tilting your head as you look at a surface.
The amount of light coming through conventional
sunglasses will be the same in any orientation, but if
the lenses are polarizing, then you will get a strong
change in intensity if you rotate your head by 90°.

Figure 6.17: The effectiveness of blocking glare light using polarizing lenses.

Light reflects off a surface, causing
a glare. However, the glare consists
of
rays
primarily
polarized
horizontally.

The polarizing sunglasses have
their orientation set to block rays
polarized
horizontally,
thus
blocking nearly all the glare.
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The polarizing sunglasses oriented
in the opposite direction now
block hardly any of the glare. This
is how it would appear if you
walked with your head tilted 90°.
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POLARIZATION BY
DOUBLE
REFRACTION
Polarization by double
refraction occurs naturally in
some crystals (like calcite). The
double refracting substance has
two
different
indices
of
refraction, one for the light with
a vertical plane of vibration and
another for the light with a
horizontal plane of vibration.
This causes an incident beam of
light to separate into two
separate and polarized refracted
Calcite crystal
beams of light (see Figure 6.18).
You know that when two
selective absorbers are oriented
at 90° with respect to each other,
all light is blocked. An
interesting property of double
refractors is that when they are
placed in between two such
Figure 6.18: Polarization by double refraction occurs naturally in some
selective absorbers, light is able
crystals, like calcite (see photograph to the upper right). The double refracting
to pass through in the area where
substance has two different indices of refraction, one for the light with a
the double refractor is located.
vertical plane of vibration and another for the light with a horizontal plane of
This becomes a useful way to
vibration. This causes an incident beam of light to separate into two separate
identify
double
refractors,
and polarized refracted beams of light. What looks like blurriness in the photo
especially for substances that are
above is actually two polarized images of the writing below the crystal.
not naturally double refracting.
Some materials (many plastics) will
become double refracting if their structure
is stressed. This can be used to analyze the
structural weaknesses in a proposed
building, bridge, or car if a scale model of
the structure is constructed and then placed
under various types of stress (see Figure
6.19). If the scale model is viewed while in
between two 90° oriented selective
absorbers, not only will light pass through,
but the points of greatest stress will be
prominent and produce Interference
Colors. These interference colors are more
than useful. Many artists have seized the
opportunity to exploit the beauty of these
interference colors, which can be quite
compelling.

Figure 6.19: Two selective absorbers have their absorption axes
rotated at 90° relative to each other. This blocks all light from
passing through except where the plastic pushpins are located. This
property of double refractors is useful for analyzing structural
stress. (Photo by Hannah Boston, Class of 2009.)
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“The most important fundamental laws and facts of physical
science have all been discovered, and these are now so firmly
established that the possibility of their ever being
supplemented by new discoveries is exceedingly remote.”
Albert Abraham Michelson, 1903

SECTION 3
MODERN PHYSICS
Click
(silence)

Mill Valley, CA may be a
“Nuclear
Weapon
Free
Zone,” but it’s not a “nuclear
radiation free zone.” There’s
a big difference. We may be
able to restrict the import of
nuclear weapons (Is that an
issue?), but we certainly can’t
keep out the persistent rain of
nuclear radiation. The silent
and persistent rain of cosmic
rays continues … even within
all the passionately demanded
“nuclear weapon free” zones.
And, the natural radioactivity
from some of the isotopes
within our own bodies fails to
distinguish
between
the
pronuclear and antinuclear
activists – everyone gets selfexposed at all times and in all
places.

Click
(silence)
Click

I

N
MOST
PLACES, this is
what a Geiger
counter sounds
like. Even if it is
heavily shielded
and far from any known
radioactive source, the
clicks from the Geiger
counter continue to
indicate the presence of radioactivity. The clicks usually represent the life’s end of
a high-energy subatomic particle from deep in space – a cosmic ray. The typical
cosmic ray travels millions or even billions of light years on a cold and lonely
journey that began long before the advent of civilization, or even life, on the Earth.
As it collides with atmospheric molecules, radioactive exotic particles are
produced that interact with the Geiger counter. Every person on Earth is struck by
about 500,000 of these per hour. Cosmic rays were first detected at the turn of the
century, when many believed that the knowledge of all physics was essentially
complete (see Michelson’s quote above). Little did we know that we were actually
just embarking upon the most explosive period of growth and understanding that
physics has ever known. It was the dawn of what has come to be known as Modern
Physics.
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Modern Physics hunts for the smallest building
blocks of nature. It pursues the most basic ideas
about matter, forces, and energy. Modern physics
seeks the most fundamental answers to questions
about the origin of the universe. It begins in the late
1800s with the discovery of subatomic particles and
nuclear radiation. It continues through the ideas of
Albert Einstein’s Theory of Relativity, the
development of quantum mechanics, the discovery of
nuclear fission and fusion, the development of the
laser, and the discovery of hundreds of exotic subsubatomic particles. Today physicists at the cutting
edge of research work with ultra-high-energy particle
accelerators that routinely duplicate the conditions of
the universe during the first fraction of a second of its
existence. Some look for unification in the four
forces of nature (gravity, electric, weak, and strong).
They peer deeper and deeper into space with bigger
and bigger telescopes and use larger and larger
machines to explore smaller and smaller structures.
We will begin a bit before the beginning of the
twentieth century with the discovery of the electron.
It was this discovery that caused physicists to realize
that the structure of matter was far from being well
understood. The discovery of the electron also led to
the problem of the photoelectric effect, a riddle that
inspired Einstein to theorize the existence of the
photon, a chunk of light – a light “particle.” One of
the roles of the electron became obvious to Neils
Bohr. His theory of electron energy levels gave birth
to atomic spectroscopy, which has given physicists
the necessary tool for determining both the contents
of stars and galaxies, as well as the size and age of
the universe.
Then came the discovery of nuclear radiation, a
curious emanation from the core of the atom and
completely undetectable by any of the five senses. No
matter how high the energy or intensity of this
radiation, it cannot be seen, heard, smelled, tasted or
felt. Extrasensory radiation detectors are required to
let us know when we’re in the presence of this
penetrating radiation. Perhaps because it is so elusive
or perhaps because of its connection to war and
weapons, there are so many who have an ignorant
paranoia about the very amoral existence of nuclear
radiation. It is neither good nor bad; it simply is. The
silent and persistent rain of cosmic rays continues …
even within all the passionately demanded “nuclear
free” zones. And the natural radioactivity from some
of the isotopes within our own bodies fails to
distinguish between the pronuclear and antinuclear
activists – everyone gets self-exposed at all times and
in all places. The job of the physicist is to understand
the nature of nuclear radiation. With understanding
comes the knowledge of how to avoid the dangerous
effects of radiation as well as the objectivity that

allows or prohibits the harnessing of nuclear
radiation’s energy for industrial and medical
technologies, as well as for military applications.

PROBING THE MIND OF GOD
There isn’t much in the educational community
that causes as much polarity and anger as the issue of
whether to teach evolution or intelligent design.
Some argue for teaching one over the other, while
others urge the teaching of both on equal ground.
Some, seeking a middle ground, attempt to deify
evolution, believing the evolutionary evidence, but
making God the agent of evolution. In truth, most
people have beliefs in both areas. Pitting the extreme
ideas of each group against the other is pitting
empiricism against faith; secular humanism against
fundamentalism. Yet, in the furthest reaches of the
study of matter, both camps have reason to revere
their beliefs. Both would agree that the highest level
of evolution or creation is the human. Nothing else in
the known universe even comes close to the marvel
of the human brain. But what if you dissected the
human brain to discover what it was made of? What
would you find? You would find gray matter first and
then at greater levels of magnification you would find
cells. At still greater levels of magnification, you
would find organic molecules (containing carbon).
But you could probe these and other molecules of the
brain even further and find that they all could be
broken up into constituent atoms. Many of the
hundred or so atoms known to exist would be found
here. To probe further we would need to use higher
levels of energy, first to tear the electrons from the
atoms and then much more energy to rip apart the
nuclei of the atoms into protons and neutrons. With
still more energy we could make the final separation
of these subatomic particles into sub-subatomic
particles. The protons consist of two up quarks and
one down quark, while the neutrons consist of one up
quark and two down quarks. With enough energy, the
brain could be dissected into a whole lot of electrons,
up quarks, and down quarks, and … nothing else. So
what is it about the particular combination of these
trillions and trillions of three elementary particles that
leads to a being that can have stunning creativity and
self-awareness and love (and hate) and self-sacrifice
and hope and passion and anger and a sense of
humor? Regardless of whether you believe the
mechanism here is atheistic evolution or Godinspired evolution or supernatural creation by God,
the fact that a combination of three types of
elementary particles can produce the human brain is
awe-inspiring at the highest level. Physicists today
are, more than ever before, probing the mind of
“god.”
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CHAPTER 7:
MODERN PHYSICS’ EARLY DAYS

U

P UNTIL 1897, it was believed
(strongly)
that
the
smallest
indivisible piece of matter was the
atom. But in April of that year,
40-year-old Joseph John “J.J.”
Thomson
made
a
statement
(disbelieved by many physicists) that was to usher in
the new age of physics. He claimed to have
discovered charged particles that were small in
comparison to atoms and molecules. Two years later
he went further and said that these “corpuscles” (his
early term for electrons) came from splitting up the
atom. Within the cathode ray tube, the conditions
exist in which these particles could detach from the
original atom. They were … subatomic particles.

inside. If a high voltage is applied to the two
electrodes, a barely visible light illuminates the inside
of the tube. No one knew what the light was, but it
emerged from the cathode (negative electrode) and
accelerated to the anode (positive electrode), so the
illumination became known as cathode rays.
Thomson knew it couldn’t be pure light because he
could bend the cathode rays’ normally straight path
by placing a magnet or electric field outside the tube.
This phenomenon could only occur if the rays were
composed of charged particles. Thomson was not the
only one working on this problem though, and he was
not the only one who had made correct observations
and come to reasonable conclusions. But he’s the one
who got the glory. It’s his name attached to the
discovery of the electron. He did not gain recognition
because of his great engineering skills or his amazing
experimental abilities. He has his picture on the first
page of the chapter on modern physics in every
physics textbook because he thought beyond his
contemporaries. Not willing to be constrained by a
successful atomic theory that spanned centuries and
included the work of some of the most brilliant
chemists and physicists the world has ever known, he
said “These cathode rays have got to be smaller than
atoms – they’ve got to be a … part of the atom. The
atom is therefore not the smallest constituent of
matter.” He surmised correctly that the high voltage
literally ripped the electrons from the cathode and,
once free, the strong attraction of the positively
charged anode accelerated them across the nearly
empty divide. The big cathode ray tube in the TV you
watch does much the same thing, except the electrons
overshoot the anode, slamming into the phosphorcovered front of the TV, illuminating it for a bit.
Quickly changing electric fields within the TV
control the direction of the electron beam, forcing it
to trace out the images of your favorite actor.

Figure 7.1: J.J. Thomson next to the cathode ray
tube used to discover the electron.

CATHODE RAYS OPEN THE DOOR
TO THE ATOMIC AGE

ROENTGEN’S “NEW KIND OF RAY”

Thomson’s discovery was made after
experimenting with cathode ray tubes. You probably
looked at the front of a cathode ray tube when you
first watched TV (these were the types of television
displays before flat-panel TVs were standard). And,
chances are you may still look at a “CRT”
occasionally when using an older. But a little over a
century ago, these were little more than a curiosity
for physicists. At its simplest, a cathode ray tube is a
glass tube with most of the air removed from inside.
Two electrodes poke into the near perfect vacuum

J.J. Thomson was consumed with determining
the identity of the rays inside the cathode ray tube.
Another man, Wilhelm Roentgen, wasn’t so
concerned about what the rays were as he was by
what they did. Ten years older than Thomson, he was
amazed at what effect they had outside the tube. On
the night of November 8, 1895, Roentgen, a professor
of physics and director of the Physical Institute of the
University of Würzburg, was experimenting with a
cathode ray tube. He had completely enclosed the
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tube within a sealed black carton, but something …
got out. Inside his darkened laboratory there
happened to be a paper plate, lying on a nearby table,
covered on one side with fluorescent barium
platinocyanide. A shimmering of the plate caught

Boards of pinewood, 2-3 cm thick absorb very little.
A sheet of aluminum with a thickness of 15 mm did
not make the fluorescence vanish completely but
reduced the effect markedly. … If one holds a hand
between the discharge apparatus and the screen, one
can see the dark shadows of the bones surrounded by
the faint shadow of the hand.” Roentgen soon
photographed these shadows. The first noninvasive
peek inside the human body by these newly
discovered x-rays was performed on the hand of
Roentgen’s wife, Anna Bertha. Placing her hand over
a photographic plate for fifteen minutes (yikes!), he
was able to produce an image that clearly showed the
shadows of her bones as well as a ring she was
wearing.
The long weeks of exciting experimenting paid
off for Roentgen – in 1901 he was awarded the very
first Nobel Prize in physics.

BECQUEREL DISCOVERS
RADIATION
It’s funny how one thing leads to another. If one
event fails to occur, I often wonder how radically its
absence would change the course of history. The
reason I point this out now is that when Roentgen
published the results of his discovery, it just so
happened that Henri Becquerel, a 39-year-old French
physicist, took notice. He was in mid career and had
nothing to show for the last five years of his research.
Like his father, he had quite a fascination with
phosphorescence
(the
process
causing
the
glow-in-the-dark in those stars you can stick on your
ceiling). So when he heard about Roentgen’s
experiment he thought that perhaps the glow in the
cathode ray tube was due to phosphorescence and
that this phosphorescence was the actual cause of the
x-rays. To test the idea, he placed photographic plates
that were completely enclosed in heavy black paper
next to some uranium salts. These were
phosphorescent when exposed to sunlight. So he
figured he would expose the uranium for several
hours and x-rays from the phosphorescing process
would penetrate the covering, exposing the plate, and
creating a permanent record of the x-rays. Well, it
worked. He put the uranium salts out in the sun. They
phosphoresced. The covered photographic plate was
right next to the uranium and when it was later
developed, it showed the outline of the uranium salts.
The rays had gotten through the covering. But …
they weren’t the rays he thought they were. They
weren’t x-rays at all. It’s a good thing he wasn’t like
a growing number of scientists today – so eager to
publish that they make mistakes, or aren’t thorough,
or even worse – lie about their results.

Figure 7.2: Wilhelm Roentgen discovered
x-rays and used his wife as a guinea pig when he
made the first noninvasive peek into the human
body by sticking her hand in the path of the
penetrating rays.
Roentgen’s attention and he began to experiment
with it a bit. When the plate was in the path of the
rays, it would fluoresce (regardless of whether the
painted or the unpainted side was facing the tube)!
Knowing that cathode rays were blocked by the tube
and the visible and ultraviolet light were both
blocked by the black carton, he knew he had
discovered a new kind of penetrating ray. So excited
about his discovery, Roentgen stayed in the
laboratory, eating his meals and even sleeping there
for the next eight weeks, repeating his experiment
and investigating the penetrating ability of the “x”rays in various substances. (Roentgen used “x” to
indicate that the identity of the ray was unknown.) He
quickly published the results of his experiments, “On
a New Kind of Rays” in the December 28, 1895
Proceedings of the Physical Society of Würzburg.
Much of his investigation consisted of excitedly
throwing everything he could think of in the path of
the rays. “Thick blocks of wood are permeable.
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He was stunned to find that the image was just as
strong as before. It showed the darkening due to the
uranium salt and a light image of the little cross
where rays were blocked from getting to the
photographic plate. Repeated experiments with the
uranium produced the same results, but he was
unable to get the covered photographic plate to be
exposed by other phosphorescent materials, so he
ruled out phosphorescence as the cause of x-rays. But
this led to another problem. Becquerel had assumed
that exposing the phosphorescent material to sunlight
caused the material to absorb energy that would later
be released as the x-rays penetrating the covering of
the photographic plate. But if this wasn’t the case, it
meant that there was something special about the
uranium to cause it to mysteriously emit penetrating
rays. He had discovered nuclear radiation and, while
he didn’t know where it came from or what it was (he
called it U-rays), he knew it was very, very special
for something to emit energy that had not previously
absorbed any energy. Think about it. That’s a strange
idea. Still, the “U-rays” were weaker than the x-rays
produced by the cathode ray tubes, so few physicists
paid much attention to them, preferring to explore the
possibilities available with x-rays.

Figure 7.3: Becquerel’s developed photographic
film plate, showing the image of the uranium,
even though the film plate had been wrapped in
heavy paper. The exposure occurred due to
penetrating nuclear radiation.
You have to give a lot of credit to Becquerel. It
looked like the drought in his career was finally over.
Here he had every reason to go out and tell the world
he had made this great discovery – before someone
scooped him (three others were working on the same
hypothesis). But he didn’t. He wisely avoided
immediate gratification and instead decided he better
see if he could duplicate his results. This time, he put
a little metal cross in the paper covering the
photographic plate. He began the experiment again,
but this time it was a cold, dismal February day in
1896 with hardly any sunlight. He decided to scrap
the experiment until a sunnier day and ended up
stowing everything in a desk drawer. Well, the sun
didn’t come and, after a few days, he decided to
develop the film anyway with the hope that there
might be a slight image.

THE CURIES TAKE THE NEXT STEP
Her awe of the natural world is unmistakable in
the opening words of the article Marie Curie wrote to
introduce the newly discovered element, Radium. In
the January 1904 issue of Century Magazine she
wrote, “The discovery of the phenomena of
radioactivity adds a new group to the great number
of invisible radiations now known, and once more we
are forced to recognize how limited is our direct
perception
of
the world which
surrounds us,
and
how
numerous and
varied may be
the phenomena
which we pass
without
a
suspicion
of
their existence
until the day
when
a
fortunate
hazard reveals
them.”
Marie
Curie
lived
Figure 7.5: Marie and Pierre
many lives, and
Curie on their wedding day. She
lived them all
chose a dark dress that would
well – any of
not show laboratory stains.
them could be

Figure 7.4: Becquerel’s second photographic
plate shows the uranium salt and the shadow
of the little cross. Phosphorescence was ruled
out as a source of the rays since the exposure
occurred in the darkness of a desk drawer.
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called heroic. If a hero is defined as one who goes
cover on some frontier of physics and do some truly
before you to show you the way to live
original research. Well, recall that the physics
extraordinarily, today’s heroes are few and largely
community had all but ignored Becquerel’s U-rays,
one-dimensional. It’s a twisted culture that idolizes
so the Curies thought it might be interesting to
sports and entertainment icons as heroes, many of
investigate these rays.
whom have little to offer except an example of how
How would you begin an investigation of this
not to lead a life. Not Marie Curie! No, here was a
kind? What would you do if you didn’t have the
woman undaunted by an oppressive Russian Czarist
laboratory instructions as a guide or an instructor to
government that sought to hold her back, unfettered
point the way? Well, they remembered that
by the poverty intent on preventing her academic
Becquerel had noted that the air around the uranium
growth, impervious to the pain caused by the early
became an electrical conductor (presumably due to
death of her mother, the rejection by the parents of
the rays), so they decided to measure this effect.
the man she loved, and the separation from her
Pierre and his brother had years before built a superbeloved family. Against all odds, and persevering
sensitive electrometer and this device was capable of
through what would discourage even the most ardent
measuring small currents in the air. So Marie and
optimist, Marie Curie discovered two elements and
Pierre began measuring the electrometer’s response
had another named after her. She was the first woman
around not only the uranium, but other elements as
in Europe to ever earn a doctoral degree in science,
well. They found that another element, thorium, also
the first woman to win a Nobel Prize in Physics, the
emitted rays and, curiously, the mineral, pitchblende
first person to win two Nobel Prizes, and the first
gave off more rays than either the uranium or the
person to win a Nobel Prize in both physics and
thorium. This was very unusual. Pitchblende was the
chemistry. Hers is a heroic story of the human spirit
mineral that uranium was extracted from, but after
and its almost unbounded possibilities.
the uranium was extracted from a sample of the
It had been a rough road for Marie Sklodowska.
mineral, the pitchblende was still more radioactive
With no silver spoon or special circumstances, it was
than the extracted uranium. The Curies realized there
years of hard work and steely single-mindedness that
must have been a yet unknown element in the
finally brought her to Paris in the fall of 1891, just
pitchblende. So their new course was to isolate this
before her 24th birthday. She studied physics and
new element. They started with 100 grams of
math, getting masters degrees in 1893 and 1894 (she
pitchblende and found that when they broke it down
was the top student among the physics students and
chemically, two of the many components of
second among the math students). The next year she
pitchblende, barium and bismuth, each had
married Pierre Curie, and two years later her daughter
radioactive residues attached to them. So it looked
Irene was born. But the rise to international physics
like there were two new elements, but even though
fame began when she had to choose a research
during the refinement process, their samples were
project
for
now
many
her doctoral
hundreds of
thesis. As a
times more
working
radioactive
mom,
she
than
the
didn’t
feel
extracted
she
had
uranium, the
enough time
actual
to read all the
amount
of
papers
the
new
necessary to
elements was
get her up to
too small to
speed
on
analyze
in
some current
any
other
physics
way.
problem that
Nevertheless,
others were
the residue
already
attached to
grappling
and behaving
with. Besides,
like
the
she wanted to
bismuth,
they
Figure 7.6: Marie and Pierre Curies’ 1903 Nobel Prize for their work with
pull back the
called
Becquerel’s mysterious U-rays.
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polonium after Marie’s beloved homeland. The other
residue, behaving chemically like the barium, was
called radium, after the Latin word for “ray.” Now
the real work began – trying to isolate a large enough
sample of these two new elements in order to prove
their existence to the scientific community. What
they didn’t realize at the time was that the amount of
radium present with the barium was less than onemillionth of a percent. But Marie was up to the task,
and rather than starting with only 100 grams, she had
10 tons of pitchblende (with the uranium already
extracted) delivered to her lab. She worked with
batches of 20 kg at a time, inspired finally by the
luminosity that the increasingly larger and more pure
samples had (not realizing that it was carcinogenic).
In three years she had produced a rice-grain sized
piece of pure radium (having a mass of one-tenth of a
gram). That’s persistence! Finally, a paper, The New
Radioactive Substances, announced the details of her
find to the world.
For Marie and Pierre Curie’s work, they each
received one-quarter of the 1903 Nobel Prize in
physics (the other half went rightly to Becquerel). In
1911 she won her second Nobel Prize, “... for her
services in the advancement of chemistry by the
discovery of the elements radium and polonium, by
the isolation of radium and the study of the nature
and compounds of this remarkable element.”
It’s quite a tale – these first few years of what we
now call modern physics. Standing on Thomson’s
shoulders, Roentgen and Becquerel saw a little
further into the horizon. Marie Curie did the same,
standing on Becquerel’s shoulders. That’s how it
always is in physics: curious minds with new ideas
taking the warm baton in a tireless and sometimes
lonely pursuit of that illusive ultimate truth. Today, a
century after Marie Curie coined the term
“radioactivity,” she would be wide-eyed if she could
see where those who stood on her shoulders have
been able to go. But the horizon always dips, no
matter how high you get, and the quest for that
ultimate truth is as strong today as when Marie Curie

pulverized 10 tons of pitchblende to find, like the
needle-in-the-haystack, a speck of radium.
Other curious observations and more curious
explanations were being made in the early years of
the 20th Century, during this dawn of modern physics.
It was becoming clear that the mechanical and
deterministic universe of Newton was not adequate to
describe what was happening on the very smallest
scale – the atomic scale. For centuries it had been
accepted that if you knew all the characteristics of a
particular system, you could make absolute
predictions about the state of the system at some
point in the future. This was the heart of Newton’s
Mechanics. However, early in the 20th Century, it
became clear that you couldn’t make these
predictions with things as small as atoms and
molecules. Rather than being deterministic, systems
on these small scales were probabilistic. You could
only predict a certain probability about the state of a
small-scale system in the future. Einstein hated the
implications, claiming, “God doesn’t play dice with
the universe.” But, after a century of experimentally
testing it, “quantum mechanics” (the mechanics that
rules over the small scale) appears to be true and God
does apparently … play dice with the universe.
Other strange characteristics of quantum
mechanics began to be observed in the early 1900’s.
One of the strangest was wave particle duality – the
idea that the things we call waves could have
particle-like properties and the things we call
particles could have wavelike properties. The first
indication of this was the explanation for the
Photoelectric Effect. Albert Einstein never truly
accepted the implications of quantum mechanics, but
his explanation of the reason for the Photoelectric
Effect became one of the first foundations for
quantum mechanics. When striking the surface of a
metal, how could a wave of light behave as though it
was actually chunks of matter? That was one of the
first strange ideas that became one of many bizarre
definitions of quantum mechanics.
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THE PHOTOELECTRIC EFFECT

