“The simple is the seal of the true. And beauty is the splendor of truth.”
- Subrahmanyan Chandrasekhar

SECTION 4
MOTION

P

HYSICISTS LOOK FOR patterns. Patterns lead to understanding. Look
carefully at the colorful explosions in the air during a fireworks display,
or at the stream of water from a fountain, or at the path of a home-run
baseball. They all look about the same – they have the same pattern. The
mathematically inclined might guess correctly that all the trajectory paths
are parabolas. Non-mathematically inclined types would say that all the curves
have similar shapes. But whether or not you recognize the shapes as parabolas isn’t
as important as whether or not you recognize that they all have the same pattern. If
you see the pattern, the next step is to make two guesses. If they all have the same
pattern, then perhaps they’re all moving according to the same principle (they are,
in fact). And, if
these three very
different types of
projectiles are all
moving according
to
the
same
principle,
then
perhaps
all
projectiles move
according to the
same
unique
principle (they do,
in fact). One of
the things you’ll
find in this unit is
that all projectiles
are doing exactly
the same thing.
They
are
all
moving
horizontally at a
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constant speed and freefalling vertically. Both
motions are very simple. And so, no matter how
seemingly complicated the curvy motion of a
projectile is, it is actually pretty simple.
This is probably the most important thing I’ve
learned in physics – to look for patterns. The
universe, by design or chance, (depending on your
theology), is organized in a system of patterns. As
you begin to recognize the patterns, you quickly
begin to realize that the universe is not a chaotic
place. It may not be simple, but it is always
understandable. In this unit, we’ll go back to the most
basic ideas in physics and build a solid foundation of
understanding around the idea of motion.
We’ll look at two types of motion: constant
speed and acceleration. Constant speed is just about

as easy as it sounds, but acceleration is a different
matter. I don’t think many people really understand
the concept of acceleration very well.
I have a friend who used to jump out of airplanes
for a living. He was a member of the Army’s
H.A.L.O. (High Altitude Low Open) program. He
was trained to jump at 30,000 feet, but not to open his
parachute until he was 1,000 feet above the ground.
He comments that it was a long trip, but it ended very
quickly. At the end of this three unit series that
begins with motion, you’ll be able to appreciate (if
only vicariously) the thrill he experienced. And
you’ll be able to explain why the thrill you
experience at the typical amusement park is as great
or greater than the H.A.L.O. experience.
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CHAPTER 9: LINEAR MOTION

T

HE YEAR IS
3016 AD and an
archaeologist has
just unearthed a
time
capsule
containing an iPad
from the year 2016 AD. Thrilled
to find an artifact from a
primitive culture that lived 1,000
years in the past, she anxiously
prepares to view the iPad. It
chronicles the minute-by-minute
activities of one person’s day at
an amusement park. She is
intrigued by the clothing worn,
amused by the low technology,
Figure 9.1: The YF-22 “Raptor” is fast! This judgment of its speed is
but flabbergasted by one thing in
relative though. It’s fast compared to a runner or compared to even the
particular. She marvels that in
speediest car, but compared to the Earth’s speed as it revolves around the
eight hours of activity at the
Sun (66,000 mph), the Raptor lags pitifully behind. Perception of speed is
park, the person being videoed is
always made by comparing the distance traveled to the time it takes to
really only active for twelve
travel that distance.
minutes. The rest of the time he
is standing in long, long lines waiting to get onto
WHAT IS FAST?
short, short rides. Why, she thinks, would someone in
How do you know when something is going
this long-dead culture waste so much time for so little
fast?
Well … you just know. You can look at cars on
benefit? The answer, of course, is because of the
the
freeway
and, if the traffic is light, you can just tell
thrill. At an amusement park, you can move in ways
that
they’re
going fast. But your brain really doesn’t
that would be life threatening in any other place. It’s
know fast. It can measure distance pretty well and it
a place of extreme physics. It’s a place where
can measure time, but to measure how “fast”
conservation of energy is king. It’s a place of high
something is going, it has to compare distance and
acceleration, stomach-churning centripetal forces,
time. So if two cars travel the same distance but one
and frighteningly severe impulses.
does it in a shorter period of time, that one is moving
To understand the physics of amusement park
faster. The simplest concept in motion is average
rides is to truly understand motion. Power, work,
speed. Average speed is simply the total distance
momentum, acceleration, impulse, uniform circular
moved compared to the time taken to move that
motion, forces, and freefall … are all there. But we’ll
distance. So, average speed is:
start, where we must start, with the simplest concept
of motion. We’ll start with speed.