M

OST PEOPLE THINK Albert
Einstein won his Nobel Prize for
his Theory of Relativity. It’s
certainly what he’s best known
for. But he actually won the
Nobel Prize (at least in part) for
his radical explanation of The Photoelectric Effect.
Heinrich Hertz first noticed this effect in the late
1800’s. He observed that if light were directed onto a
piece of metal, electrons in the metal could be ejected
from its surface. The technical part of his experiment
is more complicated than this, but the essence is that
light can eject electrons from metal surfaces. He
wasn’t surprised. After all, light is energy, and to
remove electrons from their atoms takes energy, so
why shouldn’t light with enough energy be able to
cause the photoelectric effect? There were some
problems though. Not all light caused this effect. For
example, low frequency light (at the red end of the
spectrum) would, in some metals, cause no electrons
to be ejected. (Electrons ejected from the surface of a
metal by the photoelectric effect are called
photoelectrons.) Even if the light were very bright
and trained on the surface for a long time, there
would still be no photoelectrons ejected (Figure 7.7).

Figure 7.9: Albert Einstein won the 1921 Nobel
Prize in Physics for his solution to the
photoelectric effect. It was an early
development of quantum mechanics.
This was a problem, of course, because of the widely
embraced wave theory of light (proven conclusively
by Thomas Young in his 1801 interference
experiment). If light were a wave, then as the wave
train was focused on a particular spot, that spot
would continue to absorb the energy of the wave. But
not in this case – not a single photoelectron could be
produced with the low frequency light. With light at
the other end of the spectrum (the violet end), a very,
very faint beam could be used, and the instant the
light was turned on, photoelectrons were produced
(Figure 7.8). When this high frequency light was
made brighter, more photoelectrons were produced,
but their maximum energy remained at the same level
as when the light was dimmer.
Einstein considered the problem of the
photoelectric effect and, in 1905, proposed a novel
solution that was cavalier, bold, and showed how far
he was willing to think outside the box. He said that
the solution to the problem of the photoelectric effect
was to think of light as a … particle. Think about
how the following details of his solution answer the
problems of the photoelectric effect:

Figure 7.7: High intensity, low frequency (red)
light causes no ejections of photoelectrons,
regardless of how long the light is focused on the
metal.

e-

•
•

Figure 7.8: Very dim, high frequency (violet) light
causes immediate ejections of photoelectrons from
the metal.

•
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A beam of light consists of a stream of
particles (photons).
Each photon has an energy proportional
to its frequency, E = hf. (Planck’s
constant, h = 6.626 x 10-34 J•s)
Only one photon at a time can interact
with an electron.
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It’s a great solution. It explains why using low
frequency light (even very bright and for a long time)
fails to produce photoelectrons. Let’s say that an
electron requires three units of energy to be ejected
from the surface of a metal (this required energy is
called the work function of the metal). If low
frequency light with only two units of energy per
photon is used, then if only one photon at a time can
interact with an electron, an electron will never have
the necessary energy to be ejected, even if the light is€
very intense. But if high frequency light with four
units of energy per photon is used, the faintest of
beams (one photon) can cause an immediate ejection
of a photoelectron. Beautiful!

The energies of visible light photons and
electrons ejected from the surfaces of metals are
small compared to 1 Joule of energy. A more suitable
unit is the electron volt (eV). 1 eV = 1.602 x 10-19 J.
The work function of sodium, for example, is
2.9 × 10 −19 J . In electron volts it would be:

2.9 × 10−19 J ×

This is a much more reasonable number to use to
express these size energies. The work functions of
€ some common metals are shown in Table 7.1

EINSTEIN’S PHOTOELECTRIC
EFFECT EQUATION

Element
Aluminum
Calcium
Copper
Iron
Potassium
Platinum
Silicon
Zinc

According to Einstein, if a photon striking the
surface of a metal has more energy than the work
function of the metal, the energy remaining after the
electron is ejected becomes the kinetic energy of that
electron. The equation he used to express this is:

KEmax = hf − φ
KEmax ≡ The maximum kinetic energy of the
photoelectron. (The maximum only occurs
€for electrons ejected from the surface of a
metal. Electrons ejected from below the
surface require more energy to be liberated.)
hf ≡

Energy of the incoming photon.

φ≡

“Work function” of the metal. This is the
energy required to remove an electron from
the surface of the metal.

1eV
= 1.8eV
1.602 × 10−19 J

Work
Function (eV)
4.08
2.9
4.7
4.5
2.3
6.35
4.52
4.3

Table 7.1: Work functions of
various metals.

SAND, SUNLIGHT, AND
ELECTRICITY
In 1954, Bell Telephone Laboratory physicists
discovered perhaps the most important application of
the Photoelectric Effect. They found that properly
prepared silicon (one of the Earth’s most abundant
elements) was sensitive to sunlight. More strongly
stated, wafers of silicon could turn sunlight directly
into electricity! You know these devices as “solar
cells” or “photovoltaic cells.” This conversion of
sunlight directly into electricity is, of course, due to
the Photoelectric Effect. Table 7.1 indicates that the
work function for silicon is 4.52 eV. This is the
amount of energy needed to liberate an electron from
a silicon atom completely. However, a photon with a
smaller amount of energy than the work function can
be used to move the electron to a different, “higher
energy level” within the silicon atom. Only 1.11 eV
of energy is needed to remove an electron in silicon
from the valence band to the conduction band (the
condition necessary for the conversion of sunlight to
electricity). Seventy seven percent of solar energy
striking the Earth’s surface is above this threshold.

Here’s an analogy that might clear things up a
bit. Imagine that the electron bound by the metal is a
person in jail. To get out he needs to post bail. In this
model, the required bail is equivalent to the work
function. Finally, the incoming photon represents the
bail money. If the bail is set at $100,000, the person
cannot be released unless the full amount is paid. To
make this a better analogy, we would have to make a
rule that only one person at a time could come
forward to offer the bail money and that it would all
have to be present at once. If more money were
presented than was necessary to meet the bail
amount, it would be OK. The remainder could just be
given to the person being released from jail. His
ability to purchase items outside of jail would be like
the extra kinetic energy of the electron that is
liberated from the surface of the metal.
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Perhaps you can begin to see why this was such an
incredibly exciting discovery.
• Silicon is cheap (the stuff that sand is made up
of).
• The majority of the sunlight reaching the Earth
can be converted directly to electricity using
the silicon wafer.
Although it is exciting to consider that
photovoltaics can be used to directly generate
electricity, the electricity they produce has always
been more expensive than that obtained from more
conventional sources like coal and nuclear. One of
the best ways to compare the true cost of generating
electricity from different sources is the Levelized
Cost of Energy (LCOE). The LCOE takes into
account the total life cycle cost of a particular
electrical energy technology and then divides that by
the the total life cycle electricity production. Average
LCOE for all technologies in 2010 was about $0.10
per kilowatt-hour. (A kilowatt-hour’s worth of
electricity will operate a 100-watt light bulb for 10
hours. A typical American home might use 500
kilowatt-hours of electricity per month.) In 2008, the
LCOE for photovoltaics was $0.20 per kilowatt-hour.
By 2010, it had dropped to $.15 per kilowatt-hour.
And, it is anticipated that by about 2020, producing
electricity with photovoltaics will be cheaper than
any other electrical energy technology. That’s really
exciting! And to this abundant energy destiny we are
indebted to the … Photoelectric Effect.

produced an interference pattern using electrons
instead of some form of waves. Wow! For his farreaching thinking, in 1929 the young de Broglie
became the first and only Duke to win the Nobel
Prize for physics. Then he went on to live another 58
years, able to bask in the glory of the Nobel Prize
longer than any other of that select group.

Figure 7.10: Louis-Victor Pierre Raymond, seventh
Duc de Broglie won his 1929 Nobel Prize in physics
for describing the wave nature of matter. Young and
not yet a Ph.D. when he developed the theory, few
supported the “outside the box” idea. He had the last
laugh and lived for 58 years after winning the Prize.
In a more recent experiment, done by a Hitachi
research group, a deeper and more bizarre view of the
nature of the electron was observed. A double-slit
experiment was again done with electrons (Figure
7.11). However, only one electron at a time was
allowed to pass through the slits. This completely
defied the classical way of looking at wave
interference. In the classical two-slit wave
interference, the amplitudes of waves simultaneously
passing through two adjacent slits add either
destructively or constructively to form nodes and
antinodes, respectively. So both waves must be
passing through the two slits at the same time. But,
only one electron at a time was used here. That
implies that an electron would have to interfere with
itself by going through each of the slits at the same
time! This is a ridiculous sounding idea, but it’s
precisely what happens. It helps to hear that the
electron “wave” is not a traditional wave that causes
an energy disturbance, such as what you would see in
a wave on a slinky or in water. Instead, it is a wave of
probability. In quantum mechanics, it is impossible to
know the position of a particular particle (like an
electron). The small-scale world, dominated by
quantum mechanics, is filled with teeming and
incessant fluctuations. The best you can do is to
specify probabilities of where a particle will be. So,
even though the electron is somewhere at all times,

AND WHAT ABOUT WAVE
PROPERTIES FOR PARTICLES?
Surely there were those who wanted to
immediately remind Einstein of Young’s Experiment
and how he was able to get an interference pattern
using light, proving that light was a wave. But it was
Einstein who recognized the narrowness of that way
of thinking. Why does light have to be either a wave
or a particle? In Young’s Experiment light acts like a
wave, so when light travels from place to place (like
through two slits) think of it as a wave. But when it
interacts with matter (like in the photoelectric effect)
think of it as a particle. It seems to have a dual
nature. Or maybe as you move to smaller and smaller
structures, like on the atomic scale, the distinction
between what a wave is and what a particle is
vanishes. Indeed, in 1923 a physics Ph.D. candidate,
Louis-Victor Pierre Raymond, seventh Duc de
Broglie (what a name), suggested that matter might
have wavelike characteristics. Einstein was intrigued,
but most others thought it was a preposterous idea.
How could matter have a wavelength? What would it
even mean? But, as strange as it may seem, four
years later an experiment was performed that
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and it ends up striking the screen beyond the slits at a
specific spot, to know where it is along the journey is
impossible.
If what has just been stated only seems
marginally reasonable, hold on, it gets even stranger.
Since there is a probability that the electron will pass
through either slit, quantum mechanics says that it
will pass through both … simultaneously! Beyond
the slits, the electron position probability waves will
interfere with each other. Where the probabilities for
the position of the electron striking the viewing
screen are high for both waves, there will be an
antinode, and there will be many electrons striking in
that region (Figure 7.12). These are strange and
counterintuitive ideas. And, it’s not just because
you’re just dealing with the big ideas now and
missing some of the clarifying details. It really is as
weird as it sounds.

Figure 7.11: In this Hitachi electron double slit
experiment, electrons from an electron
microscope move through two plates and then
pass by either side of a thin filament before
striking a viewing screen. Electrons released one
at a time still produce a characteristic
interference pattern.

Figure 7.12: A two-slit interference pattern produced by electrons! The left image is after 100 electrons have
passed through the slits, the middle image is after 3,000 electrons, and the right image is after 70,000
electrons have passed through the two slits. This final image, with its nodes and antinodes shows the telltale
sign of the familiar interference pattern.

“Quantum mechanics is certainly imposing, but an inner voice tells me that it is
not the real thing. The theory says a lot, but it does not really bring us any closer
to secrets of the Old One. I, at any rate, am convinced that He does not play dice.”
– Albert Einsetin
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SPECTROSCOPY

F

OR THOUSANDS OF years there have
been thinkers – those who pondered
questions that were at the same time
philosophical and physical. They
wondered about the building blocks of
matter. Is there a smallest piece? And, if
there is, what is it? We believe there is a smallest
piece, or string with simplest vibration (if you’re a
string theorist) but either is so small that no one has
ever seen it, or will ever see it. But the fascination
with the nature of nature has guided physicists in
their quest for this smallest piece since antiquity.
John Dalton believed the smallest piece, the atom,
was the fundamental unit of an element and uniform
throughout. His was the Billiard Ball model of the
atom.
In 1897 when J.J. Thomson discovered the tiny
electron, he realized it must have been a subatomic
particle. It had a negative charge, which meant that
the rest of the atom had to have as much positive
charge to compensate for the electron’s negative
charge. His was the Plum Pudding model of the
atom, named because of the belief that like plums in
the pudding, electrons were randomly scattered
throughout the positive “pudding” of the rest of the
atom.
Gregarious, loud, and brilliant, Ernest Rutherford
was rescued from his parent’s potato farm in 1895
when he won a Cambridge scholarship given once
every two years to a student from New Zealand.
Among other things, he was interested in
radioactivity and managed to get the Curies to send
him some radium. A colleague of his, Hans Geiger
(the inventor of the Geiger counter), had mentioned
that the rays coming from the radium were
sometimes strangely deflected, even repelled, when
they moved through his Geiger counter. Rutherford
was intrigued. Why should the rays (then known to
be the positive ions of helium atoms) be deflected as
they moved through the near vacuum of the Geiger
counter? Even if they encountered an air molecule,
the “spread out” positive charge of the atoms in the
molecule should have little, if any, effect on the
speeding helium atom. So he devised an experiment
in which he aimed the positively charged helium
atoms in a narrow beam toward a very thin sheet of
gold foil. What most books don’t tell you about is the
plight of the research assistant who helped
Rutherford. There wasn’t any sophisticated electronic
detector to measure where the helium atoms struck.
He just had to watch. When one of these atomic
bullets hit the phosphorescent screen enclosing the
whole apparatus, there would be a very faint flash of

Gold foil

Radium
sample

Phosphorescent
barrier

Figure 7.13: Rutherford’s Gold Foil experiment
showed that the atom was mostly empty space. Only
one in 8000 atomic bullets were reflected from their
gold foil target.
light that could be counted and its position noted. So
this guy had to sit in near total darkness counting
thousands of little flashes. The bulk of the
experimental process is many times very tedious.
Well, as it turned out, most all the helium ions easily
passed through the foil, but one in 8,000 … didn’t.
Rutherford was shocked – and pleased. What a
discovery. He had shown that the atom was strikingly
different from the Plum Pudding model Thomson had
proposed. It wasn’t like that at all. It had to be mostly
… empty space, with an exceptionally small
positively charged nucleus. He reasoned that
Thomson’s electrons revolved around this nucleus.
So the atom began to be understood in terms of a
Planetary or Nuclear model.
Niels Bohr accepted Rutherford’s nuclear model,
but wanted to account for the characteristically
unique light that was emitted from heated gaseous
elements. Bohr decided that, in the nuclear model, the
electrons determined the spectral character of a
particular element. His was a modified nuclear model
in which electrons revolved about the nucleus in
circular orbits, much like planets about the Sun. And
he had a theory for why each element produced only
specific colors when heated. He concluded that there
were only specific orbits within the atom in which an
electron could move. An electron had to have a
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certain amount of energy to be in a particular orbit.
Indeed, the orbits were the energy levels for the atom
(see Figure 7.14).

E1

E2

Figure 7.14: A simplified atom
consisting of a nucleus, an
electron in the lowest energy level
(ground state), and two energy
levels, E1 and E2.

In order to get to a greater orbit an electron would
have to gain just the right amount of energy to
correspond to the energy of that particular orbit. Too
much or too little would have no effect on the
electron. So if the next higher energy level were 1.8
units of energy more than the current energy level,
incoming energy of 1.7 units or 1.9 units would have
absolutely no effect. But if, say through some atomic
collision, the atom absorbed exactly 1.8 units of
energy, the electron would move instantly to the next
orbit or energy level (see Figure 7.15).

E1

E2

Figure 7.15: The atom has
absorbed an amount of energy
exactly equal to the difference in
energy between E1 and E2,
causing the electron to move to
the E2 energy level.

Now, it turns out that electrons in higher energy
levels make most atoms notoriously unstable. To
reestablish stability, the electron will return to a
lower energy level after only about 10-8 seconds.
Here’s where all this is heading. When the electron
moves back to a lower energy level it must shed the
extra energy that it had previously gained. This
excess energy flees from the atom in a burst, in a unit
– as a photon of light (see Figure 7.16).

E2

Hydrogen

Helium

Sodium

E = E2 – E1

E1

If the energy is just right (between about 2 eV and
4 eV) the light is visible and you perceive a certain
color. It’s a very unique color because the energy
levels for a specific element are as unique as
fingerprints. So like I mentioned previously, if you
heat up a gas and get atoms colliding, this process
occurs and the light that is emitted can easily be used
to identify the element or elements within the gas.
The series of photographs in Figure 7.17 are
emission spectra from hydrogen, helium, sodium,
and neon. These are produced by passing the light
from the element through a diffraction grating. Doing
so produces an interference pattern and the bright
lines you see are the antinodes of this interference
pattern. However, since each color has a unique
wavelength, the antinodes for that color will not be in
the same place as any other color. The diffraction
grating has the effect of “spreading out the color” so
that you can see which particular colors are present.
Without the diffraction grating you wouldn’t be able
to distinguish individual colors. Neon, for example,
would look orange because there are so many parts of
its emission that are in the red, orange, and yellow
part of the spectrum. You can view the emission
spectra of all the elements at
http://chemlinks.beloit.edu/BlueLight/moviepages/em
_el.htm
400 nm
700 nm

Figure 7.16: To achieve stability,
the electron spontaneously drops
back down to the E1 energy level
causing the release of a photon
with exactly the difference in
energy between E1 and E2.

Neon
Figure 7.17: Emission spectra from four elements.
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The emission spectrum from hydrogen is the
simplest of the four shown. There are three visible
lines, corresponding to three transitions within the
hydrogen atom that produce visible light photons.
Figure 7.18 shows the energy level diagram for
hydrogen.
The notations on the left indicate energy levels
within the atom and the notations on the right
indicate the energy of that level. The negative signs
are a convention that confuses some people. The
-13.6 eV on the first energy level just means that it
requires 13.6 eV to completely remove (or ionize) an
electron from the first energy level. An electron
moving from the second to the first energy level must
shed the energy difference between the levels. It will
emit a photon with an energy equal to 10.2 eV
(-3.4 eV - -13.6 eV). Could you see this photon? We
could figure it out. The highest energy photons in the
visible spectrum are the violet ones, with a
wavelength of about 400 nm.

f violet =

This is much less energy than the photon emitted
when the electron moves from the second to the first
energy level. The transitions that are actually visible
are some of the ones that end on the second energy
level. Your job now is to figure out which of those
transitions result in the lines of the emission spectra
for hydrogen.
We know now that Bohr was partially wrong.
The electrons do not and cannot follow simplistic
circular orbits. This is because an electron moving in
a circular path is an accelerating electron.
Accelerating charged particles radiate energy, so an
electron moving in such a path would have to lose its
potential energy, causing it to spiral down very
quickly into the nucleus. The exact paths are quite
complicated and we can only give a probability for
where a particular electron is at a particular time.
(This is the same issue as the one discussed earlier,
with respect to the electron double slit experiment.)
But the theory of specific energy levels and the
electron’s constricted movement between them,
causing atomic spectra, is completely accurate.
One important use of spectral analysis is in
astronomy. Astronomers can look, for example, at the
spectra from sunlight and link the spectral lines to
known elements in order to identify the elements that
make up the sun. The kind of spectra from stars and
the sun is many times absorption spectra. It is the
opposite of the emission spectra. In a true emission
spectrum, there is no light present except where the
spectral lines are. However, in the absorption
spectrum, light is present everywhere in the spectrum
except at the positions of the spectral lines. The
reason for the absorption spectra is because as light
from within the sun makes its way through the
relatively cooler portions of the outer sun, photons
that have just the right energy to excite atoms of a
particular element are removed to do just that. When
the atoms “relax,” and reemit these photons, they are
not necessarily on the same path toward the observer.
What gets through to the observer is the light
remaining after all of the elemental absorptions. So
there are dark lines in an otherwise continuous
spectrum. The dark lines are in the same places that
the bright lines would be in the emission spectrum, so
the absorption spectrum is just as useful as the
emission spectra – they are negatives of each other.
You can see an example of this analysis at
http://jersey.uoregon.edu/vlab/elements/Elements.ht
ml. Identifying the elements present in a star or the
sun is not a trivial thing though. The spectrum from
the sun has over 25,000 lines! These lines are the
message to astronomers 150,000,000 km away – the
fingerprints that identify what our sun consists of.

8 m
c 3.0 × 10 s
=
= 7.5× 1014 Hz
λ
4 × 10−7 m

Eviolet = hf violet = (6.626 × 10−34 J ⋅ s)(7.5× 1014 Hz)
€
= 4.97 × 10−19 J ×

€

1eV
= 3.1eV
1.602 × 10−19 J
eV

€

n=6
n=5
n=4
n=3

n=2

n=1

-0.38
-0.54
-0.85
-1.51

-3.4

-13.6

Figure 7.18: Energy level diagram for hydrogen.
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SPECTROSCOPY APPLICATIONS
their atoms are driven to high energy levels by the
ultraviolet light, but when the electrons drop to lower
energy levels, they do so in intermediate (smaller
energy) steps. Here’s the important point. If the
energy drops are smaller, then the photons produced
have the possibility of being visible. What this means
is that a fluorescent material can be “excited” with
invisible, ultraviolet light, but release energy with
visible photons. To the observer, it looks like magic,
but to one who can visualize the energy level
structure of a fluorescent atom, it makes perfect
sense. You can always tell when some painted toy or
article of clothing is fluorescent because in the
sunlight, it has that “extra brightness,” that … day
glow. Some laundry detergent companies have added
fluorescent substances to their product to make
clothes “whiter than white.”
Phosphorescence is everything that fluorescence
is and a little bit more. Phosphorescent materials are
different than most common materials because they
have higher energy states that are not quite so
unstable. Well, they’re still not truly stable, but
“metastable”. A metastable state is 100,000 times
more stable than normal, or even more. The electron
can stay in the higher energy state for more than 10-3
seconds, and even up to minutes. So, after the
ultraviolet light is turned off, the electrons driven up
to higher energy levels can drop to lower energy
levels while the observer is in the dark. The material
“glows” in the dark.

FLUORESCENCE AND
PHOSPHORESCENCE
Any kid who has had a set of glow-in-the-dark
stars has had some experience with phosphorescence.
“Glow-in-the-dark” is the “man-on-the-street” term
for phosphorescence, and phosphorescence is simply
“long term” fluorescence. And, fluorescence is just
an extension of spectroscopy. You know at this point
that the light produced in spectroscopy comes from
electrons dropping from higher, unstable energy
levels to lower, more stable energy levels. The drop
in energy levels requires the release of a photon equal
in energy to the difference in energy of the two
levels.
Now imagine that you’re at one of those ‘60s
parties with the lava lamps, incense, and black light
posters. The black light posters would be less than
spectacular without the prerequisite “black light”,
which is termed “black” because the ultraviolet light
that it puts out is invisible to the human eye. The
visible violet glow coming from these lights is a
small fraction of the total light output and only
incidental. The ultraviolet light that floods out
consists of high-energy photons of colors beyond the
range of human perception. But the black light
posters contain pigments with atoms that respond
strongly to these high-energy photons and that have a
curious energy level structure. What happens to the
black light poster pigments is that the electrons in
E = E3 – E1

E = E3 – E2

E1

E2

E3

Figure 7.19: An ultraviolet
photon approaches a fluorescent
atom.

E1

E2

E3

Figure 7.20: The energy of the
photon equals E3 – E1 and excites
the atom, raising the electron to
the third energy level.
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E1

E2

E3

Figure 7.21: To achieve stability,
the electron spontaneously drops
back down to a lower energy level,
but in an intermediate step, to the
second level. The lower energy
photon produced is visible.
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done with colored light bulbs, but it’s still a pretty
broad spectrum. Laser light has no choice. It needs no
filter. It’s impossible for it not to be monochromatic.
Non-laser light is incoherent. That is, if you
could see the actual transverse light waves, they
would not be aligned in any way. Laser light has no
choice here either. As it emerges from the laser
cavity every wave is perfectly aligned with every
other. Every crest and trough are in line with each
other and they are all polarized in the same plane of
vibration.
Non-laser light is multidirectional. The light
from a light bulb moves out in no preferential
direction. You can try to focus it with mirrors or
lenses (like in a flashlight or headlight) but it’s only
an approximation of a perfectly straight beam. Laser
light can only shine in one direction. It needs no
attempt to focus it. It naturally gives birth to itself as
a legion of photons all moving in perfect unison
toward a perfectly unique target.
To give an analogy, imagine being on a street
corner in a busy city. The people you see – different
heights, weights, and genders, moving in different
directions – are like non-laser light. Now imagine
that you had 50 cloned men who had all been military
trained so that they could march with perfect
precision down the street. That’s laser light …
fundamentally and wholly different.

THE LASER
In 1917 Albert Einstein predicted that, under
certain conditions, a perfectly thread-thin, single
color light beam could be produced, without color
filters or focusing lenses or mirrors. But it wasn’t
until 1960 that the first “laser” was actually built.
Furthermore, the physicists who worked to create it
had no purpose in creating it other than to see if they
could actually do it. And when they were finally
successful, they didn’t really know what to do with it.
It may be a legend, but I’ve heard that the first unit of
measure for laser power was the “cleaver” (after the
meat cleaver) because the logical thing to do after the
invention of the laser was to … build a bigger one.
So at physicist get-togethers, one physicist could brag
to another that his or her laser was a “three cleaver”
laser, meaning that it could cut through three meat
cleavers in a specified amount of time. These
physicists who created the first laser could never
have imagined (and thus put into a basic research
grant proposal) that in less than forty years most
American households would have at least one, and
probably multiple, lasers (in CD players and
computers). How could they know that almost all
supermarkets and department stores would have laser
scanners to acquire information about a product and
update inventory databases? Who would be able to
fathom that the telephone system of the future would
convey
thousands
of
simultaneous
phone
conversations on a single optical fiber by means of
laser light? The laser is one of the most amazing and
profoundly useful inventions of the latter part of the
twentieth century – all made possible because of
basic research!
Laser light is special light – no, really special.
Consider all the other types of light that exist: light
from the Sun and from the stars, light from a light
bulb or a fluorescent tube, light from a campfire or a
bolt of lightning, and light from atomic spectra or
from a firework. It doesn’t matter what the source.
You can group all of them into one class, but laser
light won’t fit. It is fundamentally and wholly
different.
Non-laser light differs from laser light in three
characteristics: chromaticity, coherence, and
directionality. Non-laser light is multi-chromatic
(multicolor). Even atomic spectral lines have some
“width.” Laser light is perfectly monochromatic, one
perfectly unique color. The color most commonly
found in inexpensive lasers is red, but there are laser
colors that span the visible spectrum and beyond.
Physicists have to be exceptionally careful with high
power, ultraviolet lasers. They’re very dangerous and
… you can’t see them. You can try to make non-laser
light monochromatic by filtering out colors, as is

STIMULATED EMISSION
So how can laser light naturally be these things
that non-laser light can only struggle to be? The
answer is in Einstein’s 1917 proposal. He predicted
that there were two ways in which an electron could
move from a higher to a lower energy level. Bohr had
already explained that an electron in a higher energy
level generally made its atom unstable and that the
electron would spontaneously drop to a lower level,
emitting a photon in the process. This is spontaneous
emission (Figure 7.22).
E = E2 – E1

E1

E2

E1

E2

Figure 7.22: Spontaneous Emission – In an
effort to create greater atomic stability, an
electron moves from a higher to lower energy
level, emitting a photon equal in energy to the
difference between the higher and lower
energy levels.
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Einstein made the bold prediction that the electron in
the higher energy level could be “stimulated” to
move to a lower energy level by a photon identical to
the one that would naturally be emitted in a
spontaneous emission. That may sound confusing, so
consider an explanation with a more concrete
example. Let’s say that in a certain atom, an electron
is in a higher energy level and will, in 10-8 s, move to
a lower energy level. If the two energy levels differ
by 2.5 eV then, when the electron makes the move, a
2.5 eV photon will be emitted. You already know
that. Einstein said that while the electron is in the
higher energy level, if a 2.5 eV photon happens to be
passing by, it will stimulate (or trigger) the electron
to drop at the moment of the passing. Of course
another 2.5 eV photon will be produced. This is
stimulated emission (Figure 7.23).
E = E2 – E1

CREATING LASER LIGHT

E = E2 – E1
E = E2 – E1

E1

E2

E1

E2

Figure 7.23: Stimulated Emission – A photon,
identical to the one that would be produced in a
spontaneous emission, “stimulates” the electron to
move from a higher to lower energy level, emitting
a photon equal in energy to the difference between
the higher and lower energy levels.
But it gets better than that. The emitted photon is
identical to the triggering photon in every way. Not
only is it the same wavelength (because it has the
same energy), but it is emitted in the same direction
as the triggering photon and has the same phase
(crests and troughs are aligned). It’s as though the
triggering photon cloned itself and then got the clone
into step with itself. The original 2.5 eV photon has
“amplified” itself. That’s where the laser acronym
comes from:

Light Amplification by Stimulated Emission of Radiation.
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You might wonder why it took over 40 years to
prove Einstein’s prediction. But, in fact, creating the
conditions necessary for the birth of laser light was
not trivial. Three conditions must be met, and when
they are met, the laser light will create itself.
Consider what you’ve read so far and the conditions
below.
One necessary condition for the production of
laser light is a population inversion. Most electrons
in a substance are in the upper energy levels in this
condition. A normal population has 1 in 108 electrons
at the upper energy levels. This means that in a
normal population a triggering photon would be 108
times more likely to cause a spontaneous absorption
than a stimulated emission. Creating a population
inversion (by applying a high voltage to the “lasing”
material) ensures that the triggering photon will find
virtually all electrons in the higher energy levels.
The population inversion alone is not sufficient
however. A lasing material that has a metastable
state is also required. A metastable state is an upper
energy level that is “semi-stable,” meaning that
electrons will stay at the energy level for more than
10-3 s instead of the usual 10-8 s. This is necessary
because after the population inversion is created, the
electrons in a normal substance would spontaneously
return to lower energy levels almost immediately and
would thus be unavailable to be triggered to return to
the lower energy state. The metastable state allows
for the electrons, which have been raised to higher
energy levels, to stay there long enough to be
triggered to return to the lower energy levels.
With the presence of the population inversion in
the material with a metastable state, the production of
laser light is possible. Many people wonder where the
triggering photon comes from (is there a triggering
photon reservoir?). But remember that the metastable
state is really only “kind of stable.” This means that
one of those electrons in a higher-level state will
move to a lower one very shortly. However, it may
not be traveling in the right direction. If it is headed
toward the side of the laser tube cavity and causes
some stimulated emissions, they will all get absorbed
by the side of the laser tube. Eventually, there will be
a spontaneous emission of a photon that is moving
parallel to the axis of the laser tube. This triggering
photon is the one to start the cascade of stimulated
emissions. It will be the one that starts the laser light
that you see coming from the end of the laser. The
problem is that if the laser light generated were
allowed to leave the laser tube, the whole process
would have to start over. It would just be a short
burst of laser light followed by other short bursts,
occurring intermittently. That is the reason for the
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third necessary condition for continuous laser light –
Light Confinement.
Light confinement is a condition in which most
of the laser light produced is confined inside the laser
by a nearly 100% mirror in the rear and a 98+%
mirror in the front. This assures that most of the laser
light produced will stay in the laser tube acting as
triggering photons. This means that the bright laser
light you see exiting the laser tube is really just 2% of
the laser light “leaking” from the tube. Imagine how
bright it is inside the tube!

As mentioned earlier, the laser was originally
only a basic research curiosity. Today, however, it is
hard to imagine a world without all the laser
applications that are so widely a part of the average
(and not so average) person’s life. From grocery store
scanners to industrial cutters to vision correction
surgery to CD-ROM readers to the pursuit of nuclear
fusion to the art form of holography, lasers are
literally everywhere.

Figure 7.24: The laser was originally only a basic research curiosity. Today, however, it is hard to imagine a
world without all the laser applications that are so widely a part of the average (and not so average) person’s
life. These five examples (laser eye surgery, laser handgun sights, industrial laser cutters, law enforcement
“LIDAR” laser speed detection, and grocery store laser bar code readers) illustrate only a few of the many
laser applications that have come from this “research curiosity.”
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CHAPTER 8: THE ATOMIC NUCLEUS

S

PECTROSCOPY, FLUORESCENCE,
AND laser light are all due to electron
effects within the atom. However, the
radioactivity and energy from atomic
weapons and power plants depend on the
other component of the atom – the
nucleus. The nucleus is really the heart and guts of
the atom. 99.95% of the matter of the atom exists in
the nucleus. And, the nucleus actually only occupies
one-trillionth the volume of the atom! Think about
that. The atom (all atoms) is mostly empty. This
book, your home, the car you drive in, the plane you
fly in and you yourself are mostly EMPTY SPACE!
The repulsive forces of the electrons in one atom,
acting on those in an adjacent atom, keep the atoms
from moving through each other.
Inside the nucleus there are two types of
particles: positively charged protons and uncharged
neutrons. Together, the protons and neutrons are
known as nucleons. The proton’s mass is about 2,000
times more than that of the electron but its positive
charge is the same size as that of the electron’s
negative charge. This makes atoms with equal
numbers of protons and electrons electrically neutral
(uncharged). The neutron (discovered in 1932 by
James Chadwick) has almost the same mass as the
proton, but has absolutely no charge.
If you change the number of protons in the
nucleus, you have changed the identity of the atom –
it becomes an absolutely different element with
totally different properties. (Gold, the beautiful and
desirable pale yellow metal is the element with 79
protons, but add another proton to gold and it
becomes mercury, a poisonous, silvery liquid). But
you can change the number of neutrons in the nucleus
and the atom only changes its mass a bit. Two atoms
with the same number of protons, but different
numbers of neutrons are the same element, but
different isotopes. The role of neutrons will be
explained later when radioactivity is discussed.

Atomic mass:
(Sum of the
number of protons
and neutrons in the
nucleus)

Atomic Symbol
One or two letter
abbreviation.

27
12

Mg
Atomic number:
Number of protons
in the nucleus.

Find the nuclear symbols for the cases below.
1.

The atom with 10 protons and 12 neutrons.

2.

The atom with a mass of 162 and 97 neutrons.

3.

The atom with four more protons and five more
neutrons than 13
6 C.

€

4.

The atom with two more protons than

67
30 Zn .

NUCLEAR SYMBOLS
Nuclear symbols identify both the element and
the number of neutrons in the nucleus. The example
shows the nuclear symbol for magnesium with 15
neutrons in its nucleus. Mg is the two-letter symbol
for magnesium. The number 12 is the atomic number
for magnesium (the number of protons in its nucleus).
The number 27 is the atomic mass of this particular
isotope of magnesium. It is the sum of its 12 protons
and 15 neutrons.

€
5.

The atom with two more neutrons than

€
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NUCLEAR RADIATION … IS ALL AROUND YOU

I

HAVE TO laugh
every time I see
one
of
those
nuclear free zone
signs (Figure 8.1).
Oh I know the
intent is to protest nuclear
power or weapons, but I
have a feeling that many of
the promoters of those
signs feel as though it is
possible to find a spot in
this world where they
could actually be …
nuclear
free.
There’s
certainly
plenty
of
ignorance
around
the
nuclear issues. Half the
country
and
most
commentators
and
politicians can’t even
pronounce
the
word
correctly, opting for “nuc-

Figure 8.1: Although this sign is undoubtedly a
political statement by the city of Sausalito, CA, many
are convinced that it is possible to create a nuclear
free environment in which to live.

Figure 8.2: This horse
figure is made from
pre-1940 Vaseline glass.
On top, the horse is
illuminated with white
light. Below, it is
illuminated
with
ultraviolet light. Note
that the illumination by
the ultraviolet light
causes the horse to
fluoresce. This very
predictable shade of
fluorescing green light
gives evidence of the
presence
of
the
radioactive
uranium
used in making the
glass.
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you-ler” rather than
“nuc-lee-er.”
Just because you
don’t have nuclear
weapons or a nuclear
power plant in your
neighborhood doesn’t
mean you’re safely
ensconced in a place of
nuclear
(radiation)
freedom. You’d have
to get rid of all the
antique stores and flea
markets too. They
commonly sell the old
Vaseline glass (Figure
8.2) and 1940’s-era
orange
Fiestaware
(Figure 8.3). Both of
these products derive
their
characteristic
color from the presence
of radioactive uranium.

Figure 8.3: 1940’s era Fiestaware used
radioactive uranium in the glaze to create its
distinctive orange color.
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Convince the fire department that the smoke
detectors in the community have to go too. After all,
many styles of detectors use radioactive americium as
part of the smoke detecting mechanism (Figure 8.4).
Next, go house-to-house, through all the sporting
goods of community members. The older Coleman
lantern mantles had radioactive thorium in the mantle
fabric (Figure 8.5). Watch your diet too. Everything
you eat (except salt) is organic and therefore has a
radioactive carbon in it. And finally, there’s … you.
You’re radioactive and actively irradiating yourself
now as you read this. The site of your most precious
sanctuary – your body – is host to a throng of nasty
nuclei including radioactive uranium, thorium,
potassium, radium, carbon, hydrogen, and polonium.
Over 10% of the
natural
radiation
you receive comes
from inside your
own body. So get
those
nuclear
weapons and power
plants away from
your backyard, but
forget about your
utopian nuclear free
zone. It doesn’t
exist.

Figure 8.4: The sensor for this smoke alarm uses
the radioactive isotope, Americium-241. The
rating, “37kBq,” indicates that it gives off 37,000
emissions per second

Figure 8.5: The older Coleman lantern mantles had radioactive thorium in the mantle fabric.
decreased and continued to do so as he added up to
three sheets of foil. After that, he could add many
sheets of foil without a decrease in radiation. Then
finally, the addition of more foil caused a decrease in
radiation again. He immediately realized there must
actually be two types of radiation, one less
penetrating, which is stopped by the first three pieces
of foil and another that easily penetrates a few pieces
of foil. He found that one of the radiations was bent
by a magnetic field (in the direction a negatively
charged particle would take), like Thomson’s
electrons (but it was a decade before it was shown

BECQUEREL’S U-RAYS COME IN
THREE TYPES
When Henry Becquerel discovered the
penetrating U-rays coming from his father’s uranium
salt, he didn’t know what they were. And even after
all the work the Curies did with U-rays, together with
the process of their discovery of radium and
polonium, they didn’t know what the U-rays were.
Rutherford had noticed that when he covered the
uranium with a sheet of aluminum foil, the radiation
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that this radiation from the uranium was actually an
electron). Later it was discovered that the other
radiation was also bent by a magnetic field too, but
only very slightly. It took a huge magnetic field to
make this occur, but when it was finally detected, it
turned out that it was deflected in the opposite
direction as the other radiation. The deflection in the
opposite direction meant that this second radiation
had to be positively charged. Its very slight deflection
meant that it must be much more massive than the€
first. Rutherford figured it was probably either a
hydrogen or helium atom stripped of its electrons.
Other experiments with radioactive thorium showed a
third and more penetrating radiation, which had
absolutely no deflection in a magnetic field. What
Rutherford and others came to realize was that the
rays were coming from the nucleus of the radioactive
atoms. The nucleus of uranium is unstable and it, and
the nuclei of all unstable elements, achieves stability
by emitting these nuclear radiations. Originally, the
identity of the three radiations was a mystery. So the
names given to these three illusory rays were “a,”
“b,” and “c”. Well, that doesn’t sound very exotic. So
why not make the letters the first three of the Greek
alphabet instead? And, while the true identities of the
three are known today, the original designations have
stuck - α “alpha,” β “beta,” and γ “gamma.”
In 1902, a chemist colleague of Rutherford’s,
Frederick Soddy, was able to show that the alpha
particle is simply a helium nucleus, 24 He (two
protons and two neutrons). It is the heaviest of the
three types of radiation (thousands of times heavier
than the beta particle). Its two protons give it a +2
€
electric charge. This gives it the highest
charge of the
three types, which makes it the most chemically
reactive. This high reactivity makes its range very
short before it rips two electrons from nearby atoms
(and loses its energy in the process). A few
centimeters of air will stop the average alpha particle.

Figure 8.6: Hans Geiger and Ernest Rutherford
with the apparatus used to conduct the gold foil
experiment.