v av =

d total
t total

€

Figure 9.2: The recognition of speed depends on a comparison of distance and time. In this photo (taken by
Megan Orlando, Class of 2008) each image of both walker and biker are separated in time by 0.8 seconds. The
photo shows that the speeds for both are constant (same distance covered between successive images) and that
the biker is traveling approximately three times faster than the walker (three times the distance covered in the
same time).
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HOW FAST IS FAST AND …
COMPARED TO WHAT?
I’m a runner, and I’ve run many races. I’m most
proud of running a half-marathon in an hour and
thirty-three minutes. So when I hear that Dennis
Kimetto of Kenya ran a full marathon in 2:02:57 on
September 28, 2014, I’m amazed. His world recordsetting pace makes him … fast. But his average
speed of 12.5 mph is nothing compared to a
harrowing ride I had down Mount Tam when I was
sixteen. A friend of mine, Jeff Atkinson, seemed
insane as he took every corner at 50 mph or more. I
really thought I might die that day. But, I’ve gone
over 500 mph many times when I’ve taken
commercial plane flights, and I’m not scared at all
(well, maybe a bit during takeoff). Each of the speeds
listed so far were made without reference to any fixed
spot, but the assumption is that I’ve been speaking
about speeds that are relative to the Earth. That is,
I’ve assumed that the Earth isn’t moving.
To be rigorous, a speed must always be given
relative to some fixed frame of reference. When
we’re Earth-bound, we usually agree that the Earth is
our frame of reference without actually specifying it,
opting for “25 mph” rather than “25 mph, relative to
the Earth.” Sometimes we get fooled though. I
remember being stopped at a traffic light and noticed
that it was time to go because the car next to me was
pulling forward, but then realized that the car next to
me was actually stopped and I was slowly rolling
backward! In this case, I had made my car a fixed
frame of reference (I thought I still had my foot on
the brake). It made the Earth, and everything fixed to
it, appear to be moving. And … according to my
defined frame of reference, these things were
moving.
There’s nothing special about using the Earth as
a fixed frame of reference. You can choose any nonaccelerating frame of reference to be fixed and the
laws of motion will work just the same (more about
accelerating frames of reference later). Figure 9.3
shows a blue car that would appear to be at rest if its
hubcaps weren’t blurry. The car was actually moving
at 70 mph relative to the Earth, but the photographer
was moving at the same speed as the blue car. This
made the blue car appear stationary and the trees and
other car in the background appear to be moving to
the rear. Occupants of the blue car, if they chose to,
could consider themselves to be totally at rest. They
could drop a ball inside the car and it would drop
straight down (in their reference frame); they could
even play a little game of catch and it would feel the
same as if they were outside on the ground.

Figure 9.3: The blue car in this photograph (taken
by John Oh, class of 2005) is the fixed frame of
reference. The blue car was moving at about 70
mph relative to the Earth, but the photographer
was moving at the same speed as the blue car. In
the frame of reference of the blue car, the trees
and other car are speeding backward.
Figure 9.4 illustrates an important frame of
reference consideration for runners in a relay race.
For the relay race to be successful and competitive,
the baton must be passed between runners in the
same frame of reference (they shouldn’t be moving
with respect to each other). But, the runner holding
the baton is sprinting and if she were to stop to pass
the baton to the stationary runner, precious time
would be lost. So, the stationary runner gets up to the
same speed as the sprinter finishing her leg of the
race. If it is done well, it’s as if neither were moving
and the baton is passed from stationary person to
stationary person (which is, of course, very easy to
do).

Figure 9.4: For the relay race to be successful and
competitive, the baton must be passed between
runners in the same frame of reference (they
shouldn’t be moving with respect to each other).
But, the runner holding the baton is sprinting and
if she were to stop to pass the baton to the
stationary runner, precious time would be lost. So,
the stationary runner gets up to the same speed as
the sprinter finishing her leg of the race. (Photo by
Carrie Coats, Class of 2008.)
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Motion is truly relative. We usually consider the
Earth to be at rest … because we don’t “feel” it
moving, but you and I are actually rotating on the
Earth at about 1,000 mph and revolving around the
Sun at about 66,000 mph. Both these speeds are in
the reference frame of the Sun or “fixed” stars. Yet
even the Sun and so-called “fixed” stars are spiraling
at terrifically greater speeds about the center of the
Milky Way (in the reference frame of the center of
the galaxy). The Milky Way is home to 100 billion
stars, an almost unfathomably large number of suns.
But the Milky Way is just one of 100 billion other
galaxies, most hurtling away from each other at
speeds that are faster still – but compared to what?
There is, in fact, no place, no spot to point to as the
true frame of reference for the universe. Any place is
as good as another. And so, in some sense, it is
accurate to say that yes, the world does indeed
revolve around you. However, don’t begin to think
since motion is relative that “fast” has no limit. There
is a limit – the speed limit of the universe – the speed
of light. Nothing can ever exceed, or even get to, the
speed of light (except light, of course). The speed of
light – that’s fast!

Displacement is change in position. This may sound
like distance, but it’s not. Think of distance as the
odometer reading. Distance is the log of miles (or
inches or light years) traveled. Displacement is
entirely different. When you measure displacement,
you only consider the starting and ending points.
What happens in between doesn’t matter. So if you
are a pilot for an airline and you start your day in San
Francisco, fly to Los Angeles, then to Washington
D.C., and finally to Chicago, your distance would be
the tally of the miles flown (over 4,000 miles).
However, your displacement would be the change in
position between where you started (San Francisco)
and where you ended (Chicago). This would be
approximately 2,000 miles east (the direction is
important).
To calculate average velocity, you simply
compare the displacement or change in position with
the time taken to make that change. So average
velocity is:



d
v av =
t

SPEED AND VELOCITY

The arrows above the v and the d are meant to

distinguish
 the vectors, velocity and displacement ( v

A term that is used almost synonymously with
speed is velocity. But average speed and average
velocity can be very different. I joke sometimes that
over a lifetime, my average velocity will probably be
almost zero and that my average daily velocity had
better be zero if I am to keep my dear wife happy.
Speed is a scalar measurement and velocity is a
vector measurement. Scalars measure only an
amount of something. The temperature of a room
(70°F), the area of a house (2000 square feet), and the
distance recorded on a car odometer (67,232 miles),
are all scalars. Vectors measure both amount and
direction, so they are everything scalars are and a bit
more. Although we don’t often think of it this way,
weight is a vector. If you ask me how much I weigh,
I would tell you, “180 pounds.” But I would be
leaving out the fullest meaning of what my weight is.
Weight is a force, and like all forces, it has a
direction. My weight is always directed “down”
toward the center of the Earth. To measure my
weight, I have to put the scale between the Earth and
me, because that is the direction in which my weight
is directed. It would be silly to put a scale on my side
or on top of my head. My weight isn’t pointing in
those directions. So weight (a vector) is a more
sophisticated measurement than a scalar. And
velocity is a more sophisticated measurement than
speed.
Velocity doesn’t measure the ratio of distance to
time, but rather, the ratio of displacement to time.

and d ),€ from the scalars, speed and distance
( v and d ).

MILES PER HOUR VS. METERS PER
SECOND
Most of you reading this are very familiar with
the unit of speed, miles per hour (mph). That is, you
have a very good sense of what it means to be going
25 mph vs. 60 mph. However, most of you would
probably have to think a bit about what it means to
go, say, 40 m/s. (I use this lack of understanding
when driving with my wife, who frequently checks to
see if I’m speeding, but pretends to not be doing so. I
change the speedometer display from mph to km/hr
so that she can’t tell if I’m going too fast. It doesn’t
take her long to get frustrated enough to tell me to
change the display back. Oh, the games people play.)
Now, since it is necessary for you to always work in
m/s, you need to have a strong idea of the
relationship between mph and m/s. Let’s consider
60 mph:
1609 m 1 hour
= 27 ms
(60 miles
hour )( 1 mile )( 3600 s )

This shows that you can think of 1 m/s as
approximately 2 mph.
€
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ACCELERATION

€

Constant speed is really
not very interesting. In fact,
it’s boring. You never hear
about people falling asleep
on a winding mountain
road, but a quick look at the
glazed eyes of some drivers
on the freeway when the
traffic is light and they can
set their cruise control tells
you that they are not being
very
stimulated.
The
equation for average speed,
v av = d / t , is a very simple
equation and isn’t able to
tell you very much about
Figure 9.5: This photograph was taken by keeping the shutter open on the
any motion that isn’t
camera while the flash was activated every second. It is clearly not constant
constant
speed.
For
speed since the distance covered varies for the same increment of time. If the
example, when I drive from
distance between images were known, a graph of the motion (distance vs.
school to home on a typical
time) could be made in order to understand the nature of the motion more
afternoon after 4:00, it can
clearly.
take me 65 minutes to go 30
As motion goes, constant speed is trivial, but
miles. The average speed equation can only
acceleration
is a very different matter. I don’t think
determine that my average speed on the way home is
many
people
understand the concept of acceleration
,
or
28
mph.
But
this
simplistic
30 miles/1.08 hours
very
well.
Ask
just about anyone to move at constant
record of my trip cannot take into account that there
speed
and
they’ll
do it ... perfectly. But try asking
were segments where I traveled at 70 mph and points
someone to move at a constant acceleration, and they
where I was completely stopped. There is no record
normally fail miserably, even if they’ve had a chance
of how many times I was speeding up or slowing
to practice. There’s something about acceleration that
down or how quickly I sped up one time compared to
eludes most people. The California Department of
any other time. Indeed, the only thing the average
Motor Vehicles Handbook has a violation known as
speed tells me is that if another driver had started out
“Exhibition of Speed.” I have a problem with this
on the same trip as I had and kept his speed constant
particular violation. It is often used in situations
at 28 mph, it would take him the same time to
where a car bolts from a stoplight, wheels spinning
complete the trip. Big deal!
against the pavement, and engine roaring. No doubt
In order to understand more complicated motion
it’s a safety concern, but the fact is, you can get an
(which really means more interesting motion), we
exhibition of “speed” ticket for such a stunt even if
need to be able to look at the details of that motion.
you lay off the gas pedal before you get up to the
We need to be able to take a peek at it in small
speed limit. So it’s really not exhibition of “speed”
increments and then compare one increment to
that the police are concerned with, but rather
another. In Figure 9.5 Bobby Buchanan has set a
exhibition of “quickly increasing speed” (which is
flash to go off every second while he walks in front
one form of acceleration). If you’re ever pulled over
of a camera with its shutter held open. Every second,
for exhibition of speed, you might start a campaign of
the flash illuminates the darkness and exposes
education by politely explaining, “Actually officer,
Bobby’s position. This is not constant speed. In equal
it’s exhibition of acceleration.” Well ... maybe not.
increments of time, his position changes unequally.
So acceleration is not trivial, and it’s very
The distance between his successive positions
important. It’s worth your while to try to understand
increases – he’s speeding up. If we knew the distance
it as fully as you can. It is the motion of the car
between his images, we could not only calculate his
speeding up … or slowing down. It is the motion of
average speed, but also his incremental speed. And,
the swing in the park. It is the motion of a freefalling
we could check to see if the increase in speed was
object … and of every projectile … and of every
uniform (the same increase each second).
satellite, including every moon, planet, and star.
Indeed, it is the most common motion in the universe.
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When designers of amusement park rides try to build
“thrill” into their rides, they have one thing in mind –
acceleration. The greater the acceleration is, the
greater the thrill will be. Without acceleration, there
is no thrill.

it actually is, so next time you’re at a party and some
braggart claims to really have the concept of
acceleration down, ask him to do it – to use his body
to move at constant acceleration. I bet he embarrasses
himself.