(It is interesting to note that virtually every helium
atom in every party balloon came from an alpha
particle ejected from a radioactive uranium or
thorium decay.)
We know that the beta particle is an electron,
0
0
−1 e or positron, +1 e (a positively charged electron –
antimatter!). Its smaller -1 or +1 charge gives it less
tendency than the alpha particle to interact as it
moves through matter. Several sheets of aluminum
foil will€stop the average beta particle.
The last particle, the gamma, is a very high
frequency photon. No electrical charge makes it the
most difficult of the three types to confine. It can go
through much material before being stopped – many,
many centimeters of pure lead.
Physicists understand now why a certain atom
will become unstable and emit radioactivity. It has to
do with the ratio of protons to neutrons in the
nucleus. To understand this, think about a uranium
atom – 92 protons. Why would these 92 protons have
any inclination to be close to each other? Each one is
pushing all of the other 91 protons with a repulsive
electric force – they’re all charged positively! Why
doesn’t the whole nucleus blow itself apart? The
reason is because of the presence of the 100+
neutrons mixed in with the 92 protons. There are four
known forces in nature: the gravitational force (a
weak attractive force), the electric force (a strong
force, either attractive or repulsive), the strong
nuclear force (a very strong attractive force), and the
weak nuclear force. First of all, let’s discount the
gravitational force because it’s so weak compared
with the other forces in the nucleus that it isn’t even
measurable. Protons communicate their presence to
other protons with both the repulsive electric force
and the attractive strong force. These two forces war
against each other though. To create the stability
necessary for a strongly bound nucleus, much more
of the attractive, strong force is needed. Here’s where
the neutron comes in. The neutron is uncharged so it
exhibits no repulsive electrical force, but it does
exhibit the attractive strong force. So the neutron is
something like nuclear glue. The more neutrons, the
greater the amount of strong nuclear force, and the
more stability there is in the nucleus. Well … up to a
point. It turns out that the neutron alone is highly
unstable (alone, it has a mean lifetime of about 15
minutes). It needs to be close to a proton to be stable
and not undergo radioactive decay itself. So adding
too many neutrons can also cause instability due to
insufficient numbers of protons to give the neutrons
stability. The bottom line is that atoms are unstable
when the number of neutrons in the nucleus is either
too high or too low. The result of this instability is
the release of radioactivity. When an alpha or a beta
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particle is released, it normally changes the
neutron/proton ratio favorably. And, regardless of
whether the release is an alpha or beta particle, the
number of protons remaining is different. That means
that the unstable element “gives birth” to a daughter
nucleus that is a completely different element. The
gamma ray is the result of extra energy being
released from this nucleus as the newly changed
nuclear structure puts itself into a lower energy level
configuration (the nucleus has energy levels similar
to the electron energy levels of the atom). However,
the energy released from the nucleus in the form of a
gamma ray is far higher than the energy released in
the form of a photon when an electron moves to a
lower energy level in an atom – about a million times
greater! This tremendous energy emerges from a
region that is only about one-trillionth the space of
the entire atom!

TRANSMUTATION EQUATIONS
Determining the daughter remaining when a
radioactive atom gives off nuclear radiation is done
by using a transmutation equation. A transmutation
equation starts with the nuclear symbol for the
radioactive atom and then uses the characteristics of
the particle emitted to determine the daughter that
remains. Let’s use the portion of the chart of nuclides
in Figure 8.7 to predict the daughter produced by a
radioactive atom. Notice that inside the block for
13
+
7 N there is the symbol, β . This means that it emits
a positron. The transmutation equation is:
13
€
7N

€

→

0
+1e

Figure 8.7: A section from a chart of nuclides. A
nuclide is a particular “species” of a nucleus,
with a specific number of both protons and
neutrons. Nuclides in horizontal rows all have the
same numbers of protons. Nuclides in vertical
columns all have the same numbers of neutrons.

+ 136 C

Since the positron takes negligible mass with it, the
daughter has virtually the same mass. The positron
has a positive charge, so that means that the daughter
€
has one fewer positive charge than the 137 N . This
leaves a daughter with a mass of 13 and an atomic
number of 6. Carbon is the element with an atomic
number of 6, so the daughter must be 136 C . This is the
€
case for all daughters of positron emitters – same
mass, but one lower atomic number. If you tend to
question and wonder, you might be asking how could
this piece of antimatter, this€positron, come from the
nucleus in the first place. It turns out that positron
emitters accomplish this when one of the protons in
the nucleus changes to a neutron/positron pair. The
neutron stays behind and the positron is emitted as
radiation. The process looks like this:

Now let’s look at

→

0
+1e

6C

→

−1e

+ 7N

Since the electron takes negligible mass with it, the
daughter has virtually the same mass. And, since the
electron has a negative charge, this means that the
€
daughter
must have a one unit higher positive charge
than the “mother,” so that it can balance the negative
charge. This leaves a daughter with a mass of 14 and
an atomic number of 7. Nitrogen is the element with
an atomic number of 7, so the daughter must be 147 N .
This is the case for all daughters of electron emitters
– same mass, but one higher atomic number. It’s
similar to the positron emission process, but here it’s
€

+ 01n
144

€

Inside its block on the

chart of nuclides there is the symbol, β − . This means
that it emits an electron. The transmutation equation
is:
€
14
0€
14

β + decay
1
1p

14
6C .
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the neutron that changes to a proton/electron pair.
The process looks like this:

β - decay
1
0n

→

0
−1e

+ 11p

(It should be noted that both beta decay processes are
more complicated than shown. Each equation shows
the net process and is true in that sense, however in
the €
case of positron emission, for example, it is
actually an up quark inside the proton that changes to
a down quark (transforming the proton into a
neutron). The process emits a W+ boson, which then
decays into the positron and a neutrino. A similar
process happens in β- emissions. For our purposes
here though, the simpler net equations shown are
sufficient.)
It is interesting to notice that the daughter of
radioactive 146 C is perfectly stable. That’s what the

Figure 8.8: A section from a chart of nuclides
showing nuclides of Uranium (#92), Neptunium
(#93), and Plutonium (#94).

14
7N

occupies indicates. So
gray color of block that
this process works, although not always with the first
daughter.
When the numbers of neutrons and protons
€
are especially unbalanced, it can take several
€
transmutations before
a stable nuclide is reached. The
most common isotope of uranium, for example,
doesn’t become stable until after 14 transmutations!
Finally, lets look at the transmutation equation
for an alpha particle emission. Figure 8.8 shows
nuclides of Uranium, Neptunium, and Plutonium.
Let’s look at 238
94 Pu . Inside its block on the chart of
nuclides there is the symbol, α . This means that it
emits an alpha particle (helium nucleus). The
transmutation equation is:
€
€α decay
238
94 Pu

€

→ 24He +

DETECTING NUCLEAR RADIATION
I mentioned in the introduction to this unit that
nuclear radiation couldn’t be detected by any of the
five senses. If it is to be detected, it must be by means
of some sort of mechanical detector. It’s very
sobering to consider that if you relied on your natural
senses, even in the presence of intense radiation, you
would be absolutely unable to detect the danger.
(Think about how much you’ve been able to detect
from the dental and medical x-rays you’ve had.)
Fortunately, there exist a number of extra-sensory
radiation detectors.
Some
types
of
film
emulsions
are
photographically exposed by nuclear radiation and it
is therefore common for people who work in the
presence of radiation to wear film badges so that their
exposure over time can be monitored.

234
92 U

Since the alpha particle takes four units of mass with
it, the daughter has four units less mass. And, since
the alpha particle has two protons, this means that the
€
daughter must have two fewer protons.
The transmutation equations discussed above
illustrate the three most common radioactive decay
processes. The α, β-, or β+ particles emitted (and the
incidental gamma rays) are the high-energy particles
that cause the dreaded effects of radioactivity. The
238
94 Pu discussed ejects an alpha particle with an
energy of 5.5 MeV (see Figure 8.8). That’s 5.5
million eV! (Recall that the energy of the photons
that you are currently using to read this page have
energies of about 3 eV.) The following two sections
discuss some of the methods used to detect these
radiations and to avoid their effects.

Figure 8.9: Dosimetry
film badges are used by
workers
in
nuclear
radiation environments
to track their exposure
to radiation over time.
The film badges are
photographically
exposed
by
nuclear
radiation.
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Charged electroscopes will lose their charge in
the presence of radiation and can therefore be used as
crude detectors.

In the Geiger counter detector tube, molecules
are ionized by incoming radiation causing an electric
current to flow that registers as a count for each
particle of radiation detected.

Figure 8.12: Molecules inside the Geiger counter tube
are ionized by incoming radiation. The electric
current resulting from the radiation can be used to
accurately quantify the current level of radiation.
Figure 8.10 Electroscopes indicate the presence of
electric charge. However, they can also be used to
indicate the presence of nuclear radiation, since
radiation discharges electroscopes.

NUCLEAR RADIATION PROTECTION
People often wonder what they can do to protect
themselves from radiation. There are really only three
things you can do:
1. Put something (lots of lead is the best choice)
between you and the source of radiation. (See
table for a comparison of penetration depth for
the various radioactive particles.) The thick
containment walls at nuclear power facilities
provide this type of protection, as does the
concrete sarcophagus entombing the failed
Chernobyl reactor.

Super-saturated cloud chambers can be used to
detect radiation by displaying the paths of the
particles as they plow through the dense fog in the
chamber.

Type of Radiation

Penetration in Steel
for 1 MeV

Alpha (α)

0.003 mm

Beta (β)

0.6 mm

Gamma (γ)

15 mm (with half
energy remaining)

Lowenthal, G. and Airey, P., Practical Applications of
Radioactivity and Nuclear Radiations, Cambridge
University Press, Cambridge, 2001.

Figure 8.11: The cloud chamber consists of a
super-saturated fog. When a particle resulting
from radiation passes through the fog, it leaves
behind a trail as evidence that it was there.
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2. Wait for the source of radiation to decay into
something stable (perhaps taking years or
thousands of years). This is what we hope to
do with the nuclear waste that has been created
during the last several decades of nuclear
power.

molecule could react with a DNA molecule, for
example, causing it to break. Fortunately, the body’s
ability to repair cell damage is very good and low
doses are not believed to be harmful. However, it has
not been established what the lowest safe dose of
radiation is.
The unit for absorbed dose in any absorbing
material is the Gray, Gy.

3. Move far from the source of radiation. We also
hope to do this with our nuclear waste
(currently stored on site at nuclear power
plants.) The idea is to bury this waste in deep
tunnels hundreds of feet below the Nevada
desert. Radiation exposure follows the inverse
square law (like sound) so that moving twice
the distance from a source decreases exposure
by 14 and moving ten times as far away
decreases exposure by

1 Gray = 1 1Joule
kg
But different types of radiation have different effects
on the body, so the best radiation unit is the Sievert,
€ x-rays, β particles, and γ rays,
Sv. For
1 Gray ≈ 1 Sievert. For α particles 1 Gray can be
equivalent to up to 20 Sievert. The α particle is so
large and highly charged that it can ionize many
molecules very close to each
other, making repair much
more difficult than with the
other radiations. Knowing
the names and definitions for
radiation exposure does not
mean that you know what is
dangerous though. So let’s
take a look at the exposures
you might get from various
activities and compare those
to the known consequences
of specific exposures.
If you’re an average
person, you are exposed to about 0.0036 Sieverts per
. This exposure comes from cosmic
year, 3.6 mSv
yr

1
.
100

T€HE DANGER OF
RADIATION €

€

Marie Curie died at the
age of sixty-seven of
leukemia. She was nearly
blind at the time of death
and her fingers were badly
disfigured. The high doses
of radiation she had
endured for so many years
were
undoubtedly
to
blame. In the early days of
radiation research, it was
believed that radiation was actually therapeutic.
When Pierre Curie put some radium on his skin, it
burned him and produced a sore. It became clear that
the radium might be a good way to treat tumors.
Indeed, radiation is widely used to treat a whole
range of cancers. And nuclear radiation, when used
as a tracer, is an effective and essential diagnostic
tool. Still, it can be deadly and must be treated with
respect. Most people are unaware of what the
radiation actually does to the body and how much of
it is too much. Nuclear radiation is called ionizing
radiation because it has the ability to ionize atoms.
This is not true for much of ultraviolet radiation, but
the α, β, and γ radiations coming from the nuclei of
radioactive atoms have energies of approximately
10 6 eV . X-rays are more on the order of 10 3 eV .
Recall that the energy necessary to ionize the electron
from a hydrogen atom is only 13.6 eV. That means
that as they pass through your body,
€
x-rays and nuclear radiation have enough energy to
rip the electrons from thousands or even tens of
thousands of atoms. These highly reactive, ionized
atoms cause the damage to the cell. An ionized water

rays, the radioactive elements in the earth (used in
building materials, for example), medical procedures
involving x-rays or other ionizing radiation, and …
€ you (remember, you’re radioactive and irradiating
yourself too). If you are a radiation worker, the limit
- more than 10
for your exposure on the job is 50 mSv
yr
times the average natural exposure (although
pregnant radiation workers are limited to 5 mSv
). A
yr
dental x-ray will expose
€ you to 0.1mSv and a full CT
scan would be up to 60mSv , but what is dangerous?
Here’s where it becomes hard to pick a particular
€ that 750mSv of
number that is safe. It is known
€
exposure over a short period is necessary to produce
the nausea,€diarrhea, and weakness associated with
radiation sickness, but that is a huge exposure
compared to the exposure that€ the average person
could be expected to get. So let’s consider the
predicted increase in risk of cancer due to exposure to
ionizing radiation. The Biological Effects of Ionizing
Radiation committee V (BEIR V) puts the risk of
147
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€

€

cancer death at 0.08% per 10mSv for doses received
rapidly (acute) and might be half that (0.04% per
10mSv ) for doses received over a long period
(chronic). The current death rate from cancer in the
United States is€ approximately 20%. Thus, you
would expect that in a population of 10,000, if all €
were exposed to 10mSv of whole body radiation over
a short period of time, the number of cancers in this €
population would rise from 2,000 to 2,008 – not
enough to be statistically noticed given the natural
€ in cancer rates. Now recall that 10mSv is
fluctuation
about three times the amount of exposure that the
normal person would be expected to get in an entire
year. This really implies that the current maximum
industry exposures are extremely€ low. But this is
because of the hypothesis by some that the
probability of developing a cancer due to the
absorption of ionizing radiations isn’t zero until the
dose is zero. This means that there is some belief that
no dose is without risk. However, no one knows for
sure if there is a minimum exposure level for which
there is no risk for cancer. Given this, we really don’t
know if the annual exposure to background radiation
poses any risk. If there is a risk, how high is it?
The following calculation makes two unproven
assumptions. First, it assumes that there is no
minimal safe exposure to ionizing radiation. Second,
it assumes that the risk of dying from cancer due to
exposure to ionizing radiation is proportional to the
level of exposure (recall that above the background
level of exposure, the risk of the death due to cancer
is 0.04% per 10mSv ). With these two assumptions in
mind, let’s look at the predicted risk of death from
cancer due to a lifetime of exposure to background
radiation. If you receive an average exposure of
€ , then over the course of 80 years, you would
3.6 mSv
yr
expect that (even living in Sausalito, CA) your
lifetime exposure would be 288mSv . This amounts
to a risk of cancer death from background radiation
of 1.2%. But, keep in mind that this is part of the
20% risk that you already have of dying from cancer.
€
So, if my two assumptions
are correct, then 6% of
cancers are caused by exposure to background
radiation. I personally do not believe that the risk is
that high. I suspect that there is some minimal
exposure level that is perfectly safe. In any case, it’s
a moot point. We’ll never know the accuracy of the
two assumptions and besides … we can’t avoid
background radiation.
I think it’s more useful to look at the increased
risk of death by cancer due to exposures above
normal background radiation. For that we know there
is increased risk. Let’s take the case of a radiation
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worker who receives the maximum allowed exposure
over a 30-year career. That’s a career-long
50 mSv
yr

(

)

exposure of 1500mSv . At an increased risk of 0.04%
per 10mSv , you would expect an increased risk of
6% (up to a 26% risk of dying from cancer). That
means that in a population of 100 people, 20 would
be €
expected to eventually die from cancer, and if they
were all radiation workers (receiving maximum
exposure for a long career), an additional six of those
people would die from cancer. That is a significant
enough risk to be a factor for most people in
considering such a career. (It should be noted that the
,
average exposure for radiation workers is only 5 mSv
yr
so this risk analysis is high.)
You don’t need to be a radiation worker to have
higher than average exposure though. It€turns out that
just living at a higher elevation can give a higher
exposure because there isn’t as much atmosphere to
block cosmic rays. At sea level the cosmic radiation
exposure is about 0.26mSv , but in Denver (the “mile
high” city) the exposure is 0.50mSv . That 0.24mSv
extra annual exposure amounts to an annual increase
of 0.00096% in deaths due to cancer. Over a lifetime
€ that amounts to an extra risk for Denver
of 80 years,
€
€
residents of 0.0768%.
This sounds
completely
insignificant until you think about the size of the
Denver metro population (about 3,000,000). You
would expect 600,000 of those residents to die from
cancer if they lived at sea level. However, with the
higher elevation, the number would rise to 602,304.
Now we’re talking about thousands of extra people
dying from cancer.
Are there those who have been chronically
exposed to ionizing radiation whose long-term health
can be studied? Absolutely. Early in the years after
the discovery of x-rays there were thousands of
people who were daily exposed to what would now
be considered high doses of radiation – the users and
operators of the infamous x-ray shoe fitters, popular
in thousands of shoe stores from the 1930’s through
the 1950’s. Then there were those who, believing that
radium was a cure-all for any number of illnesses and
conditions, took daily doses of radium. This is the
subject of the next section. But first, there is the story
of Alexander Litvinenko, who received a very large
and lethal dose of radiation from a very small amount
of polonium-210 back in November 2006. An
assassin secretly slipped it into his tea so that the
former Russian Secret Service agent would keep his
mouth shut about the purported corruption in Putin’s
Russian Government.
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Alexander Litvinenko: A Modern Case of Radiation Poisoning
Thea Joy Forrester (Class of 2007)
As the former lieutenant colonel in Russia’s
security service lay on his deathbed, slowly withering
away from a mysterious illness, he wrote these
words:

friend, Anna Politkovskaya, a human rights activist
who was also known for her opposition to the Putin
administration. She was found dead in her apartment
building elevator, shot four times, and believed to be
the victim of a contract killing. Litvinenko publicly
“As I lie here I can distinctly hear the beating of
accused Putin of ordering the killing.
wings of the angel of death. I may be able to give
On November 1, 2006, Litvinenko met with two
him the slip but I have to say my legs do not run
Russian men at a hotel, one a former KGB agent. He
as fast as I would like. I think, therefore, that this
then dined with an acquaintance at a sushi bar in
may be the time to say one or two things to the
London. Later, he fell ill and sought treatment at a
person responsible for my present condition. You
hospital. He died three weeks later on Thanksgiving
may succeed in silencing me but that silence
Day. During his last three weeks of life, doctors did
comes at a price. You have shown yourself to be
countless tests on his body to try to understand what
as barbaric and ruthless as your most hostile
could be killing him so rapidly. It was finally
critics have claimed. You have shown yourself to
determined from a urine sample that Litvinenko had
have no respect for life, liberty or any civilized
been a victim of polonium-210 poisoning.
value. You have shown yourself to be unworthy
Polonium-210 is an alpha emitter, discovered by
of your office, to be unworthy of the trust of
Marie Curie. Alpha emitting radiation may seem
civilized men and women. You may succeed in
somewhat harmless because even a sheet of paper is
silencing one man but the howl of protest from
sufficient to block its radiation. This may have been
around the world will reverberate, Mr. Putin, in
exactly what made polonium-210 such a perfect
your ears for the rest of your life. May God
weapon of choice to kill Litvinenko. As with all types
forgive you for what you have done, not only to
of nuclear radiation, the alpha particles could not be
me but to beloved Russia and its people.”
detected by any of the human senses, and the carrier
of this weapon could not be harmed by it unless he
The name of the dying
ingested the radioactive
man
was
Alexander
material. However, if eaten,
Litvinenko (Figure 8.13),
inhaled, or passed through a
and he had previously stirred
wound polonium-210 can be
up quite a bit of unwanted
extremely damaging to one’s
controversy for the Russian
tissues and organs. Because
government.
A
native
of the very low penetrating
Russian, living under the
ability of alpha particles, any
regime of Vladimir Putin, he
that are produced inside the
had worked as a lieutenant
body will deposit all their
colonel in the FSB (Russia’s
energy there.
secret service). However,
An average lethal dose
Figure 8.13: Alexander Litvinenko, before and
after becoming aware of the
of polonium-210 consists of
after being poisoned by polonium-210. The
corruption
in
the
only about 4 millicuries, or
former Russian spy is the first known person
organization, he publicly
0.89 micrograms. Litvinenko
to be killed with the radioactive substance.
spoke out against it. For
is the first known person to
Litvinenko’s strong public
die from exposure to
accusations, Russian authorities arrested him and he
polonium-210, although Marie Curie’s daughter is
fled to the UK, where he was granted political
also suspected to have died from exposure to the
asylum and citizenship. He would not fade into
isotope (which exploded from a vial near her in her
silence however, and wrote a book called Blowing up
mother’s laboratory), although it took 15 years to kill
Russia: Terror From Within, in which he described
her from cancer. Alpha particles are ionizing, which
Vladamir Putin’s rise to power as a coup d’état. He
means that they can push electrons out of molecules.
also made a special Dateline appearance in which he
The result is damaged DNA strands that cannot be
asserted “all the bloodiest terrorists of the world”
repaired by the body. An affected person can
were connected to the FSB/KGB. His outrage was
experience radiation sickness and cancer. In
further stirred after the murder of his journalist
Litvinenko’s case, it was a heart attack.
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A HISTORY OF SELF-EXPOSURE TO IONIZING RADIATION

R

OENTGEN’S “NEW KIND of rays”
created an immediate sensation within
both the scientific community and the
general public. The “new kind of ray”
began to be used almost immediately
to assess bone fractures and to locate
foreign bodies, so as to avoid painful manipulation.
Within a month, radiographic photography began to
be
developed.
Simultaneously,
therapeutic
applications of x-rays in the treatment of cancers
were investigated. All this was done before the
identity of this mysterious ray was known. The magic
of being able to peer into the body using the
penetrating power of x-rays long distracted the
general public, as well as the medical community,
from the potential health hazards of repeated
exposure to penetrating radiation. The early part of
the 20th Century became the wild west of x-ray
applications. Some beauty shops were even using xray machines to eliminate facial hair. Perhaps the
most interesting and widespread of these applications
was the X-Ray Shoe Fitter, a machine used by shoe
stores for decades to view the x-ray image of a foot
inside a new shoe.
Clarence Karrer, who worked for his father’s
surgical and x-ray equipment business, invented the
x-ray shoe fitter (also known as the shoe-fitting
fluoroscope) in 1924. He built it for a company that
manufactured orthopedic shoes, believing it would be
of help to doctors. However, after he had built five of
them the Radiological Society of North America
insisted he stop because it “lowered the dignity of the
profession of radiology.” Although he stopped
manufacturing the machines, an employee of the
company quit and began making them himself.

Eventually, there were approximately 10,000 of these
fluoroscopes in use, being made by companies like
Adrian X-Ray Shoe Fitter, Inc (Figure 8.14). The
machines grew in popularity and from the late 1940’s
to the early 1950’s they were very common and most
shoe stores had them.
Concerns about radiation hazards were noted as
early as 1949, leading to the banning of the x-ray
shoe fitters in many states. By 1970, they had been
banned in 33 states and so strictly regulated in the
remaining 17 that their use became impractical (some
states required that only a medical doctor could
operate them). However, even in the late 1970’s one
of the members of the Department of Labor and
Industries in Massachusetts found one in a “corner
store” in Boston. The owner would let children take a
look at their feet through the machine for the price of
ten cents worth of candy!
To use the x-ray shoe fitter, a person would
stand, in their prospective new shoes, on a platform
that led to an opening inside the cabinet of the
machine (Figure 8.15). There were three viewing
ports: one for the person standing on the platform,
one for the salesman, and one for another observer.
X-rays would strike a fluorescent screen, which could
be viewed through any of the ports, allowing viewers
to see the outline of the shoes along with the
wiggling toes of the person on the platform. A timer
limited the exposure (on many machines, but not on
the one pictured in Figure 8.15). This timer could be
preset for any time increment between 5 and 45
seconds, but the typical time seems to have been
about 20 seconds. The safety of the timer was
compromised however by the fact that additional
exposures could be made by simply pushing the timer
button repeatedly. In fact, the x-ray shoe fitters were
commonly used as a diversion by the bored children
of shopping mothers. And, the novelty of the devices
made it hard for children not to stop for a peek or two
inside their shoes on the way home from school.

RADIATION EXPOSURE
Were the shoe fitters really dangerous? Or was it
simply an over reaction by a 1950s Cold War
mentality increasingly concerned about the effects of
radiation? Charles R. Williams made a study of the
radiation exposures from shoe fitting x-ray machines
in The New England Journal of Medicine (“Radiation
Exposures from the Use of Shoe-fitting
Fluoroscopes”, 1949, Vol. 241, No. 9, 333-335). He
tested 12 of the machines and noted that although all
the cabinets were lined with lead or steel, there was a
notoriously large variation in radiation from the

Figure 8.14: This is the manufacturer’s plaque from an
x-ray shoe fitter found in an antique store in
Bethlehem, New Hampshire.
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machine (up to 0.2 Roentgens per hour). “In most
installations this amounts to more than 100
at 10 feet from the
milliroentgens per hour 1 mSv
hr

[

]

[

]

at 25 feet. The
unit and 15 mR per hour 0.15 mSv
hr
zone of scattered radiation in excess of 15 mR per
hour covers an€ area of about 90° from the foot
opening out into the room.” This exposure from
leakage is about€four times higher than data from
similar tests on a machine acquired in the late 1960’s
by the Department of Radiology at Texas Medical
Center’s Baylor College of Medicine. This machine
had a measured exposure to the feet of 40 mSv per
20-second exposure.
While Williams’ measurements are higher, they
may be more accurate, as he tested 12 machines, and
they were working machines currently in shoe stores.
So assuming a clerk was within 10 feet of the rear of
one of Willams’ machines for the equivalent of 2
hours a day, it was entirely possible to be exposed to
200 milliroentgens per day (2 mSv per day). This
would be equivalent to 20 dental x-rays! And some
clerks were in the habit of placing their hands directly
in the path of the x-rays as they held young children’s
feet still in the machine.
The comparison of the exposure from the x-ray
shoe fitter with other exposures and with current
maximum exposures is alarming. However, it must
be kept in mind that the current maximum industry
exposures are extremely low. So while the maximum
annual exposure to radiation workers today is 50
mSv, the maximum exposure to radiation workers of
the same era as the shoe fitter was 10 mSv/day,
perhaps five times as much as a clerk standing within
10 feet of the back of an x-ray shoe fitter for two
hours per day.
This is not to say that the shoe fitters were safe.
Indeed, a shoe model who was exposed to excessive
radiation received such a severe radiation burn that
her leg needed to be amputated. In another case, a 56
year-old woman who had been a ten-year employee
of a shoe shop equipped with an x-ray shoe fitter,
suffered from x-ray dermatitis (including symptoms
of thickened and partially detached toe nails as well
as ulcers below the toe nails). Still there is little
evidence of significant and long-term health risks to
those who worked near the machines and no evidence
of health problems due to the machines for casual
users of the x-ray shoe fitter.
So now at the end of all this, with so many
numbers and units expressing the exposure to
radiation, what can be said in terms of safety?
Considering that the industry limit for radiation
exposure to radiation workers is so low, and that the
annual exposure to the average person is one-tenth of
that, your potential hazard from radiation exposure is

Figure 8.15: Kim Lapp (author’s wife)
demonstrates the use of the x-ray shoe fitter.
Note the two other viewing ports on the opposite
side of the machine.
machines he tested. A Victoreen radiation monitor,
placed inside a shoe, recorded exposures ranging
from 0.5 to 5.8 roentgens (R) per second. Thus,
exposure to the feet during a typical 20-second
viewing could range between 10 and 116 R (or up to
261 R for the full 45 second view on the highest
exposure machine). One Roentgen imparts an
absorbed dose of approximately 0.01 Gray, and
remember, if the radiation is x-ray, 1 Sievert = 1
Gray. Thus the dose equivalent given by the 12
machines tested ranged from 100 to 1,160
milliSieverts (mSv), to the feet, per 20-second
exposure. (Compare this to the International
Commission on Radiological Protection’s annual
dose limit of 500 mSv to the feet for radiation
workers). It is sobering to consider that at the lower
limit, the x-ray shoe fitters gave exposures similar to
1,000 modern dental x-rays and at the upper limit,
something like two CT scans.
In addition to the radiation exposure to the feet
of the person using the machine, there was substantial
leak from the rear foot opening as well as from all
surfaces of the machine. Williams noted that the
worst of the leakage came from the bottom rear of the
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pretty low. Let me be a bit clearer here about my
opinion. If the question to you were whether or not to
get a chest or dental x-ray, I wouldn’t hesitate. Will it
increase your risk for cancer? Maybe. No one really
knows at that level, but the benefit in finding a breast
tumor or dental problem far outweighs the almost
unperceivable risk. If you come across an x-ray shoe
fitter though … keep it to 20 seconds or less.

RADIATION EXPOSURE FROM
EARLY RADIUM THERAPY
While the harmful effects of radiation from the
x-ray shoe fitters is a bit dubious, there was another
type of self-exposure in the early days of radiation
research that was far more harmful – radium therapy.
For many years after its discovery, radium was
believed to be a cure for many ills. One such remedy
was Radithor (Figure 8.16), 2 ounces of triple
distilled water, which contained 1 µg of 226
88 Ra and 1
µCi of 228
88 Ra .
Eben Byers, the founder of the huge steel
company, A.M. Byers Company,
was a robust
€
multimillionaire who loved sports and the good life.
€ He was well known in social, sporting, and financial
circles. He was also a chronic user of Radithor. He
had injured himself leaving the 1928 Harvard-Yale
football game and, on the advice of his doctor, he
began to take the radioactive concoction. Believing it

Figure 8.16: Early after radiation was discovered, it
was viewed not only as effective in treating various
maladies, but also as an elixir. The radioactive
liquid, “Radithor” (two ounces of triple distilled
water, which contained 1 µg of 226
88 Ra and 1 µCi of
228
88 Ra )

was used by many to promote good health.
(Image used with permission from Oak Ridge
152
Associated Universities.)
€

€

was the source of a newly found energy, he started
drinking three bottles a day … for two years. He
finally stopped after he developed severe headaches,
extreme pain in his jaw, and his teeth started falling
out. The radioactivity had even bored holes in his
skull. He was diagnosed with radium poisoning and
died a wicked death two years later in 1932, at the
age of 51 and weighing only 92 pounds.
Before Byers died, his jaw was so deteriorated
that it had to be removed. Unfortunately, the radium
did not all pass through his body. Instead, it replaced
some of the calcium in his bones. By the time he
died, over 30 µg had accumulated in his bones –
enough that when he exhaled, even his breath was
radioactive.
Another curious radioactive water “therapy” was
offered through the Revigator (pronounced Ree-viga-tor). The crock (Figure 8.17), which held about a
gallon of water, was lined on the inside with radium.
The radioactive radium decayed into radioactive
radon gas, which was absorbed by the water inside
the crock. This made the water radioactive, but far
less so than Radithor. Hundreds of thousands of these
were sold between 1920 and the mid-1930’s. The
sellers of the Revigator promoted the same misguided
idea that the radioactive water actually had health
benefits.

Figure 8.17: The Revigator, a crock, which held
about a gallon of water, was lined on the inside with
radium. The radioactive radium decayed into
radioactive radon gas, which was absorbed by the
water inside the crock. This made the water
radioactive. The inset shows instructions printed on
the back of the Revigator.
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RADIUM DIAL PAINTERS
During this same period when radium was
being used in a variety of therapies, it was also
being used industrially because of a unique and
useful property. The alpha particles emitted from
radium ionize the air around the emission and
cause a persistent glow. This was a nice feature to
have on a wristwatch because then you could read
the watch in the dark. It was also essential for the
military pilot who wanted to have a nonilluminated cockpit, but still be able to see his dials
and gauges. Women, known as Radium Dial
Painters, did most of the work hand-painting dials,
gauges, and meters with the glow-in-the-dark
radium paint (Figure 8.18). The fine detail
necessary for painting small numbers and letters
required the paintbrush to always have a very fine
point. This is what caused the biggest problem for
the women painters. They maintained the fine tips
on the paintbrushes by frequently placing the
radium-laced brushes in their mouths and
reforming the tips with their lips. Recall that
radium was considered therapeutic at the time, so
no one gave the practice a second thought.
In the early to mid-1920’s an unusually large
number of bone cancers were diagnosed in the
painters. The cause was eventually linked to the
radium paint. It became clear that the radium was
depositing in the bones and becoming a long-term
source of alpha radiation. The industry responded
in 1926, by prohibiting the practice of putting the
tips of paintbrushes in the mouth. Of the 112
known dial painter deaths linked to radium
ingestion, none occurred in women who became
painters after 1926. This doesn’t mean that those
who started after 1926 didn’t ingest any radium,
it’s just that the level was low enough that it was
apparently below the level necessary to cause
malignancies (Figure 8.19).

Figure 8.19: The only malignancies recorded for Radium
Dial Painters occurred in women who began painting before
the order to stop shaping the brushes with the mouth was
given in 1926. Note that after that time, the level of radium
ingestion dropped below the level of 100 microCuries (the
apparent minimum level of intake to cause a cancer).

Figure 8.18: The Radium Dial Painters
were women who painted radium-laced
paint onto the faces of watches, dials, and
gauges so that they would glow in the
dark. To keep the tips of their
paintbrushes sharp, they would frequently
reshape them with their lips. The resulting
ingestion of large amounts of radium
caused many of the women who worked in
the industry during the early to mid-1920’s
to develop bone cancers.
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majority of the students agreed to it). But then when
my daughter was four, I decided I didn’t want her to
eventually be sneaking cigarettes from me, so I quit.
It was hard – really hard, but I’m very glad I quit.
What I didn’t realize during the period I was
smoking (or even for many years after) was that
every puff of cigarette smoke I inhaled was …
radioactive. The high-phosphate content fertilizers
used in tobacco farming leave the tobacco with
relatively high levels of 210
84 Po . Forget all the tobacco
awareness programs that discuss the many
carcinogenic chemicals in the smoke of a cigarette.
There is only one substance, by itself, that has
actually caused€ lung cancer in laboratory animals –
210
84 Po . Surgeon General Koop said it was the
responsible agent for the great majority of lung
cancer deaths. Tell that to the next no-nuke-signsporting activist you see having a smoke.
How much 210
84 Po is actually in a cigarette? The
answer is a very small amount, but the actual mass or
percentage of the total contents is not meaningful.
What matters is the dose that one is exposed to.
Recall €that the average person is exposed to about
3.6 mSv
from background radiation. A dental x-ray
yr

RADIATION EXPOSURE FROM
CIGARETTE SMOKING
I smoked my first cigarette when I was about 12.
I didn’t inhale it. I just kind of puffed on it. I guess I
liked it – not so much because I felt cool or grown
up, but because it was illicit. I had sneaked it out of a
pack of cigarettes belonging to my dad. He would
have killed me if he had known. But, it didn’t take. I
didn’t start really smoking until I joined the Army.
During breaks, the drill sergeant would always say,
“Smoke ‘em if you got ‘em.” So the smokers would
enjoy a cigarette and the non-smokers would wait
until they finished, and when they had finished, that
was the end of the break. After awhile it became clear
that if you were a smoker, you had a privilege that
nonsmokers did not have. So I started smoking, and I
liked it … a lot. Those were the glory days of
smoking. You could smoke in bars and restaurants
€
and airplanes, and even college classrooms (if the

gives you about 0.1mSv and the annual occupational
limit for radiation workers is 50mSv . With that as a
backdrop, consider that the one-pack-a-day smoker
gets an alpha particle dose of about 100mSv every
€ long-term smoker eventually acquires inner
year. The
€ chronically radioactive. You
lung surfaces that are
would have less risk from radiation exposure if
€ every single day.
you had a chest x-ray
Unfortunately, polonium is also soluble and
eventually works its way through the body, causing
substantial risk for a whole host of other cancers in
addition to lung cancer.
Most people are shocked to learn that their
greatest risk from radiation exposure is from
cigarettes – much greater than from medical and
dental x-rays, far higher than if they lived near a
nuclear power plant and even much higher than if
they routinely worked with radioactive isotopes and
were exposed to them at the highest legal level.
Should they be illegal? Not if you ask this
Libertarian. As a strong believer in choice and
individual liberty, I would hesitate to criminalize
cigarettes, but I would sure be in favor of upgrading
the warnings. How about: “Danger. This one pack of
cigarettes will expose your lungs to more ionizing
radiation than a chest x-ray.”

€

Figure 8.20: The high-phosphate content fertilizers
used in tobacco farming leaves the tobacco with
relatively high levels of 210
84 Po . An alpha emitter,
210
84 Po

is the only substance, by itself, that has
actually caused lung cancer in laboratory animals.

€
€
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RADIOACTIVE HALF-LIFE

I

T IS IMPOSSIBLE to predict exactly when
an unstable nucleus will “decay” by emitting
an alpha or beta particle. It is a completely
random event. There is no way to look at
1,000 radioactive nuclei and tell which will
be the first to change and which will be the
last. However, it is absolutely certain how long it will
take for half of those 1,000 nuclei to have decayed
into their daughter nuclei. The time for the original
1,000 to become only 500 is called the radioactive
half-life of the isotope. This is a type of fingerprint
for the isotope since no other isotope has this same
half-life and it doesn’t seem that it can be altered (by
changes in heat or pressure, for example). Half-lives
for different isotopes can range from fractions of
seconds to billions of years. In the earliest days of
radioactive research, the concept of the half-life had
not yet been discovered and being unable to isolate
polonium, in the same manner she was doing with
radium, confounded Marie Curie. What she didn’t
realize was that polonium’s relatively short half-life
of 138 days made it disappear about as fast as it was
isolated. Table 8.1 below gives the half-lives for a
number of isotopes as well as for the decay particle(s)
emitted and their average energy. If there are multiple
decay particles it is because there is at least one
transition that leads to a daughter isotope in an
excited nuclear state. This state rapidly changes to a
less excited state, emitting a gamma ray in the
process. The energies for the primary emitted particle
and the subsequent gamma ray are summed in the last
column of the table.

Isotope

€
€
€
€
€
€
€
€
€
€

3
1
14
6
13
7
32
15
60
27
90
38
210
84
222
86
226
88
239
94

H
C
N
P
Co
Sr
Po
Rn
Ra
Pu

12.3 years

Decay
mode
β-

Particle
energy
(MeV)
0.0186

5730 years

β-

0.156

Half-life

9.97 min.

β

+

2.22

-

1.71

14.3 days

β

5.27 years

-

β,γ
-

Figure 8.21: This one-inch plastic disk contains
radioactive strontium-90 with an activity of
1 x 10-7 Curies. It has a half-life of 28.6 years and
decays by emitting beta- particles.
Half-lives can be used to date anything that has
at some point been radioactive. This is how scientists
have dated the oldest rocks on the earth and on the
moon. It has also been used to determine the dates of
ancient civilizations. Here’s how it works with the
dating of those ancient civilizations. Every living
thing from trees to humans contains the element
carbon. Now carbon exists in various isotopes (same
number of protons, just different numbers of
neutrons), carbon-12 being the most common.
However, there is a small portion of the total carbon
found in nature that is radioactive.
When cosmic rays enter the atmosphere,
occasionally one will smash into an atom of the gases
in the upper atmosphere. The high energy of the
collision is enough to split whatever the cosmic ray
hits into individual protons and neutrons. When one
of these energetic neutrons from the collision
encounters a nitrogen atom, it causes a proton to be
emitted, leaving behind a carbon-14 atom.

2.82

28.9 years

β

0.546

138 days

α

5.41

3.82 days

α,γ

5.49

1600 years

α,γ

4.87

24,110 yr.

α,γ

5.25

1
0

n+147 N→146 C+11p

Now the carbon-14 atom is radioactive and will
therefore spontaneously change, by beta- emission
back into nitrogen. So the creation
of new carbon-14
€
atoms and the decay of the old ones keeps the overall
ratio of carbon-12 to carbon-14 atoms constant. This
ratio of carbon-12 to carbon-14 stays constant at

Table 8.1: Half-lives and decay particle energies
for selected radioactive isotopes.
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about a trillion to one. So any organic matter has one
in a trillion radioactive carbon atoms. And these one
in a trillion carbon atoms are slowly decaying,
creating what is known as an activity, which can be
measured by a Geiger counter, for example.

beginning of Christianity. The scrolls’ age has
traditionally been placed between 200 B.C. and
100 A.D. and their authors had been assumed to be a
group of ascetic Jews, the Essenes. But there were
some who believed that some of the scrolls referred
to a Christian leader, infuriating many Jewish
scholars, who saw the divergent views as a
Christianization of the scrolls. The carbon-14 dating
done by labs in Arizona and Zurich both agreed that
(within a 95% probability) the dates of the writings
were somewhere between 150 B.C. and 5 B.C.,
thereby eliminating any of the early Christians as
authors. Radiocarbon dating is clearly not just for
dating old bones!
One way of using the idea of radioactive half-life
to estimate the age of something is to look at the
fraction of the original radioactive material left. For
example, after one half-life, half of the material will
be left. After two half-lives, half of that remaining
half will remain – one-quarter of the original. The
table below summarizes this pattern.

RADIOACTIVE ACTIVITY
Radioactive activity, A, is the rate of decays from
a radioactive source:

A=

Decays
time

Activity is measured in either Becquerels (Bq) or
Curies (Ci):
decay
1Bq = 1 sec ond
€

1Ci = 3.7 × 1010

decay
sec ond

Because of the constant ratio of carbon-12 to
carbon-14 the activity in organic materials is constant
€
−12
as well at 6 picocuries per gram 6 ×10 Cig or

(

Number of
half-lives
Amount
remaining

0.22 Bqg ) . By the way, this means that you are
radioactive. And it’s not just carbon-14. The human
body has detectable radioactivity from radioactive
isotopes of the following elements: hydrogen, carbon,
potassium, polonium, radium, thorium, and uranium.
Over the course of a single day, you irradiate yourself
with almost one billion radioactive disintegrations!
Carbon-14 has a half-life of 5730 years, but it
remains at the same level inside the body while it is
alive. This is because you constantly replenish that
which is lost through radioactive decay. Throughout
your life you eat, excrete, eat, excrete, eat, excrete,
constantly replenishing the carbon-14, which is
decaying away. That is until you … die. Then the
carbon-14 slowly decays without being replenished.
This means that if a skeleton were discovered which
had only half the carbon-14 of that of a living
skeleton it would imply the body had not been living
for one half-life, or 5730 years. This method of
dating organic things (like bodies and trees) is pretty
accurate out to about 10 half-lives (almost 60,000
years). All this is very exciting, but we have to be
careful. We don’t know, but we suppose that the ratio
of carbon-14 to carbon-12 has stayed constant over
the last many tens of thousands of years. There’s no
reason to believe otherwise, but it is still a
consideration.
It was in the early 1990’s that some ragged edges
from the margins of the Dead Sea Scrolls were used
to verify that the scrolls did, in fact, predate the

€ €

€

3

4

5

6

7

8

1
2

1
4

1
8

1
16

1
32

1
64

1
128

1
256

activity ∝ radioactive nuclei present
⇒ A∝N
⇒ A = λN
dN
⇒
= λ dt
N

∫

€

∫

€
€ of radioactive nuclei present,
Solving
for the number
N, after any amount of time in the future can be
€ evaluating the integral above:
found by
N = N oe− λt

N o ≡ original number of radioactive nuclei
€

€

€

2

Now if it was determined that 1/10 of the
original carbon-14 remained in some human bones
discovered at an archaeological site, that would mean
that the person had been dead somewhere between
three and four half-lives, or somewhere between
17,190 and 22,920 years. Obviously this is a crude
way to use dating by radioactive half-life. A more
precise way is to consider that the rate of radioactive
decay (the activity) is always proportional to the
numbers of radioactive nuclei present:

CARBON-14 DATING

€ €

1
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Example

Example

Marie Curie worked for three years to isolate 0.1-g
of 226
88 Ra . What was the activity of this sample of
radium?