THE RATE OF A RATE

ACCELERATING AT CONSTANT SPEED

For something to accelerate, its velocity must
change. The value of this acceleration is the rate of
change of velocity, so average acceleration is:

Most people would say that to accelerate you
have to change your speed. Large acceleration means
rapid change in speed. Right? Well, maybe, but not
necessarily. Remember, acceleration is the rate of
change of velocity, but you can change your velocity
by changing your speed or your direction. This
means that motion on a merry-go-round is truly
accelerated motion. This doesn’t seem right to most
people because acceleration is so often presented as a
change in speed. It’s possible to get a good
conceptual feel for acceleration if you think about it
in terms of what causes it. To cause acceleration, you
must apply a force. Think about how you feel when
your body undergoes a rapid change in speed. If
you’re in a car that speeds up or slows down rapidly,
you feel either pushed back in your seat or thrown
forward from it. This apparent force is evidence that
you are being accelerated. But you have the same
experience if you maintain a constant speed going
around a sharp turn. You feel a force pushing you to
the side. Actually, this is what’s called a “fictitious
force” (more about that when we study Newton’s
Laws of Motion), but this force felt while driving in a
turn still gives evidence of acceleration – even
though the speed hasn’t changed. That’s why some of
the most exciting rides at an amusement park don’t
have to change speed. They can just rapidly change
direction to give the same rate of acceleration and
therefore the same thrill.

 
v f − vi

a av =
t


Here v f is final velocity and v i is initial velocity.
The tricky thing here is that, since velocity is the rate
€ position, acceleration is the rate of a rate.
of changing
It’s easy to say, but hard to really grasp. Imagine a
€ car moving at 20 m/s €
that comes to a stop over four
seconds. The acceleration is easy to find: t = 4 s,
vi = 20 m/s, and vf = 0 m/s



v f − v i 0 ms − 20 ms

m /s
a av =
=
= −5
t
4s
s
The negative sign shows that the acceleration is one
that reduces the speed. Normally you would see this
€acceleration represented as –5 m/s2 but I don’t like
that. The unit doesn’t give you a sense of what that
car’s motion is really like. I prefer −5 ms/ s . The way
you would say this is, “negative five meters per
second … per second.” That tells exactly what’s
happening. The car is reducing its speed by 5 m/s
€
every second. After one second,
the speed is down to
15 m/s. After two seconds, the speed is down to 10
m/s, and so on. It still may seem easier on paper than

Figure 9.6: Acceleration is the rate of change of velocity. Since velocity includes both the speed of an object as well
as its direction, there are three ways to change it: speeding up, slowing down, and turning. Each of these
photographs depicts a different form of acceleration. In each case, the evidence for the acceleration is in the
“fictitious force” felt by the person being accelerated. Although the “forces” felt don’t actually exist, the person
being accelerated feels pushed backward, thrown forward, or pushed to the side, depending on the type of
acceleration.
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FREEFALLING

I

F YOU WERE
to jump off the
Golden
Gate
Bridge,
you
might not die.
Since May 27,
1937 (when pedestrian
traffic was opened to
the public) over 1,500
people have decided to
end their lives by
jumping off the bridge
… but about 30 have
lived. Word is that the
ones who make it are in
bad shape physically,
but the shock of having
lived through an event
that kills 98% of its
participants has a life
changing effect that
gives
them
an
appreciation
and
passion for the life they
Figure 9.7: Since the Golden Gate Bridge opened in 1937, it has been used by over
had
attempted
to
1,400 people to end their lives. However, 2% of those who make the 22-story drop
extinguish. Some of
are survivors. Those few survivors have air resistance to thank for their new lease
them believe they lived
on life. The air resistance caused by the Earth’s atmosphere assures that no one
because God saved
can ever experience true freefall.
them and while I won’t
of a car that is speeding up. The faster the car goes, the
dispute that, I would like to point out that all of the
greater the force of air resistance on your hand. For the
survivors are amongst the group that hit the water –
bridge jumper, that air resistance grows, slowing the
there are no survivors in the concrete-hitters group.
increase in speed so that a few of the hardy (or
What must it be like to freefall for 22 stories into the
divinely protected) live to reconsider. If the jumper
San Francisco Bay? Falling 220 feet, the trip would
were to jump from the top of the 227-m tower, the
take about four seconds and the jumper would hit the
upward force of air resistance could get as large as the
water at about 80 mph. However, it actually takes
downward force of the jumper’s weight. If that
longer than four seconds and the distraught souls
occurred, the sum of the forces on the jumper would
aren’t moving as fast as 80 mph. That’s because they
be zero and his speed would stay constant. This is the
aren’t truly freefalling.
origin of the term terminal velocity. So if the jumper
FREEFALLING IS FREE FALLING
were to jump out of a plane at 35,000 feet above the
bay he wouldn’t be moving much faster than if he had
Mention the word “freefall” and most people
think of something dropping, but freefall actually
jumped from the bridge. Falling “spread eagle” gives a
refers to objects moving under only the influence of
terminal velocity of about 125 mph, but go into a dive
gravity, “free” of all other forces. Really, the only
and you might get close to 200 mph. A true parachute
will reach terminal velocity after only 20 mph or so.
people who ever experienced true freefall are those
Its weight and the weight of the skydiver are small
astronauts who were romping on the moon. (Well,
compared to the amount of force required for the
actually, the International Space Station astronauts
parachute to push that much air out of the way. Maybe
experience freefall too. More about that when we
now it makes sense why a dropped piece of paper
study satellite motion.) The few bridge jumpers who
reaches terminal velocity before it hits the ground but
survive do so because their bodies act somewhat like
parachutes (not very good ones). You can get a sense
the same piece of paper crumpled up is still
of this just by putting your hand outside the window
accelerating when it hits the floor.
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2011 and made his record-breaking jump October 24,
2014. His freefall from 135,889 feet (almost 26 miles)
far surpassed Baumgartner’s feat from only two years
before. He fell for 15 minutes at speeds of up to 821
mph. You can read more about him at:
http://en.wikipedia.org/wiki/Alan_Eustace#Stratospher
e_jump.