If an anthropologist measures 5.2 Bq activity from a
43-g bone recently recovered from a dig, how old is
the bone?

Solution:

Solution:

• Identify all givens (explicit and implicit) and
label with the proper symbol.

• Identify all givens (explicit and implicit) and
label with the proper symbol.

- The 0.1-g is the mass of the sample.
- The half-life of 226
88 Ra is 1600 years. This
must be converted to seconds because both
Becquerels and Curies are rates in terms of
seconds.
€ of one mole (6.023 x 1023 atoms) of
- The mass
226
88 Ra is 226-g. This, combined with the mass
given can be used to calculate the number of
atoms present, N.

- The 5.2 Bq is the activity of the bone
- It is implied that the isotope producing the
activity is carbon-14. Therefore, the half-life is
5730 years.
- The mass of the bone is 43-g.

Given: A(t) = 5.2 Bq
t 1 = 5730 years
2

m = 43-g

€
Given:

N = ( 0.1g)

(

6.023×10
226g

23

) = 2.67 × 10

€
20

( )( )( ) = 5.05× 10

t 1 = (1600y )
2

365d
1yr

24 h
1d

• Determine what you’re trying to find.

10

3600s
1h

The sense of “how old is the bone” suggests
that you’re looking for time.

s

Find:

€

t

• Determine what you’re trying to find.

€

• Do the calculations.
1. First the original activity must be
determined. This can be determined with mass of
the bone and the activity per gram in living
bones, 0.22 Bq/g.

The question states explicitly to find activity.
Find:
•

A

(

Do the calculations.
A = λN =

ln 2
t1

N=

2

=

(

Ao = 0.22

ln 2
5.05×1010 s

2.

)(2.67 × 10 )
20

decays
3.66 × 10 9 sec
9

€

(

= 3.66 × 10
€
€

9 decays
sec

#

)%$

€

1Ci
decays
3.7×1010 sec

&
(
'

− λt

)(43g) = 9.46Bq
⇒

A
Ao

= e− λt

( ) = ln(e ) ⇒ ln( ) = −λt

⇒ ln

€

= 3.66 × 10 Bq

A = Aoe

Bq
g

€

A
Ao

− λt

A
Ao

# A&
# A&
−€ln% ( − ln% (
A
$ o'
$ Ao '
⇒ t=
=
ln 2
λ €
t1
2

0.0998Ci

€ that this is very close to 0.1 Ci. The Curie is
(Note
defined as the activity given off by 1 gram of 226
88 Ra .)
€

€

# 5.2Bq &
− ln%
(
# 5.2Bq & 5730years
$ 9.46Bq '
=
= − ln%
(
ln 2
ln 2
$ 9.46Bq '
5730years

= 4950 years
€

€

€
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NEUTRON ACTIVATION

G

ET RICH QUICK enthusiasts have
occasionally wondered if it might be
possible to change lead to gold, and
make a fortune. It’s really not that far
fetched. Think about the following
three statements:

• Neutrons are easily absorbed by atomic
nuclei because they feel no repulsive
electric force and they are strongly
attracted by the strong nuclear force.
• Radioactive nuclei with excess neutrons
undergo beta- decay.

• The daughters of radioactive nuclei
undergoing beta- decay always have one
more proton than the parent and are
therefore the next higher element on the
periodic table.

Figure 8.22 Glen Seaborg points to element 106,
named in his honor.

This is very exciting for nuclear physicists and
was very, very exciting for those physicists
researching the nucleus after James Chadwick
discovered the neutron in 1932. Enrico Fermi
realized in 1934 that with a source of free neutrons, it
would be possible to easily transform an element into
one with a higher atomic number. Indeed, it seemed
possible to even create a previously unknown
element. That’s exciting! Now, what about those get
rich enthusiasts? Well to create gold (atomic number
79) with this scheme, you would have to start with
atomic number 78. But that’s platinum, about as
valuable as gold. So, in principle it would work, but
it’s probably better to just find a place in the Mother
Lode and pan for the gold.

element was named after him – seaborgium (created
in 1974 at Lawrence Berkeley Laboratory). It was the
first time the honor had been bestowed upon a living
person. He noted that because the element bearing his
name would be in the periodic table of every
chemistry book, this honor was more significant than
even the Nobel Prize. “Future students of chemistry,
in learning about the periodic table, may have reason
to ask why the element was named for me, and
thereby learn more about my work.” But Seaborg’s
earliest discovered element was one he and
colleagues created in 1941, plutonium. In the spring
of 1940, physicists had bombarded uranium (element
92) with neutrons. The neutrons of course were easily
absorbed, causing the uranium to become a neutronheavy beta- emitter. The resulting daughter was
element 93, neptunium:

CREATING NEW ELEMENTS

I used to be amused at the bumper stickers on the
backs of cars proclaiming that the driver had a son or
238
1
239
239
239
0
daughter who was an honor student at some
92 U+ 0 n→ 92 U ⇒
92 U→ 93 Np+−1 e
elementary school – that is until I saw about the
thousandth bumper sticker of its kind. We all like to
Seaborg’s method for creating the plutonium was to
be recognized, but it seems to dilute the importance
2
€ bombard uranium with deuterons 1 H , which led
when so many are recognized. There’s no trivializing
some recognitions though. The chemist Glenn T.
to the following transmutation:
Seaborg (Figure 8.22) won the Nobel Prize in 1951
for his work as co-discoverer of plutonium,
238
2
238
1
238
238
0
92 U+ 1 H → 93 Np +2 0 n ⇒
93 Np→ 94 Pu+−1 e
americium, curium, berkelium, and californium
(elements 94 – 98). He went on later to help in
Although shortly after this he realized that the
creating the next four elements: einsteinium,
neptunium created by bombarding uranium with
fermium, mendelevium, and nobelium. But he said €
neutrons was itself a beta- emitter and would further
the greatest honor of his career was when a new
decay into plutonium as well. Seaborg continued to

( )
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forge ahead in a quest to create yet more transuranic
elements (those beyond uranium), but the process
became increasingly difficult since the heavier
elements are notoriously unstable and don’t stick
around long enough to be bombarded by anything
like neutrons or deuterons. The team creating
seaborgium bombarded atoms of californium with
ions of oxygen:

FOOD IRRADIATION
Would you eat irradiated food? Many people
refuse to, believing that the irradiated food has
become radioactive or has lost nutritive value. It is
ignorance about the radioactive process that
undoubtedly leads to these ideas. Irradiating food is
accomplished with high energy x-rays, electron
beams, or with the gamma rays from neutron
activated radioisotopes. X-rays and gamma rays are
generally preferred because they can penetrate many
feet, while the electrons are limited to a few inches of
food.
One of the most extensively used radioisotopes
60
is 27
Co with a half-life of 5.27 years. It is produced

249
18
263
1
98 Cf + 8 O→106 Sg +4 0 n

But getting these two positively charged nuclei
together is incredibly hard to do – not like letting
€ just slip into the nucleus. Instead, they used
neutrons
a machine known as the Super-Heavy Ion Linear
Accelerator.
Work continues today in the arena of
manufacturing elements. At this writing, 118
elements have been observed and confirmed. But the €
story of element discovery opens a curtain to a darker
side of physics research – fabrication of data for the
purpose of personal gain. The drive for prestige and
fame exists both outside and within the world of
physics. Thoughts of Newton, Einstein and other
physicists seem to convey images of selfless and
disciplined scientists on a passionate quest for truth.
But scientists are human and human nature can lead
to acts that are less than honorable. Back in June
1999, the Lawrence Berkeley National Laboratory
Heavy Element Search Team announced that it had
discovered elements 116 and 118. This was a big
deal! The international physics community was very
excited and the first author on the paper announcing
the discovery, Victor Ninov, was the latest in the
world community awarded the distinction of having€
discovered a new element. That was until no other
lab could reproduce his results. Physicists throughout
the world finally concluded that he had fabricated his
results. And, almost as unethical, none of the other
authors had apparently checked the data. You can
read
more
about
this
dark
story
at
http://sanacacio.net/118_saga/story.html.
The production of new elements by neutron
bombardment is an easy and effective way to
generate new nuclei. Isn’t it irresponsible though, to
be creating so many radioactive substances? Well, it
turns out that some of these radioactive substances
are useful – very useful. The ionizing radiation from
these isotopes can be used in a number of ways, from
sterilizing medical equipment to irradiating cancerous
tumors to irradiating food in order to prolong shelf
life and kill harmful bacteria.

€

by irradiating
-

beta to

60
28 Ni

59
27 Co

with neutrons. It then decays by

with an accompanying gamma ray:
1
59
60
0 n+ 27 Co→ 27 Co

€
€
60
27 Co →

[t

1
2

]

60
= 5.27y → 28
Ni+−10 e +

γ

€
Its gamma rays have been the primary ones used for
60
years to irradiate food. When the 27
Co is not being
€
used to irradiate the food, it is simply placed in a
large container of water, which absorbs the highenergy gamma rays. Irradiation of the food begins
€ into proximity with the
when the food is brought
60
27 Co and the isotope is removed from the water. The
gamma rays then penetrate the food and ionize the
atoms within, causing cellular damage at a high
enough rate that repairs cannot be made. The bacteria
and parasites are killed, leaving the food safe from
food poisoning agents and with a substantially longer
than natural shelf life.

Figure 8.23: A typical food irradiation facility designed to
treat food with gamma rays produced during the decay of
60
60
59
27 Co . The 27 Co is made by irradiating 27 Co with neutrons.
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€

The major issue, of course, is
that the radiation coming from the
60
is assumed to transfer
27 Co
radioactivity to the food. But the
gamma rays are photons carrying
only their high energy, not the
radioactivity that produced them.
They have no more ability to cause
the food to become radioactive than a
dental or chest x-ray can cause your
teeth to become radioactive. Once the
beam is gone, the energy is gone. The
only way the food could become radioactive is if the
energy of the gamma rays was sufficient to alter the
nuclei of the atoms in the food. But the energy
required to do that is far greater than the gamma rays
60
produced by 27
Co .
While the gamma rays irradiating food have no
effect on the nuclei in the food, they give a lethal
dose to microorganisms that spoil the food or lead to
€
disease.
For example fresh chicken irradiated with
4,500 Grays will kill salmonella. This is millions of
times more irradiation than a single chest x-ray. Not
all food is irradiated with the same dose though. It
depends on the particular type of microorganisms
believed to be present. Larger organisms, with
abundant DNA are more susceptible to radiation
doses. There is something known as the D-value,
which is the dose required to kill 90% of a particular
microorganism. Insects and parasitic worms, like
trichinella (found in pork), have D-values near 100

Gray, but bacteria are in the range
of 400 – 700 Grays. Viruses have
D-values over 10,000 Grays – the
highest energy allowed for general
food irradiation – so, viruses are
not significantly affected by the
process.
The
highest
food
irradiation dose allowed, 44,000
Grays, is used for the packaged
meats eaten by astronauts.
Other concerns about food
irradiation are related to loss of
vitamins, changes in the odor and taste of the food,
and the creation of new chemical compounds (known
as radiolytic products). Vitamin loss does occur, but
this is a consequence of cooking as well, and it has
been found to be minimal at the levels at which food
is irradiated. Changes in odor and taste vary with the
type of food irradiated. Fatty fish and some dairy
products are affected most strongly by off-odors and
tastes, so these foods are generally not irradiated.
Finally, the radiolytic products are similar to the
thermolytic products produced during the cooking
process. Tests on laboratory animals and some
human subjects have not shown any adverse effect on
health. Still there are those who dispute these
arguments – knowledgeable people with views that
should be considered. You can read more about
opposition
to
food
irradiation
at
http://www.purefood.org/irrad/irradfact.cfm

Figure 8.24: Beliefs about the irradiation of food are very polarized. The strongest proponents of irradiation
refuse to consider the arguments of those who worry about the change in the nutritional quality of the food and
the perceived danger of the use of nuclear radiation. Those strongest detractors refuse to consider the known
benefits of protecting the food supply.
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NUCLEAR FISSION AND WEAPONS

T

HE NUCLEAR FISSION process in the
two atomic bombs dropped on Japan by
the United States ended World War II
(the mushroom cloud from the second
one, dropped over Nagasaki, can be seen
in Figure 8.25). The threat of the nuclear fission
process in the ICBM’s of the US and USSR arsenals
gripped the world with dread and fear throughout the
Cold War. The high level nuclear waste generated by
over a half century of electric power generation using
the nuclear fission process is something that many
consider to be one of the most deadly and unfortunate
legacies we will leave the children of our children’s
children. At this writing, all eyes are on North Korea
and Iran as they thumb their noses at the World
Community and pursue their own nuclear fission
program.
On the short list of the most important,
controversial, and world-changing discoveries in the
history of physics, Nuclear Fission would be at or
near the top of that list. Few physics-related topics
are as misunderstood and polarizing as this one. For
the physicists who first observed the process, it was
neither good nor bad. It was a curious and completely
accidental
discovery
that
occurred
while
experimenting with neutron bombardment of nuclei.
Physicists in the early1930’s were excited about
the ability to transmute one atom to another by
neutron bombardment. It was especially exciting to
consider creating elements never before observed –
transuranic elements. Uranium, element number 92,
was the last element in the periodic table. What if
uranium were bombarded by neutrons? Could
element number 93 be produced, or elements with
even higher numbers of protons in their nuclei?
Enrico Fermi was the first to bombard atomic nuclei
with neutrons. However, he was not the first to notice
that an occasional neutron bombardment of uranium
led to the largest nuclear energy event the world had
ever known.

THE DISCOVERY
FISSION

OF

Figure 8.25: The mushroom cloud from the
second atomic bomb dropped on Japan (in
Nagasaki). The nuclear fission that created this
explosion resulted in the surrender of Japan at
the end of World War II. The mushroom cloud is
perhaps the most obvious icon of the nuclear age.
Hahn and Meitner had been close collaborators
when they discovered the element Protactinium in
1917. Then, in 1934, she urged him to work with her
to repeat Fermi’s experiments bombarding uranium
with neutrons. Together they worked on the
experiment for four years until conditions for a
Jewish woman working in Nazi Germany became
dangerous and impossible. On July 13, 1938, with
only two small suitcases, she snuck across the Dutch
border from Germany. Her work with Hahn however,
continued. Through frequent correspondence, she
analyzed results and made suggestions for further
work. When Hahn reported that the element Barium
had been isolated from the neutron bombardment of
uranium, it was Meitner who concluded that the
presence of the lighter atom meant that the uranium
atom must have split. Meitner and her nephew, the
physicist Otto Robert Frisch, then worked out the
theoretical interpretation of the process, correctly
estimated the energies resulting from the splitting of
the uranium nucleus, and coined the term, Nuclear

NUCLEAR

The discovery of nuclear fission was a
collaborative effort. No one person can take full
credit. But one person did get the credit – the German
chemist, Otto Hahn. He won the 1944 Nobel Prize in
Chemistry for his discovery of nuclear fission. Now,
over half a century later, most historians would
probably say that the Prize should have gone jointly
to Hahn and the Austrian physicist, Lise Meitner
(Figure 8.26). Some would go so far as to say that she
should have been the sole beneficiary.
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Fission. Most would now agree, that given her
profound insight and contributions, it was Lise
Meitner who “discovered” nuclear fission. And for
that discovery, she should have won the Nobel Prize
in physics (or at least been co-winner with Hahn).
But she didn’t. Her less perceptive collaborator won
it instead. The world would later try to correct this
blunder by recognizing her with the award of the U.S.
Fermi Prize in 1966 and the naming of element 109
(Meitnerium) after her.

THE NUCLEAR FISSION PROCESS
Lise Meitner and Otto Hahn’s experiments led to
the discovery of a previously unknown nuclear
reaction. Their goal was to study the nature of
transuranics (elements whose nuclei contain more
than 92 protons). They expected that bombarding
uranium with neutrons would yield element 93, and it
does … usually, but only for one isotope of uranium.
Dig a shovel-full of uranium from a uranium mine
and 993 out of 1,000 of the atoms will be 238
92 U .
Neutron bombardment of these leads to element 93
(neptunium). Neptunium is unstable and gives birth
to element 94 (plutonium) through beta
€ decay. This
process (see Figure 8.28) was exciting in itself
because these two elements had never before been
observed. However, it was the process that occurred
in the small minority of 235
92 U (the other 7 out of
1,000 naturally occurring uranium atoms) that was to
very soon lead to what most people now consider the
birth of the nuclear age. When 235
92 U is bombarded
€
with neutrons, the nucleus becomes unstable and,
instead of emitting a beta particle as would be
expected, it splits (fissions) into two smaller nuclei
€
(see Figure 8.29).
The fission process in 235
92 U is especially
remarkable for two reasons. Figure 8.29 shows that
there is an incredible amount of energy produced in
the process. 200 mega-electron volts of energy is
€ visible light photons you
HUGE! Remember, the
perceive right now are only 2 – 4 eV. If you consider
that to get the same energy from the fissioning of just
one gram of uranium requires the burning of three
tons of coal, you can begin to understand how
exciting was this discovery. But that’s not all. The
fission process also produces extra independent
neutrons. That means that these neutrons can be used
to create additional fissions in a chain reaction. The
chain reaction is ideal for a rapid building of energy
required for a bomb. The chain reaction is also ideal
for creating the sustained production of energy
necessary for electrical energy production. Of course,
at the time nuclear fission was first discovered,
World War II was the focus of much of the globe.

Figure 8.26: Austrian physicist Lise Meitner
coined the term “nuclear fission” and was the
first to recognize and interpret the process.
However, it was her German chemist colleague,
Otto Hahn, who won the Nobel Prize in
Chemistry for discovering nuclear fission. The
world would later try to correct this blunder by
recognizing her with the award of the U.S. Fermi
Prize in 1966 and the naming of element 109
(Meitnerium) after her.
The atomic bomb became the pursuit of the greatest
minds in physics of the early 20th century.

WHY SO MUCH ENERGY?
The large amount of energy released in the
nuclear fission process is understandable from the
point of view of binding energies. To understand
binding energies, consider an isolated proton and
electron. Allowing them to come together would
produce a hydrogen atom. The electron, once
captured by the proton, would quickly fall to the
lowest energy level in the hydrogen atom and in so
doing, release one or more photons. The total energy
released would be 13.6 eV. So this would be the
amount of energy necessary to do the opposite – to
ionize the electron from the atom. This energy
required to separate the electron from the hydrogen
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atom is also known as the binding energy of the
hydrogen atom. Nuclei also have binding energies.
The binding energy of a nucleus is the energy
required to separate the individual nucleons (protons
and neutrons) from each other. If this number is
divided by the number of nucleons, the result is
known as the binding energy per nucleon. Figure
15.27 shows the binding energy per nucleon for all
nuclei with masses up to 240. Notice that the peak is
when the number of nucleons is between about 50
235
and 90. Now look at 92 U on the graph. The binding
235

€

energy per nucleon is about 7.6 MeV. If a 92 U
fissions into two nuclei that are each about half the
size, those nuclei would have binding energies per
€ about 8.5 MeV. That’s a difference of
nucleon of
approximately 0.9 MeV per nucleon.
€ And, since the
235
original 92 U nucleus has a mass of 235, that means
it would require about 211 MeV more energy to
separate the nucleons in the two smaller nuclei than
235
in the original 92 U nucleus. That extra energy

required to separate the nucleons in the smaller nuclei
must have been released during the fission process.
That’s where the ~200 MeV in Figure 15.30 comes
from. Most of it is in the form of kinetic energy –
from the strong repulsion of the two positively
235
charged “fission fragments” created when the 92 U
splits.
A perceptive thinker who follows this
explanation so far will realize that Figure 8.27
suggests that in addition to large energy
€ releases from
reactions where very heavy nuclei split into smaller
nuclei, there should also be large energy releases if
very small nuclei (like hydrogen) are fused into
larger nuclei (like helium). This is indeed the case
and is known as nuclear fusion. The Sun creates
solar energy through the process. Thermonuclear
bombs use this process as well. Decades of research
have been spent in an attempt to use nuclear fusion as
an energy source, but so far the amount of energy
necessary to get two nuclei close enough to fuse is
greater than the reaction releases.

€

Figure 8.27: The binding energy per nucleon curve shows that nuclei with masses between about
50 and 90 have the greatest binding energies. Therefore, energy is released when very large nuclei
are split into smaller nuclei (nuclear fission) or when very small nuclei are fused into larger nuclei
(nuclear fusion).
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Figure 8.28: 99.3% of naturally occurring atoms of uranium are 238
92 U . Neutron bombardment of these leads to
element 93 (Neptunium). Neptunium is unstable and gives birth to element 94 (plutonium) through beta- decay.
This exciting process led to the first ever observation of these two elements.
€
141
56 Ba

1
0n
235
92 U

€

~200 MeV
€

141
56 Ba

235
92 U

€
92
€ 36
Kr

1
0n

1
0n

1
0n

€

1
0n

~200 MeV 1 n
0

€

€

€

€
€

€

€

92
36 Kr

141
56 Ba

1
0n

235
92 U

€

1
0n

€

~200 MeV
€

€

€
€

92
36 Kr

1
0n

1
0n

€

Figure 8.29: When 235
92 U (only 0.7% of naturally occurring uranium) is bombarded with neutrons, the nucleus
becomes unstable and, instead of emitting a beta particle, it splits (fissions) into two smaller nuclei. The process
yields an incredible amount of energy. 200 mega-electron volts of energy is HUGE! Remember, the light photons
you are perceiving right now are only 2 – 4 eV. It would take the burning of three tons of coal to equal the energy
€
produced by the fission of only one gram of 235
92 U . The fission process also produces extra independent neutrons.
That means that these neutrons can be used to create additional fissions in a chain reaction.