FREEFALLING FOR A LIVING OR FOR
FUN
Some freefall to their deaths. Some do it for a
living. Others do it for fun. For many decades, the
military has had a H.A.L.O. (high altitude low open)
program designed to secretly spirit soldiers to behindenemy-lines locations. Read more at:
http://en.wikipedia.org/wiki/HALO_jump
In order to arouse no suspicion among those looking
for low-flying military transport planes, the soldiers
are flown in on what appears to be a commercial
airliner, flying at a routine altitude of 25,000 to
35,000 feet. Then, breathing from oxygen tanks
(because of the high altitude) the soldiers plummet
into the –50°F emptiness of the troposphere, falling at
200 mph for about 2 minutes before finally activating
their parachutes at the last minute. It may not be true
freefall, but it has to be the supreme thrill that all
bungee jumpers and civilian skydivers lust longingly
after.
Non-military freefalling enthusiasts can take
skydiving lessons and get that almost-freefalling
feeling for a few seconds. But for most of us – the
ones who don’t go through the training and expense
to go skydiving – it’s settling for that 3-second trip
down Drop Zone at Great America (which,
incidentally, is the same height as the deck of the
Golden Gate Bridge)…

STRIVING FOR THE RECORD-HIGH
FREEFALL

Figure 9.8: Record Altitude Freefallers:

For over half a century there have been a few
individuals who have yearned to freefall from an
altitude higher than anyone has ever attempted. On
August 16, 1960, Air Force captain Joseph Kittinger
jumped out of a gondola almost 20 miles above the
earth (102,800 feet). The temperature was as low as
–94°F and because of the thinness of the air he was
able to break the sound barrier with his maximum
speed of 714 mph. He fell for four and a half minutes
before deploying his parachute. You can read more
about him at:
http://en.wikipedia.org/wiki/Project_Excelsior
On October 14, 2012 Felix Baumgartner
shattered Kittinger’s record with great fanfare. He
jumped from a helium balloon almost 24 miles above
the earth (127,852 feet). The temperature was almost
–100°F and also broke the sound barrier with his
maximum speed of 834 mph. He fell for four minutes
and 19 seconds before deploying his parachute. You
can read more about him at:
http://en.wikipedia.org/wiki/Felix_Baumgartner.
Google Senior Vice President Alan Eustace had
been planning a jump from the Stratosphere back in

Air Force Captain Joseph Kittinger (top left)
August 16, 1960, 102,800 feet, 714 mph.
Daredevil Felix Baumgartner (top right)
October 14, 2012, 127,852 feet, 834 mph
Google Senior Vice President Alan Eustace (bottom)
October 24, 2014, 135,889 feet, 821 mph

163

For the object dropped from rest, the speeds at the end
of each of the three seconds are as follows:

THE DETAILS ABOUT FREEFALL
At this point, you should understand that freefall
is all about gravity. An object freefalls if no other
force acts on it except for gravity. But gravity varies
from place to place throughout the universe (and
even around the Earth), so it might seem like it would
be hard to make predictions or to say much about the
effects of freefall with much accuracy. Indeed, the
difference in gravity’s effect on a person at sea level
and the same person in an airliner or on a tall
mountain could be measured, although the difference
in measurements would be very slight. If we confine€
ourselves to the Earth (or at least not too far above its
surface), the freefall effects vary only slightly and the
effect of gravity can be considered constant. Objects
that freefall accelerate (you knew that). The
acceleration is constant (you probably didn’t know
that). And, the acceleration has a value of 9.8 m/s2
downward (you almost certainly did not know that).
To mathematically account for the “downward”
nature of this acceleration, we’ll refer to it and use it
in the future as -9.8 m/s2.
€

•

t=0

⇒

v=0

t = 1s

⇒

v = 0 − 9.8 ms = −9.8 ms

t = 2s

⇒

v = −9.8 ms − 9.8 ms = −19.6 ms

t = 3s

⇒

v = −19.6 ms − 9.8 ms = −29.4 ms

For the object thrown initially upward at 19.6 m/s, the
speeds at the end of each of the three seconds are as
follows:

t=0

⇒

v = 19.6 ms

t = 1s

⇒

v = 19.6 ms − 9.8 ms = 9.8 ms

t = 2s

⇒

v = 9.8 ms − 9.8 ms = 0 ms

t = 3s

⇒

v = 0 ms − 9.8 ms = −9.8 ms

For the object thrown initially downward at -9.8 m/s,
the speeds at the end of each of the three seconds are
as follows:

EARTHBOUND FREEFALL SUMMARY

t=0

⇒

v = −9.8 ms

Freefall motion is accelerated motion.

t = 1s

⇒

v = −9.8 ms − 9.8 ms = −19.6 ms

t = 2s

⇒

v = −19.6 ms − 9.8 ms = −29.4 ms

t = 3s

⇒

v = −29.4 ms − 9.8 ms = −39.2 ms

•

Freefall acceleration
acceleration.

is

constant

•

The value of the constant acceleration is
€
-9.8 m/s2.

(Each of these cases is shown graphically on the
following page.)
To really understand freefall motion, you have to
get yourself to stop looking at these three motions as
rising or falling and to stop looking at the motions as
speeding up or slowing down. In every case, and at
every second, the speed has simply changed by
-9.8 m/s. The acceleration due to gravity acts the same
whether the motion is upward or downward (or
sideways, as you’ll soon see). It acts the same whether
the speed is increasing or decreasing (and even when
the motion stops, as in the case of the object thrown
upward, at the end of the 2nd second). Once you’ve
gotten yourself to think this way, you come to realize
that freefall – that most ubiquitous of motions that you
daily encounter – is actually very simple. And
“simple,” for us who study physics, means nothing
more than “predictable.”

Let’s consider the motion of three objects:
- One dropped from rest.
- One thrown upward at 19.6 m/s.
- One thrown downward at -9.8 m/s.
We’ll look at the motion of each of them every
second for three seconds each. The three motions
might seem different at first glance, but with no other
forces mentioned, we have to assume that only
gravity is acting on them and that each must be
freefalling. That makes it easy. Quantitatively, it
means that each will simply change the value of it’s
velocity by -9.8 m/s every second.
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Dropping from rest.
t=0
v = 0 m/s

t=1s
v = -9.8 m/s

t=2s
v = -19.6 m/s

t=3s
v = -29.4 m/s

Projected upward.
t=0
v = 19.6 m/s

t=1s
v = 9.8 m/s

t=2s
v = 0 m/s

t=3s
v = -9.8 m/s

Projected downward.
t=0
v = -9.8 m/s

t=1s
v = -19.6 m/s

t=2s
v = -29.4 m/s

t=3s
v = -39.2 m/s
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MOTION – PUTTING IT ALL TOGETHER

T

HE HUMAN BODY is the weak link
in modern fighter jets. These jets can
accelerate their pilots up to 12 “g’s”
(12 times the acceleration due to
gravity). At that rate, the pilot has the
sense that his ten-pound head weighs
over 100 pounds. He experiences sharp pain in the
neck, begins to lose his vision, and can blackout.
With the understanding you have now about the
foundations of motion you are able to appreciate the
motion of extreme acceleration – like that of the
fighter pilot. What remains is the development of two
final equations that will supplement the first two
equations of motion and put you into a position to
tackle any situation where acceleration is constant.
Let’s start by using a velocity vs. time graph to
look at the motion of something that is accelerating
uniformly:

Now I’ll manipulate the acceleration equation and
make a substitution into the equation for distance.

a=

v f − vi
t

⇒ v f − v i = at

1
⇒ d = v i t + [(at)t]
2

€

d = v i t + 12 at 2

⇒

€

This equation makes a connection between
displacement
€ and acceleration that you previously
hadn’t had. Finally, if the first acceleration equation
is manipulated again and then substituted into this
last equation, it leads to the final equation:

velocity (mph)
vf

a=

€

v f − vi
t

⇒ t=

v f − vi
a

# v f − v i & 1 # v f − v i &2
d = vi %
( + a%
(
$ a ' 2 $ a '

And after several algebra steps this leads to:

vi

€

v f 2 = v i 2 + 2ad
ti

tf

This final equation is nice because it doesn’t require
you to €know anything about time in order to
understand the motion.

time (hours)
I’ve defined a time to start looking at the motion (ti)
and a time to finish looking at the motion (tf). The
time increment between these two times I will just
call “t.” At the beginning of the time increment the
speed is vi and at the end the speed is vf. To find the
distance covered, all I have to do is add up the area
under the graph:
d = area of the rectangle + area of the triangle

EQUATIONS OF MOTION SUMMARY
There are now four equations of motion, and …
no more. All the motion you will deal with will be
able to be described with these four, either alone or in
combination with each other. You’ll get used to
translating a situation involving motion into a set of
known quantities and a desired quantity, and then
choosing the particular equation that fits that set.
Table 12.3 emphasizes how these four complement
each other.

1
⇒ d = v i t + [(v f − v i )t]
2

€
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Equation of
motion
1. v av = d
t

2. a =
€

v f − vi
1
2

€

2

d

vav

✔

✔

✔

✔

t

3. d = v i t + at 2
€

t

✔

vI

✔
✔

✔

✔

✔

vf

✔

• Don’t be tempted to use equation 1 very
often. It isn’t very useful, especially
when dealing with accelerated motion.

a

• Equations 2 – 4 can only be used if the
acceleration is constant.