€
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NUCLEAR WEAPONS
The first goal of the nuclear fission process was
to build a weapon – the atomic bomb. The amazing
energy available was … seductive, but it was not an
easy-to-create weapon. The difficulties that nuclear
engineers had in the early 1940’s are the same
difficulties that rogue nations have today. Remember,
the vast majority of uranium is of the type that is not
fissile (not fissionable). If those extra neutrons that
result from the fission process are to be part of the
chain reaction, they must hit 235
92 U nuclei rather than
238
the 92U nuclei. For this to occur there must be many

€

€

more than seven 235
92 U out of a thousand uranium
nuclei. The problem
€ is that the two isotopes are
chemically the same, so it is very difficult to separate
the two. Consider having 1,000 16-pound bowling
balls that€ were identical in every way except that
seven of them weighed three ounces less than the
other 993. Now imagine it was your job to keep the
lighter ones and discard the heavier ones. You could
do it, but it would take a very accurate scale and
LOTS of time. This is essentially what must be done
to enrich the uranium so that it’s usable. That,
fortunately, is the reason why so few countries have
been able to produce nuclear weapons. Weaponsgrade uranium must be enriched to a point where
more than 90% of the uranium is 235
92 U . This is a very
expensive and technologically advanced task.
The next issue is getting enough of the enriched
uranium in one place so a critical mass can be
€ is the smallest amount of
created. The critical mass
enriched uranium that will sustain a chain reaction.
This means that of the two or three neutrons
produced per fission, at least one of them must create
another fission. To understand what this has to do
with the mass of the enriched uranium chunk,
imagine a very small mass of only 10 uranium atoms.
If it’s weapons-grade, then nine of them will be
fissile. If one of these atoms undergoes fission and
three neutrons are produced, it is very unlikely that
they will meet one of the other fissile nuclei. There
just aren’t enough around. In such a sub-critical
mass, the neutrons usually miss their targets and leak
away from the area. And of course, if a neutron
strikes a 238
92 U atom, it’s lost in the process as well.
But, get a bowling ball-sized amount of weaponsgrade uranium and you have an atomic bomb.
Actually, you would need to be careful not to get all
€
of that mass together in the same place. Occasionally,
a 235
92 U nuclei will spontaneously fission, producing
the necessary trigger for the chain reaction. So the
idea is to keep at least two sub-critical pieces of such
a chunk apart until you’re ready to detonate. Then …
just bring them together.

Figure 8.30: Little Boy (top) and Fat Man
dropped over Hiroshima and Nagasaki, Japan at
the end of World War II were both nuclear
weapons relying on collecting a “critical mass” of
enriched uranium in one location to create an
uncontrolled chain reaction of nuclear fissions.
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research, and industrial processes, and in one fiveyear period (between 1998 and 2003) 1,500 of these
were reported either lost or stolen. This is especially
sobering when you consider that the United States
actually provides good security for its nuclear
materials. Many countries have less than adequate
security for their moderate to vast amounts of nuclear
materials.
Another problem for those who would build
dirty bombs is the intense radiation that would be in
the proximity of the bomb while it is being
constructed. Consider the fact that the bomb is
designed to spread radioactive material throughout
the entire area produced by the blast. This means that
to be effective in dispersing significant radioactive
material throughout this area, it must be very
concentrated while still in the bomb casing. The high
level of radioactivity present while the bomb is being
constructed presents a grave danger to anyone
working on or near the bomb. Because of this danger,
using an alpha emitter seems an obvious choice for
radioactive material. The very limited range of alpha
particles would offer far greater protection for bomb
makers than a gamma source. They would simply
need to protect against ingesting the material as they
worked with it. (Think of the polonium-210 that was
lethal to Alexander Litvinenko, but perfectly safe
around his killer.)
As of this writing, there have been no cases of
dirty bombs being deployed. However, in 1998,
officials in Chechnya were able to defuse a boobytrapped bomb containing radioactive material. More
recently, a captured top Al Qaeda official, Abu
Zubaydah, revealed to his US interrogators that his
organization was close to constructing a dirty bomb.
However, if these types of bombs are ever deployed,
it is said that rather than being weapons of mass
destruction, they will be weapons of mass disruption.
This is because there would be widespread public
panic over the radiation component of such a bomb,
even though the immediate death toll would be no
greater than that due to a conventional explosive.

“DIRTY” BOMBS
Radiological Dispersive Devices (RDDs), also
known as “dirty” bombs, have become a concern for
many who watch and anticipate the activities of
terrorists in our post-9/11 world. Because these
devices are capable of dispersing radioactive
material, many mistake them to be equivalent to
nuclear bombs. However, these devices are simply
conventional explosives designed to deploy illegally
obtained radioactive materials. Still, the thought of
explosive devices containing radioactive materials in
the hands of those who would seek to harm us, is
enough to terrify those who have little or no
knowledge of the difference between nuclear bombs
and nuclear radiation-laced bombs.

Figure 8.31: A “dirty bomb” or Radiological
Dispersive Device (RDD) is designed to spread
radioactive material throughout the area of its
blast. Although confused by many as a nuclear
bomb, it is simply a conventional bomb laced
with radioactive material. As such, it has been
referred to as a weapon of mass disruption
rather than a weapon of mass destruction.
Making a dirty bomb is far, far easier than
making a true nuclear fission bomb. However, it is
not without its own set of hurdles. After all, the
radioactive materials must first be acquired. This
problem begins to sound easier to solve when you
consider that, in the United States alone, there are
over 2 million radioactive sources used in medical,
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NUCLEAR ENERGY
There aren’t many fence sitters when it comes to
producing electricity from nuclear energy. People
either love it or despise it. Unfortunately, many
passionate proponents and protesters misunderstand
the extent of the benefits and problems associated
with nuclear power. It is not a simple one-sided issue.
Nuclear power plants are similar to fossil fuel
electrical power plants in that in both cases the fuel
converts water to steam, which is then used to drive
the blades of a turbine. An electrical generator
connected to the turbine produces electricity. Nuclear
energy currently produces about 20% of the U.S.
energy consumption. (It’s interesting to consider that
half of the nuclear fuel that is used in U.S. comes
from the warheads of the former Soviet Union. That
means that one of every ten light bulbs in the United€
States is powered by the uranium from a former
Soviet atomic bomb. The Cold War has come a long
way!)

nuclear weapons, the idea is to use the energy of the
nuclear fission process to accomplish a goal. With
nuclear weapons, the goal is to deliver a destructively
high amount of energy in a very short period. But in
the nuclear power plant, the goal is to deliver a useful
amount of energy over a much longer period. The
uranium used for nuclear fuel for a power plant must
also be enriched, but nowhere near the 90%+
required for weapons-grade fuel. Three to five
percent is more typical.
This very small increase in the percentage of
235
92 U in naturally occurring uranium ore (from 0.7%
to about 4%) may seem almost trivial, but uranium
enrichment is an expensive and extraordinarily
technically difficult process. The most common
method of uranium enrichment used today is by gas
centrifuge (see Figure 8.33). The centrifuge is a tall,
14” diameter cylinder that can spin very rapidly. The
process starts, of course, with mining. But the
uranium in the mined ore can be as little as one part
in 1,000 of uranium. The uranium compound
extracted from the ore is known as yellowcake
because of its color and consistency. The yellowcake
is converted to uranium hexafluoride, UF6 , which

€

Figure 8.32: The author stands in front of City
Hall in Arco, Idaho. The city was the first to be lit
by nuclear power (although the electricity only
flowed for a few hours in the early morning hours
of July 17, 1955).
On July 17, 1955, the small town of Arco, Idaho
became the first city to ever be powered by nuclear
energy (see Figure 8.32). At the time, the United
States was taking a lot of heat for its continued
development of nuclear weapons. So, in an effort to
illustrate that it also had an “atoms for peace”
program, the Experimental Breeder Reactor I at the
Idaho National Laboratory provided power to Arco
for a few hours after midnight on July 17, 1955.
The first commercial reactor to go online was
one in Shippingport, Pennsylvania in 1957. As with

€

Figure 8.33: The fast spinning gas centrifuge
causes gaseous uranium hexafluoride to separate
slightly so that the 238
92 U collects more to the
outside of the centrifuge. Therefore, the material
collected from the inside of the inside of the
centrifuge has a slightly higher percentage of
€
235
92 U .
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has a low boiling point of only 56° C. This means
that it’s easy to turn it into a gas at a low temperature.
The gaseous UF6 is injected into the centrifuge. The
spinning (up to 60,000 turns per minute) of the
centrifuge causes a slight separation of the 235
92 U from

€

€

Figure 8.35: This
fuel
assembly
contains 196 fuel
rods. The fuel rods
are
made
of
zirconium
and
each contains over
100
enriched
uranium
fuel
pellets (see below).

238
the €238
92 U , with the
92 U collecting closer to the
outside of the centrifuge. The outputs from the edge
of the centrifuge have a lower €
percentage of 235
92 U
and the outputs
from
the
center
have
a
slightly
higher
€
percentage of 235
92 U . But one centrifuge hardly
enriches the uranium to the desired €percentage of
235
92 U . Instead, the slightly enriched UF6 is put into
another€centrifuge. This enriches it a bit more, but it
is only through a cascade of many, many sequential
centrifuges that the desired enrichment is achieved
€
(see Figure 8.34).

The energy of the neutrons produced in a typical
fission reaction is generally much too high for them
to be captured by another uranium nucleus. A typical
fission-produced neutron has an energy of about
2 MeV. But to be captured most effectively, that
neutron must lose almost all that energy. A 10-2 eV
neutron is about a thousand times more likely to be
captured by a uranium nucleus. This reduction in
neutron energy is accomplished by means of a
moderator. The moderator is a lightweight substance
(like water or graphite) that the neutrons collide with
many, many times until they’ve lost most of their
kinetic energy. The moderator often also serves as the
coolant to transfer the heat of the fission process to
the steam production part of the reactor.
Now the idea is to deliver the energy over an
extended time, so the number of fissions must be
carefully controlled. Not all the neutrons produced
will meet their 235
92 U target nuclei. There are, after all,
238
many more 92U in the reactor that can and will
absorb neutrons. Then there are those that will miss
any €
uranium nuclei and be absorbed by the
containment
structure. Still, even with these losses,
€
the fully charged reactor would produce dangerous
amounts of heat if left unchecked. To control the
number of neutrons available, control rods are used.
Typically made of cadmium or boron, a hundred or
so of these control rods are interspersed amongst the
fuel rods. They strongly absorb neutrons, so inserting
them all into the reactor will shut down the reactor
completely. Gradually removing them allows
increasingly more neutrons to be available for

Figure 8.34: In this gas centrifuge cascade each of
the centrifuges enriches the uranium slightly and
then passes the partially enriched uranium on to
the next centrifuge until the desired level of
enrichment is achieved.
The enriched fuel is put into the form of uranium
oxide ( UO2 ) pellets. These pellets, which are about a
quarter inch in diameter and half an inch long, are
placed in 12-foot long zirconium alloy rods. These
fuel rods are then bundled together in groups known
€ as fuel assemblies (see Figure 8.35). When fully
loaded a reactor may have close to 50,000 fuel rods.
Now, as a first approximation, you could say that to
fire the reactor up, it would just require putting the
fuel rods close enough to each other to create a
critical mass. When that occurs, the energy would
come pouring out. But, there are two big problems
with that idea: one has to do with the neutrons
produced by the nuclear fissions and the other has to
do with controlling the amount of energy released
over time.
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€

fissions. In this way, the rate of
the reaction can be carefully
controlled.
As the nuclear reactor
produces energy, the enriched fuel
starts to become depleted. The
238
ratio of 235
92 U to 92 U , which starts
at about 3 : 97, becomes smaller
and smaller. The fuel lasts two or
but there is a bit of a
€ three years,
€
bonus. It turns out that when 238
92 U
absorbs a neutron, it decays
eventually to 239
94 Pu , which is
fissile! So those€ supposedly
wasted neutrons are actually
responsible
for the “breeding” of
€
perfectly good nuclear fuel. This
prolongs the life of the fuel rods.
In fact, about one-third of the
entire energy from the fuel cycle
comes from the fissioning of
239
Figure 8.36: A nuclear power reactor uses the energy of controlled
94 Pu . However, there is also a
big downside to the easy
nuclear fission to convert water to steam, which is then used to drive the
.
Because
it
is
production of 239
blades of a turbine. An electrical generator, connected to the turbine,
94 Pu
produces electricity.
fissile, it can be used to make a
nuclear weapon. And, since it is
NUCLEAR REACTOR SAFETY
not chemically
the same as the uranium with which it
€
is mixed, it is much easier to separate the plutonium
The safety record for nuclear reactors is
from the uranium than it is to separate two isotopes
amazingly good, but not perfect. There are a number
of uranium from each other. Breeder reactors have
of notable events that have tarnished this very
been used for over fifty years to acquire weaponexcellent record. The International Nuclear Event
grade plutonium.
Scale (INES) ranks these incidents from Level 0 (a
The fission of one gram of uranium produces as
“deviation”) to Level 7 (a major accident). A Level 7
much energy as burning three tons of coal. And,
incident is one in which there is a “major release of
nuclear power does not contribute to global warming
radioactive material with widespread health and
because there are no greenhouse gases created in the
environmental effects requiring implementation of
fission process. The nuclear reactor even breeds some
planned and extended countermeasures.” Only two of
of its own fuel. Given that backdrop, nuclear energy
these have ever been recorded. One of these was the
sounds like a good alternative to generating
Chernobyl disaster, occurring 80 miles north of Kiev,
electricity by burning fossil fuels. However, two key
Ukraine on April 26, 1986. The other was the
issues have prevented the approval for construction
Fukushima Daiichi nuclear disaster in Japan, which
of any new American nuclear power plants for
was a series of events beginning on March 11, 2011.
decades: reactor safety and long-lived radioactive
The accident at Chernobyl was a combination of
waste.
operator error and reactor design flaws that led to the
explosion of one of the reactors and the release of
significant amounts of radioactivity. The incident
occurred during a test of one of the reactors while a
routine maintenance shutdown was underway. A
design flaw in the reactor made it very unstable at
low power (which was the case during the shutdown).
And although safety regulations required that at least
30 control rods be in place at any given time,
operators overrode this and had less than ten left in
the reactor. When a power surge of 100 times the
design value occurred, there was too little time to
169

MO
N PH
CSS
RN
ER
DE
YSSIIC
OD
HY
hour of the earthquake, a tsunami struck the power
plant, breaching the seawall that was supposed to
protect against tsunamis. This flood of water knocked
out the diesel generators, leaving the only available
power coming from backup batteries. These ran out
early the next morning. With the failure in the
cooling system, the fate of the disaster was sealed.
High pressures built up in reactors 1, 2, and 3 and
each experienced explosions (see Figure 15.41). High
temperatures caused the nuclear fuel to melt down. In
a desperate attempt to achieve cooling, an order was
given to have fire trucks inject seawater into the
reactors, permanently ruining them. There was
significant release of radiation to the environment
(although only about 10% as much as the Chernobyl
disaster). Ultimately, the level of disaster was given
an INES rating of 5 for reactors 1, 2, and 3 and a
rating of 3 for reactor 4. As a total event, however,
the INES rating was determined to be a 7. You can
read more about the Fukushima Daiichi nuclear
disaster at:
http://en.wikipedia.org/wiki/Fukushima_Daiichi_nucl
ear_disaster

Figure 8.37: A combination of operator error and
reactor design flaw led to the explosion in one of
the four reactors at Chernobyl, Ukraine. The
April 26, 1986 accident, which released massive
amounts of radioactivity, has been the world’s
worst nuclear accident.
insert the control rods to fully shut down the reactor.
The fuel overheated and the fuel elements ruptured
causing a rapid increase in steam that is believed to
be responsible for the first of two explosions. The top
of the reactor was blown off (see Figure 8.37),
allowing fuel and fission fragments to escape to the
environment. When the graphite inside the core was
exposed to the air, a horrific fire started, lasting nine
days and spewing massive amounts of radiation. You
can read more about Chernobyl at:
http://library.thinkquest.org/3426/
or
here:
http://news.bbc.co.uk/2/shared/spl/hi/guides/456900/
456957/html/nn1page1.stm
The Fukushima Daiichi nuclear disaster occurred
in stages, beginning on March 11, 2011. At 2:46 pm,
a 9.0-magnitude earthquake occurred near the
Fukushima Daiichi nuclear power plant. Of the six
reactors at the plant, only reactors 1, 2, and 3 were in
operation (reactor 4 had been defueled and reactors 5
and 6 had been shut down for routine maintenance).
The earthquake caused an automatic shut down of
reactors 1, 2, and 3 (this is a safety feature of nuclear
power plants). However, even though these reactors
were shut down and not undergoing nuclear reactions
any longer, there was still considerable residual heat
that continued to be produced by the radioactive
byproducts of the pre-shutdown nuclear reactions.
Thus, cooling of the reactors was still essential. But
the earthquake also broke the connection with offsite
power to the plant. Without onsite or offsite power
available to the plant to run cooling water pumps,
emergency diesel generators automatically started up,
to continue the cooling process. However, within an

Figure 8.38: The high pressures built up when
cooling failed at the Fukushima Daiichi Nuclear
Power Plant caused a number of explosions that
released radioactivity and severely damaged the
plant.
The most serious nuclear incident in the United
States was an INES-rated level 5 event that occurred
on March 28, 1979 at Three Mile Island in
Pennsylvania (Figure 8.39). A mechanical or
electrical error caused both the turbine and the
reactor to shut down. With no place for residual heat
in the reactor to go, pressure in the reactor vessel
built up until a relief valve opened. The relief valve
should have closed when the pressure subsided, but it
didn’t and the operator … didn’t notice. With the
relief valve still open, reactor coolant began to pour
out, eventually leaving the core so hot that the
zirconium tubes housing the fuel pellets burst open
and about half the fuel melted. Fortunately, the
melted fuel did not compromise the containment
structure. Had that happened, massive amounts of
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radioactivity would have been released to the
environment. Modern reactor designs make the
possibility of something like the Three Mile Island
incident virtually impossible. You can read more
about the accident at Three Mile Island at:
http://www.nrc.gov/reading-rm/doc-collections/factsheets/3mile-isle.html

right where it was produced, waiting “temporarily”
for a place to “permanently” dispose of it. I say
“temporarily” with quotation marks because it
doesn’t look like it’s going anywhere soon and I say
“permanently” in quotation marks because our
human experience is so limited compared to the
100,000 or more years that this stuff will have to be
isolated that our concept of “permanent” is curious.
And … we’re (the U.S.) adding 2,000 metric tons a
year to the stockpile of nuclear waste!

Figure 8.39: The cooling towers at Three Mile
Island, site of the worst American nuclear
accident on March 28, 1979.

THE PROBLEM OF NUCLEAR WASTE
If you compare the fission fragments in Figure
8.29 to the barium and krypton atoms of the Periodic
Table, you’ll notice that the barium and krypton from
the fission process have many more neutrons than
what is typical for those atoms. And, since too many
neutrons in a nucleus leads to instability, this is the
reason for the radiation associated with nuclear
fission. The barium and krypton pictured in Figure
8.29 are two among many highly radioactive pairs of
fission fragments that are produced in the splitting of
the atom. Unfortunately, the radioactive remains of
the former uranium atom are always the unpleasant
byproduct of its coveted energy. The half-lives of the
fission fragments range from fractions of seconds to
millions of years. So as the fuel rods in the nuclear
reactor are slowly depleted of fissile uranium, they
are being replaced at the same rate by toxic
radioactive waste. And, it’s not just the fuel rods that
are a problem. The entire reactor also becomes
radioactive as stray neutrons bombard the
containment structure. The radioactivity of the
nuclear reactor and its spent fuel rods presents two
problems: how to guarantee that the radioactivity of
the reactor stays in the reactor and how to dispose of
the high level radioactive waste in the fuel rods after
they are removed from the reactor.
What will we do with this radioactive waste that
we’ve produced and will continue to produce? We
cavalierly avoided addressing the question in the
early days of nuclear energy. So, now we have over
50,000 metric tons (50,000,000 kg) of the stuff sitting

Figure 8.40: Yucca Mountain. The United States
hoped to bury all the nuclear waste it had
accumulated in this remote area of Nevada. The
first shipments might have started in 2017 if
funding hadn’t been cut by the Obama
Administration in 2009. The United States now has
no long-term plan for disposal of its high-level
nuclear waste.
Until recently the idea was to on bury all the
nuclear waste we’ve produced at the remote and
geologically inert site of Yucca Mountain, Nevada.
The idea was to put the used fuel assemblies into
canisters that are about five meters long by two
meters in diameter and then bury them in tunnels 200
to 500 meters below the surface. It’s a very political
issue though, so even though we’ve had an official
“Nuclear Waste Policy Act” since 1982, the earliest
shipments of nuclear waste to Yucca Mountain
weren’t scheduled until March 31, 2017. It’s a moot
point now though. The Obama Administration said
that the site is no longer an option and cut all funding
for it from the 2009 Federal Budget (after $7.7 billion
had already been spent on the project). What is
especially distressing is that no other option was
proposed to take the place of Yucca Mountain!
A sensitive and political issue in the United
States is over the concept of nuclear fuel reprocessing
– a process of separating the radioactive waste and
plutonium from the remaining uranium in the fuel
rods. Most countries with nuclear power reprocess
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their fuel, vastly reducing the amount of waste that
needs to be disposed of. Figure 8.41 shows that the
depleted fuel rods still contain 96% uranium (which
still contains fissile material). Another 1% is
plutonium (which can be used as fuel). That means
that only 3% of the used fuel rod is true “waste” that
needs to be disposed of. The roots of our wariness
about reprocessing fuel rods come from the Carter
Administration. President Jimmy Carter worried that
if other countries reprocessed their nuclear fuel, they
would likely extract the plutonium for weapons use.
His administration banned the process in this country,
hoping other countries would follow our example.

But … they didn’t. Why would they? Those used fuel
rods still contain plenty of fuel and there is very little
of their content that needs to be permanently
disposed of. It gets better. When nuclear fuel is
reprocessed, the amount of time that the waste
material takes to get to a reasonable level of
radioactivity is much lower. It takes well over
100,000 years for unprocessed fuel rods to reach the
level of radioactivity of natural uranium ore. For the
small amount of waste that is left over from nuclear
fuel reprocessing, the time is reduced to less than
1,000 years!

Uranium ore:

99.3% U-238

0.7% U-235

Enriched Uranium

96% U-238

4% U-235

Used Fuel Rods

95% U-238

1% U-235

1% Pu

3% Fission Fragments

Figure 8.41: Uranium ore contains only 0.7% of the fissile isotope U-235 and must be enriched to about 4% U-235. After two
or three years in the reactor, the fuel rods contain only 1% U-235 and must be removed. Current U.S. regulations prohibit the
reprocessing of the fuel. Instead, the entire contents of the fuel rod is considered waste, even though it is 96% uranium, still
contains a large amount of energy, and needs to be stored over 100 times longer than the extracted 3% toxic waste would need
to be stored.
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CHAPTER 9:
THE NATURE OF NATURE

G

ENESIS PROCLAIMS “IN the
beginning God said ‘Let there be
light.’” So begins one of the most
revered and ancient creation stories.
Theologians call this process, ex nihilo
“out of nothing.” If you ask a typical particle
physicist what the beginning of his creation story is,
he will probably say, “In the beginning was the Big
Bang.” The Big Bang is a bit of a misnomer though.
It gives the impression that there was an explosion of
matter and energy into space. A more correct view is
that space and time did not exist at one point, but at
the Big Bang, both came into existence. If you ask
me, there is a similarity in the stories.
Only light can travel at the speed of light
(299,792,458 m/s). Most things with mass, like you,
me, racecars, supersonic jets, and interplanetary
probes move much, much slower. However, the
protons in the Large Hadron Collider (LHC) travel
amazingly close to the speed of light. The LHC came
online in November 2009 and, after an initial startup
process, began accelerating protons to 299,792,456.5
m/s (just 1.5 m/s slower than photons). The energy
that leads to this phenomenally high speed mimics
conditions of the early universe – the REALLY early
universe. Energies at the LHC are like those less than
10-10 seconds after the Big Bang. That, of course, is
very early in the history of the Universe, but theories
about the nature of the Universe go back to 10-43 s.
Both of these times are such short fractions of a
second that it might be hard to see how vastly
different they are from each other. So let’s compare
them with more familiar time increments. If the
smaller of the two (10-43 s) were equal to one second,
the larger of the two (10-10) would be equal to about
1025 years, or about 10 billion times the current
history of the Universe. So, yes, the reach back in
time made possible by the LHC is unfathomably
close to the beginning, but the further reach back is
even more unfathomable!
The hope is that experiments done with the
energies at the LHC may begin to answer some of the
most profound questions in modern physics:
• Why is gravity so much weaker than the
other forces?
• Why do particles have mass and why are
them masses so different from each other?
• Is there a Grand Unification that links all
the known particles and energies at high €
energies?

• What is the Dark Matter and Dark Energy
that seem to make up over 95% of the
universe?

Figure 9.1: A small portion of the 27-km long
Large Hadron Collider beam line, where two
beams of protons are accelerated to nearly the
speed of light, in opposite directions, in order to
produce collisions with energies not seen since
10-10 s after the Big Bang.
Perhaps, in addition to answering these and other
questions, the work at the LHC will lead to even
deeper questions (this has usually been the case as
questions at the frontier of physics are pursued). The
goal of this chapter is to give a brief look at some of
the mysteries that still need to be solved and some of
the successes of the 21st Century pursuit of physicists
to understand the nature of nature.

LOOKING FOR THE FUNDAMENTAL
STRUCTURE OF MATTER
The history of discovering exotic particles that
only naturally existed shortly after the Big Bang is
really the history of particle accelerators taking
advantage of Einstein’s famous equation, E = mc 2 .
This equation implies that mass and energy are
equivalent. It also means that a little bit of mass is
equivalent to a LOT of energy. Take the electron, for
€
example. It has a very, very small mass of only
-31
9.11 × 10 kg. This is equivalent to an energy of:
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When you consider that this same electron, when
moving from higher to lower energy level in an
electron, will radiate only up to about 10 eV, its
energy equivalent of about 510,000 eV is striking.
This mass/energy equivalence is a very strange
idea, but there is much proof of its validity. For
example, a photon with an energy of 1.02 MeV
(twice the energy equivalent of an electron) will
spontaneously convert into an electron and a
positron, in a process known as pair production. The
positron produced in that process will very quickly
encounter another electron and the two will annihilate
each other, generating a photon with energy of
1.02 MeV. This happens all the time.
Now let’s consider how this applies to particle
accelerator physics. At FermiLab (see Figure 9.2),
the site of the world’s largest particle accelerator
(before the LHC), protons and antiprotons were sped
through the four-mile loop of the accelerator in
opposite directions at nearly the speed of light. The
Tevatron (the name of the largest of the accelerators
at FermiLab) generated energies of one TeV (trillion
eV). Now consider the collision between a proton and
an antiproton under these conditions. The two
particles annihilate each other, converting their
masses (1.67 x 10-27 kg each) to energy (1880 MeV),
but their trillion eV kinetic energies are huge by
comparison. A complete conversion of that energy to
mass results in a total possible mass of:
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This seemingly tiny mass is over 1,000 times as
much mass as that of the proton and antiproton that
went into the collision! These very large energies
(and corresponding masses) are necessary to test
predictions for very exotic particles. Physicists in the
early-to-mid 20th Century predicted the existence of
fundamental particles in what became known as The
Standard Model (Figure 9.3). Many of these particles
were expected to be very massive (meaning it takes
very high energies to create them). The high energies
made possible in the Tevatron led to the discovery of
many of these predicted fundamental particles of
nature.
But … there were missing pieces (aren’t there
always). One of the most illusive and important of
these is the one posed to be responsible for mass. The
masses of the fundamental particles are very different
from each other. It has long been a nagging issue
over why particles have mass and why the masses of
different particles should vary so much from one
174

Figure 9.2: Until 2009, the Fermi National Accelerator
Laboratory or “FermiLab” was the world’s most powerful
particle accelerator. It accelerates protons and antiprotons in
opposite directions at nearly the speed of light. Collisions
between these particles in the largest of its accelerator rings,
the Tevatron, produce energies not seen since the first second
after the birth of the universe.
another. One theory has been that a still unknown
particle – the Higgs boson (proposed by the
theoretical physicist, Peter Higgs) creates a Higgs
field that particles interact with to various degrees.
The theory proposes that the stronger the interaction
with the Higgs field, the greater the mass the particle
is perceived to have. However, the energies at
FermiLab were not quite high enough to reasonably
produce the Higgs. A larger, more powerful
accelerator was needed in order to probe at even
higher energies. The Higgs boson has been popularly
known as the “God particle.” Peter Higgs is not wild
about this particle being referred to in such an
obviously religious way, but the originator of the
term, Leon Lederman, former Director of FermiLab,
chose it because of a journal editor’s distaste for his
original name for the particle – the “goddamned
particle” – named this way because it was so hard to
find.
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The LHC is now the
largest and most powerful
particle accelerator in the
world.
Its
17-mile,
underground tunnel near
Geneva, Switzerland can
accelerate a beam of
protons to energies of 7
TeV! Instead of using
protons and antiprotons
accelerated by the same set
of magnets in a common
pathway (like the Tevatron
does), the LHC has two sets
of magnets accelerating two
sets of protons in different
pathways, bringing them
together for collisions at the
accelerator
detectors.
(Although this requires
twice the equipment, it was
deemed a better choice,
since producing antiprotons
is so difficult.)
Is it worth it? $4.6
billion is a lot of money for
a very large machine that
Figure 9.3: The Standard Model is a theory that contains all the fundamental
smashes protons into each
particles of nature. They are grouped into three classes: quarks (two of which
other. There are certainly
make up all protons and neutrons), leptons (electrons are in this class), and
detractors, but on July 4,
bosons (the carriers of force). The missing link in this model (until July 2012)
2012, there was nothing but
has been the particle that purportedly gives mass to all the other particles – the
excitement
over
some
Higgs boson or God particle as it is popularly known.
experimental results. A
tentative
announcement
from the LHC stated there was sufficient evidence to
claim that the Higgs boson had finally been
produced! The announcement claimed a “five-sigma”
certainty that the experiments had led to the
discovery of the Higgs. To understand what fivesigma means, you have to go back to the traditional
bell curve statistics. The bell curve seen to the right
shows the mean at the center of the curve and then
standard deviations (sigmas) to the right and left. The
curve shows that 68% of the area under the curve is
within one sigma of the mean and 95% of the area is
within two sigma. At the five-sigma level,
99.99994% of the area is under the curve. So, for
physicists to say they have a five-sigma confidence, it
means that the chances that their findings are a
statistical deviation are less than 0.00006% (or a 1 in
Figure 9.4: The bell curve pictured here
3.5 million chance). This is an extraordinarily good
indicates that the area under the curve at one
claim for a Higgs discovery, so why was the claim
standard deviation (one sigma) is 68.27%. At
tentative? Well, in September 2011, there was
three sigma this grows to 99.73%.
another experimental claim that became an
international sensation – that neutrinos travel faster
than the speed of light. This was so extraordinary
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because this is a violation of the Einstein’s Special
Theory of Relativity – that nothing with mass
(including neutrinos) can even travel as fast as light.
It was very quickly revealed that there was an error in
the experimental process and the results were false.
However, the original announcement claimed a sixsigma confidence! However, there does seem to be
every expectation in the physics community that the
larger energies at the LHC have indeed produced this
so-called “God particle.” And the quest goes on with
other experiments at the LHC, to further confirm the
work of theoretical physicists. Always looking
forward, physicists are already working on an
upgrade to the LHC in about 2019, the Super Large
Hadron Collider (SLHC). And, there is even a
proposal for the next, more powerful particle collider
to be built at an unknown time and an unknown
location, the Very Large Hadron Collider. The 21st
Century promises to bring us ever closer to
understanding the … nature of nature.

M galaxy =

v 2r
G

Here v represents the orbital speed of a star in a
galaxy, r is the orbital radius of the star, G is the
€ constant
2
gravitational
G = 6.67 ×10 −11 Nm2 , and Mgalaxy
kg

is the mass of the galaxy within the star’s orbit. So to
find the mass of the entire galaxy, the observed star
must be near the edge of the galaxy. This is one of
the techniques used to measure the masses of distant
galaxies. It is a straightforward procedure to measure
how far away a galaxy is, as well as its diameter, and
the rotational speed of its stars. So astronomers can
use the equation above to easily measure the mass of
galaxies. Think about this. It is amazing that with a
few reasonably easy-to-measure data, we can
calculate the mass of a galaxy millions of light-years
away!
It’s not the only method though. Another
technique is to look at the brightness of a galaxy. By
comparing the distance of the galaxy from Earth and
its apparent brightness, we can calculate its actual
brightness. The actual brightness can then be
converted to the number of Sun-sized stars that must
be in the galaxy. Finally, the number of Sun-sized
stars can be multiplied by the mass of the Sun to get
the mass of the galaxy.
Back in 1967, astronomer Vera Rubin was using
both mass calculation methods to find the mass of the
Andromeda galaxy. The orbital speeds were much
too high for the brightness of the galaxy. She had to
conclude that there was undetectable Dark Matter in
the galaxy. As astronomers have investigated other
galaxies, the same phenomenon has been repeatedly
observed. Most of the mass in any galaxy consists of
this so-called Dark Matter. Indeed, over 90% of the
universe appears to consist of a type of matter that we
not only know nothing about, but we cannot even
observe directly. It doesn’t give off or reflect light at
any wavelength in the electromagnetic spectrum. It is
one of the most interesting and vexing mysteries in
theoretical physics today.
Dark Matter has another interesting property. Its
distribution isn’t like ordinary matter. You will see
next semester that the equation for the speed of a
satellite is:

DARK MATTER
In trying to discover the most fundamental
nature of matter, it seems like we’re always almost
there. The physics community felt that way after
Rutherford’s discovery of the nucleus. And, it felt
that way after Bohr showed that electron energy
levels could explain spectra. And, it felt that way
after Schrodinger’s equation explained the unusual
behavior of matter at very small scales. But now,
more than a decade into the 21st Century, are we close
to grasping it – the essential nature of matter? Well, it
seems like it. We need to be careful though. It always
seems like we’re almost there. An interaction at a
recent 2009 Winter Meeting of the American
Association of Physics Teachers provides some
perspective. In his conclusion to an hour-long talk on
Dark Matter, Dr. Joseph Lykken of FermiLab said
that he hoped a breakthrough into understanding the
nature of Dark Matter would occur within one to
three years. A moment later, Vera Rubin, one of the
two pioneers of the discovery of the existence of
Dark Matter, stood up and pointed out that in 1977 it
was strongly believed that a complete understanding
of the nature of Dark Matter would be within 10
years. Well, it’s been over three decades and we’re
still not quite there.
The issue of Dark Matter comes from the fact
that it is possible to find the mass of a galaxy in two
different ways: the orbital method and the brightness
method. The problem is that the results from the two
don’t agree. But they should … as long as there is no
mysterious Dark Matter to account for. Next
semester I will show you how to very simply develop
the following equation. It’s not hard to do and
everyone will agree that it is very straightforward:

v=

GM
r

There is an inverse relationship between the orbital
radius of a satellite and its orbital speed. This means
€ distant satellites move slower than less
that more
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distant ones. Indeed, in our Solar System, the farthest
planets from the Sun move the slowest. This, of
course, assumes that the mass that is being orbited is
fairly dense and compact, so that greater and greater
sized orbits continue to have the same central mass
constraining the satellite – as is the case of our Sun
and its orbiting planets. This is what would be
expected for the most part in galaxies as well. Even
though there isn’t a single massive object that the
stars orbit, the density of a galaxy like Andromeda
appears to have its mass concentrated at its center.
So, if you graphed an Andromeda star’s orbital speed
vs. distance, you would expect to find something
looking like Figure 9.5.
However, distant stars in Andromeda don’t
revolve more slowly than the ones closer to the center
of the galaxy. The speeds stay the same (Figure 9.6)!
The only explanation for this is that there is an
abundance of undetected dark matter, and that it does
not concentrate at the center of the galaxy. It
permeates the galaxy and other measurements show
that it extends far beyond the normal matter (Figure
9.7).

Figure 9.7: This is an artist’s depiction of the
dark matter permeating and extending beyond
the galaxy seen at the center. (Produced by the
Perimeter Institute for Theoretical Physics.)
At this writing, a great deal of research is being
done to discover the nature of dark matter. There
have been suggestions that the undetected matter is
actually normal matter that doesn’t give off light, like
brown dwarf stars and black holes, but the evidence
for these conventional masses is not strong. There are
other proposals, with exotic names like MACHOS
(massive compact halo objects) and WIMPS (weakly
interacting massive particles), which have been made
as well. The last word though is that theoretical
physics is, as it has always been, an exciting frontier
field for those with curiosity and a passion to
understand the nature of nature.

DARK ENERGY
What follows may be the most vexing mystery in
modern physics today – dark energy. We believe that
the universe began with the Big Bang. There is
evidence for the continuing expansion of the universe
from that event of approximately 14 billion years
ago. For most of the 20th Century, the big question
about this expansion has been whether the
gravitational pull of all the galaxies and other
constituents of the universe would be strong enough
to stop the expansion. That is, would the universe
continue to expand forever (at an ever decreasing
rate) or would it eventually stop expanding and
reverse, ultimately collapsing upon itself? Then in
1998, an observation of the expansion rate of the
early universe showed that the universe had
previously been expanding at a slower rate than it is
today. That means that the expansion of the universe
is actually increasing! But the pull of gravity can
only have the opposite effect. To account for this
bizarre phenomenon, physicists have proposed that
the increasing expansion rate of the universe is due to
some sort of dark energy (“dark,” meaning that we
don’t know what it is). And, when you do the
calculations, dark energy turns out to be 74% of what
the universe is made of. Combining that with the

Figure 9.5: This is a graph of expected speeds for
stars vs. star distance from the center of the
Andromeda galaxy, given all the observable mass
of the constituent stars.

Figure 9.6: This graph of observed speeds for
stars vs. star distance from the center of the
Andromeda galaxy shows that star speeds are the
same at any distance from the center. The
explanation is that there must be much
unaccounted for dark matter, and that it does not
concentrate at the center of the galaxy. It
permeates the galaxy and extends far beyond the
normal matter.
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22% that comes from dark matter leaves only 4% of
the universe that we have any knowledge of – normal
matter (Figure 9.8). It seems a bit strange to call that
4% of the universe that we can observe the normal
matter. By all rights, dark matter and dark energy are
the normal matter of the universe. We, and
everything we can observe, is only the very smallest
minority of what this strange and exotic universe
consists of.

Vera Cooper Rubin (1928-Present)
Perhaps that elusive quality which distinguishes
the successful from the unsuccessful is the capacity to
transcend failure and discouragement; if so, Vera
Rubin is a worthy example. When she applied for
graduate school, Princeton University sent her a letter
back stating, “No women permitted;” and in 1951,
when Rubin presented her Master’s thesis to the
American Astronomical Society, proposing that
galaxies could be rotating around an unknown center
rather than expanding outward as the Big Bang
Theory (which was popular at the time) argued, the
Society turned her away and her ideas earned
disrepute.
Nonetheless, Rubin’s diligent study allowed her
to make important and controversial discoveries in
the last century. She launched work on the galaxy
rotational problem, which assesses the discrepancy
between the predicted and observed angular motion
of galaxies. Rubin’s work discovered that stars
towards the edges of galaxies travel as fast as stars
positioned at the center, which was unexpected.
Rubin and many other scientists account for the
difference by arguing that a huge, invisible mass,
known as “dark matter,” exerts the gravitational force
necessary to maintain stars at various speeds in orbit.
Rubin speculates that dark matter accounts for 90%
of universal material, but admits that we know only a
fraction about what the cosmos are composed of.
“We have peered into a new world, and it is more
mysterious than we could have imagined,” she
remarked upon her reception of the National Medal
of Science, “it awaits the adventurous scientists of the
future. And I like it that way.”

Figure 9.8: The observable universe is only 4% of
what is out there. The stuff we call normal matter
is a very small minority to the mysterious dark
matter and dark energy that dominate the
universe.

CONCLUSION
The work done by theoretical physicists over the
last half century has given us a good understanding of
the nature of nature. The Standard Model theory
appears to work. If it is accurate, it means that all
matter – you, me, planets, and stars – are made up of
two of the six types of quarks. We know that protons
are made up of two up quarks and one down quark,
and neutrons are made up of one up quark and two
down quarks. That accounts for all nuclei. The rest of
the atom is made up of one kind of lepton – the
electron.
But is it all really true? No one can say for sure
(and probably never can say for sure). Other theories
compete with the Standard Model. Superstring
Theory (or as it boldly claims, the Theory of
Everything (TOE)) proposes that all particles and
forces are manifestations of the vibrations of tiny
“strings.” Quantum Gravity is attempting to merge
the theories of Quantum Mechanics and Einstein’s
General Relativity. There are other exotic theories as
well. What is always present is our quest – to
understand the fantastic nature that we live within
and are. This is, and will always be, the business of
physics. The end of our understanding is always in
sight and always … just beyond our grasp.

(Biography by Alizeh Iqbal, Class of 2011)
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USEFUL INFORMATION
planck’s constant

Prefixes
1024
1021
1018
1015
1012
109
106
103
102
101

yotta (Y)
zetta (Z)
exa (E)
peta (P)
tera (T)
giga (G)
mega (M)
kilo (k)
hecto (h)
deca (da)

10-1
10-2
10-3
10-6
10-9
10-12
10-15
10-18
10-21
10-24

deci (d)
centi (c)
milli (m)
micro (µ)
nano (n)
pico (p)
femto (f)
atto (a)
zepto (z)
yocto (y)

Me
Ms
Mm
Re
Rm
Rs
c
G
k
e–
e+
me
mp
mn

6.626 x 10-34 J•s

Conversion Factors
1 mile = 5280 feet = 1609 meters
1 meter = 39.37 inches = 3.28 feet
1 inch = 2.54 centimeters
1 m/s = 2.237 mi/h = 3.6 km/h
1 mi/h = 1.609 km/h = 0.447 m/s
1 kg = 1000 g
1 pound = 4.45 newtons
1 newton = 0.225 pounds
1 horsepower = 746 watts

Percent Error

Constants
mass of earth
mass of sun
mass of moon
radius of earth
radius of moon
radius of sun
speed of light
grav. constant
Coulomb constant
electron charge
proton charge
electron rest mass
proton rest mass
neutron rest mass

h

5.98 x 1024 kg
1.99 x 1030 kg
7.36 x 1022 kg
6.37 x 106 m
1.74 x 106 m
6.96 x 108 m
3.0 x 108 m/s
6.67 x 10-11 Nm2/kg2 €
9.0 x 109 Nm2/C2
–1.60 x 10-19 C
+1.60 x 10-19 C
9.11 x 10-31 kg
1.673 x 10-27 kg
1.675 x 10-27 kg

Percent error is calculated when comparing an
experimental value to a known (accepted) value.

Percent Error =

known − experimental
× 100%
known

Percent Difference
Percent difference is calculated when comparing two
experimental values to each other.

Percent Difference =

€
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exp1− exp 2
× 100%
exp
( 1+ exp 2 ) / 2
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