✔

• Although they aren’t marked specifically
with vector designations, the quantities
d, vi, vf, and a are all vectors, which
means direction must always be taken
into account. This becomes a major issue
with freefall and projectile motion. I
prefer to think of up as positive, which
means that in a freefall problem, a
downward displacement, downward
velocity, or downward acceleration
(always the case in freefall) must have a
negative sign attached to it.

✔

2

4. v f = v i + 2ad

✔

✔

Table 9.1: A comparison of the four equations of
motion

€
There are some precautions you should linger over
and be sure to follow carefully when using the
equations:
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Given: vi = -15 m/s
d = -55 m
a = -9.8 m/s2

Example
A spear is thrown straight down at 15 m/s from the
top of a bridge at a fish swimming along the surface
of the water below. If the bridge is 55 m above the
water, how long does the fish have before it gets
stuck?

•

Determine what you’re trying to find.
The sense of “how long does the fish have
before…” suggests that you’re looking for time.

Solution:
• First draw an appropriate picture and label the
explicit givens.

Find: t
•

Determine which, if any, of the equations of
motion will work for the givens you have and
what you want to find.
Equation #3 will work, but to find “t”, the
equation is quadratic, so it might not be the best
way to go unless you have that type of solution
programmed into your calculator.
Equation #2 would work if you had the final
velocity of the spear right before it hits the water.
To get that, you could use Equation #4 first.
Let’s do that.

15 m/s
55 m
•

•

The unit of “m/s” indicates a velocity.

-

The problem begins at the bridge and ends right
before the water surface so the 15 m/s must be
the “initial velocity.”

-

⇒ v f 2 = −15 ms

(

Identify all givens (explicit and implicit) and
label with the proper symbol.

-

The unit of “m” indicates a displacement.

-

The 55-m displacement is downward so it must
be defined “negative” so that it is not mistaken
for an upward displacement.

-

After the spear leaves the hand, it freefalls. The
acceleration must then be -9.8 m/s2.

)

2

€

(

)

+ 2 −9.8 m2 (−55m)
s

2

= 1,303 m2 ⇒ v f = ±36.1 ms (Since the spear is
s

moving downward, you have to choose the
negative root).
v f − vi
2. a =
t

€
€

The 15 m/s is directed down so it must be
defined “negative” so that it is not mistaken for
an upward velocity.

-

Do the calculations.
1. v f 2 = v i 2 + 2ad

⇒ t=

v f − vi

€

a

−

⇒ t=
=

€

€
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36.1 m / s − −15 m / s
−
9.8m / s 2

2.2 s

CHAPTER 10: PROJECTILE MOTION

T

HE FIRST
HUMAN
cannonball was a
14-year-old
girl named
Zazel who toured with
the P.T. Barnum Circus.
A compressed spring in
the cannon launched her
into
a
path
that
resembled that of the
water out of a fountain
or the spark from a
welder’s rod or a
baseball from Buster
Posey’s bat.
It wasn’t until I had
started studying physics
that I noticed something
startling
about
projectiles. Their paths
all have the same shape!
They’re all parabolas.
Think about it. The path
of a football or baseball
after it has been thrown
has that distinctive
curve, no matter at what
angle or how hard it’s
thrown.
Figure
10.2,
a
photograph taken by
Nick Wilke (Class of
2001), was made by
leaving the shutter open
on a camera and using a
strobe
light
to
illuminate a bouncing
ball at regular intervals.
The ambient light in the
room between strobe
flashes was enough to
illuminate the full path
of the ball – perfect
parabolas.

Figure 10.1: Human Cannonball David Smith is projected to a net 50 m away.
His projectile motion feat, while daring, is well understood. All projectiles (water
out of fountains, sparks from fireworks and kicked soccer balls) follow the same
unalterable parabolic path that is produced by two simultaneous, yet unrelated
motions: constant speed horizontally and freefall vertically.

Figure 10.2: The telltale path of the projectile is clear in this photograph of a
bouncing ball. While the shutter on the camera is held open, a strobe light flashes
at regular intervals, capturing the position of the ball as it bounces to the right.
Ambient light in the room illuminates the path of the ball in between the flashes.
The parabolic shape of the path is common to all projectiles. (Photo by Nick
Wilke, Class 0f 2001.)
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You see the same paths for sparks flying from
the welding rod of an arc welder or for the fiery
remnants of an exploded firework. Even the ketchup
squirted from its bottle follows this classic path (see
Figure 10.3). This is especially nice to look at
because you see the whole path at once.

This means that all projectiles are always in a
state of doing two easy types of motion that are
completely independent of each other. You can see
this in Figure 10.4. One tennis ball is dropped from
rest and the other is projected horizontally. You
should notice two things about the projected ball.
First, its falling has no affect on its forward motion –
it continues to move forward at constant speed. (The
vertical lines show that it covers the same distance
for the same amount of time.) Second, its forward
motion has no affect on its falling – it continues to
freefall, as though from rest. (The horizontal lines
show that at various points in time, it is in the same
position vertically as the ball falling from rest.) This
means that dealing with projectiles is no more
difficult than other types of motion, just a bit longer,
because you have to analyze both the vertical and the
horizontal directions of motion separately. An
example of how to do this appears on the following
page.

Figure 10.3: Even the ketchup squirted from its
tube follows the classic path of a parabolic path of
a projectile. This is especially nice to look at
because you see the whole path at once (photo by
Jillian Gamboa, Class of 2009).
When physicists see that kind of pattern, they
know that some simple rule can be used to explain it.
The simple rule in this case is this:

All
projectiles
objects.

are

freefalling

If all projectiles are freefalling objects, then projectile
motion becomes easy to understand because you
understand freefall. You might wonder about the
sideways or horizontal motion of projectiles. The
most difficult idea for most people to reconcile is
that:

The freefall motion of the projectile is
totally unaffected by the horizontal
motion.

It gets better.
The horizontal motion of the projectile
isn’t even accelerated motion. It’s
constant speed!
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Figure 10.4: One tennis ball is dropped from rest
and the other is projected horizontally (photo by
Alex Kaiser, Class of 2009). Notice that its falling
has no affect on its forward motion – it continues to
move forward at constant speed. (The vertical lines
show that it covers the same distance for the same
amount of time.) Notice also that its forward
motion has no affect on its falling – it continues to
freefall, as though from rest. (The horizontal lines
show that at various points in time, it is in the same
position vertically as the ball falling from rest.)

Equations of motion revisited

-

Because this problem consists of two unrelated
motions, the givens are posted in two different
columns to prevent the vertical and the
horizontal givens from being accidentally used in
the same equation.
Given:

Horizontal component
1. v x =

dx
t
Vertical component

€

€

2. a y =

v f y − v iy
t

€

3. d y = v i t + 1 a y t 2
y
2

4. v f y 2 = v iy 2 + 2a y d y

Y

vx = 890 m/s

dy = -0.017 m
ay = -9.8 m/s2

€
Example

viy = 0

A person decides to fire a rifle horizontally at a
bull’s-eye. The speed of the bullet as it leaves the
barrel of the gun is 890 m/s. He’s new to the ideas of
projectile motion so doesn’t aim high and the bullet
strikes the target 1.7 cm below the center of the
bull’s-eye. What is the horizontal distance between
the rifle and the bull’s-eye?

•

Find: dx
•

1.7 cm

Identify all givens (explicit and implicit) in the
horizontal and vertical directions and label with
the proper symbol.

-

The unit of “m/s” and the direction of its vector
indicate that this is the “horizontal velocity,” vx.

-

The unit of “m” and the direction of its vector
indicate that this is the “vertical displacement,”
dy.
The 1.7 cm displacement is downward so it must
be defined “negative” so that it is not mistaken
for an upward displacement. The unit must also
be changed to meters so that the units are
consistent in the calculation.

-

The bullet is a projectile after it leaves the gun.
Therefore, it freefalls. The acceleration
vertically, ay, must then be -9.8 m/s2.

-

Since the bullet is fired “horizontally,” its
vertical velocity is initially neither up nor down.
Therefore, it must be zero.

Determine which, if any, of the equations of
motion will work for the givens you have and
what you want to find.
As shown in the Equations of motion revisited
table at the top of this page, Equation #1 is the
only one that can be used for the horizontal
component of motion. To use it, the time must
first be found from the vertical direction. (Since
projectiles spend as much time moving
horizontally as they do freefalling, time is the
one measurement that can be found in one
dimension and used in the other.)

890 m/s

•

Determine what you’re trying to find.
The words “horizontal distance” suggest that
you’re looking for dx.

Solution:
• First draw an appropriate picture and label the
explicit givens.

-

X

Equation #3 can be used to find the time to fall
0.017 m.
•

Do the calculations.
1. d y = v iy t +

1
ay t 2
2

( )

(

⇒ − 0.017m = 0 ms t + 12 −9.8

m
s2

)t

2

€

⇒ t=

€

2(−0.017m)
= 0.059s
−9.8 m2
s

Now Equation #1 can be used in the horizontal
direction with this time.

€
2. v x =

dx
⇒ d x = v x t = 890 ms ( 0.059s)
t

(

=

€

€
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52.4m

)

The previous example was done for the trivial
case of a projectile fired horizontally. In such a case,
all the motion is initially in the horizontal direction
and viy is zero. However, when a projectile is fired in
a direction other than horizontal, a portion of the
motion will be in the vertical direction. Think about a
baseball that has just been struck by a batter. If the
ball moves at 80 m/s and at an upward angle of 40°,
some of that 80 m/s is in the forward motion of the
ball and some is in the initial rise of the ball. (If the
Sun were directly overhead, the speed of the ball’s
shadow across the ground would be the portion of the
80 m/s that was moving horizontally.) So, in the nonhorizontal projectile motion case, like this baseball,
the horizontal and initial vertical components of
velocity must first be determined before the equations
of motion can be used.
The diagram below is a vector diagram showing
the velocity of the baseball as well as its horizontal
and initial vertical components of motion. The
horizontal component (vx) and the initial vertical
component of motion (viy) are found with the
following two equations:

v x = v cos θ

and

Here, v is the speed at the angle and θ is the angle of
projection. For the case of the baseball,

(

)

(

)

v x = 80 ms cos 40° = 61.3 ms
v iy = 80 ms sin 40° = 51.4 ms
These are the portions of the baseball’s speed that are
moving in the horizontal and vertical directions. You
€ try to verify these speeds if you are unfamiliar
should
with using trig functions.

80 m/s
Vy = 51.4 m/s
40°
vx = 61.3 m/s

v iy = v sin θ

€
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